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PREFACE 



This book has been .written as a companion volume to my 
Treatise on the Differential CalculoB, and in its oonstruction 
I have endeavoured to carry out the same general plan on 
which that book was composed. I have, accordingly, studied 
simplicity so far as W8is consistent with rigour of demonstra- 
tion, and have tried to make the subject as attractive to the 
beginner as the nature of the Calculus would permit. 

I have, as far as possible, confined my attention to the 
general principles of Integration, and have endeavoured to 
arrange the successive portions of the subject in the order 
best suited for the student. 

I have paid considerable attention to the geometrical ap- 
plications of the Calculus, and have introduced the leading 
fundamental properties of the more important curves and 
BurfaceSf so far as they were connected with the Integral 
Calculus. This has led me to give many remarkable results, 
such as Steiner's general theorems on the connexion of pedals 
and roulettes, Amsler's Planimeter, Kempe's Theorem, 
Landen's theorems on the rectification of the hyperbola, 
Genocchi's theorem on the rectification of the Cartesian Oval, 
and others which have not been usually included in text- 
books on the Integral Calculus. 

An entire Chapter has been devoted to the discussion of 
Integrals of Inertia. For the methods adopted, and the 



vi Preface, 

greater part of the details in this Chapter, I am indebted 
to the kindness of Professor Townsend. My friend, Pro- 
fessor Crofton, of Woolwich, has laid me under very deep 
obligations by contributing a Chapter on Mean Value and 
Probability, which he has considerably improved in the 
present Edition. 

I am glad to be able to lay this Chapter before the 
Student, as an introduction to this branch of the subject 
by a Mathematician, whose original and admirable Papers, 
in the Philosophical Transactions^ 1868-69, ^^^ elsewhere, 
have so largely contributed to the recent extension of this 
important application of the Integral Calculus. 

Tainity College, 

November, 1880. 
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INTEGEAL CALCULUS. 



CHAPTER I. 

BLEMBNTARY FORMS OF INTEGRATION. 

I. Iniegratlon. — ^The Integral Calculus is the inverse of 
the Differential. In the more simple case to which this 
treatise is principally limited, the object of the Integral 
Calculus is to find a function of a single variable when its 
differmtial is knotvn* 

Let the differential be represented by F{x)dxy then the 
function whose differential is F(x) dx is called its integral^ and 
is represented by the notation 



1 



F{x) dx. 



Thus, since in the notation of the Differential Calculus wc 
have 

the integral of /'(a?) dx is denoted hjf(x) ; i.e. 



1 



fix) dx =f{x). 

Moreover, as f{x) and f{x) + C (where is any arbitrary 
quantity that does not vary with x) have the same differen- 
tial, it follows, that to find the general form of the integral of 
f{x) dx it is necessary to add an arbitrary constant to f{x) ; 
hence we obtain, as the general expresaon for the integral 
m questiop, 

!/(«) efo =/(*) + C. (i) 

M 



^^S 



2 Elementary Forma of Integration, 

In the subsequent integrals the oonstant C7 will be omitted, 
as it can always be supplied when necessary. In the appli- 
cations of the Integral Calculus the value of the constant is 
determined in each case hy the data of the problem^ as will be 
more fully explained subsequently. 

The process of finding the primitive function or the inte- 
gral of any given differential is called integration. 

The expression F{x) dx under the sign of integration is 
called an element of the integral ; it is also, in the limit, the 
increment of the primitive function when x is changed into 
X ■¥ dx (DiflE. Calc, Art. 7) ; accordingly, the process of inte- 
gration may be regarded as the finding the mm* of an infinite 
number of such elements. 

We shall postpone the consideration of Integration from 
this point of view, and shall commence with the treatment of 
Integration regarded as being the inverse of Differentiation. 

2. Elementary Integrals. — ^A very slight acquaint- 
ance with the Differential Calculus will at once suggest the 
integrals of many differentials. We commence with the 
simplest cases, an arbitrary constant being in all cases under^ 
stood. 

On referring to the elementary forms of differentiation 
established in Chapter I. Diff. Calc. we may write down at 
once the following integrals : — 

f ^^ ^*' fete - I , . 

\ardx= . -=: = 7 r-^- («) 

J w + I Jaf^ (m- i)af^^ ^ ' 

% = log {A (b) 



X 



1 

f . , ooBmx f , smmx ,. 

sm mxdx = , lQOBmxdx = . (c) 

J m J m ^ ^ 

— r- = tan X. I -;-;- = - cot X. (d) 

J cos' a: Jsm'a? ^ ^ 



* It was in this aspect that the procesa of integration was treated by Leib- 
nitz, the symbol of integration J being regarded as the initial letter of the word 
8um, in the same way as the symbol of differentiatum <^ is the initial letter in 
the word difference. 



1 
1 



Fundamental Forms. 3 

dx . .X . . 

= Bin'* -. (€) 



y/a^-j^ 



dx \ X , . 



a' + ir* a a 



jifdx^^, ^a^dx^j^. (g) 

These, together with two or three additional forms which 
shall be afterwards supplied, are called the fundamental* or 
elementary integrals, to which all other fonns,t that admit 
of integration in a finite number of terms, are ultimately re- 
ducible. * 

Many integrals are immediately reducible to one or other 
of these forms : a few simple examples are given for exercise. 

Examples. 

[dx . I 

I. I -r. Ant, — . 



Idx 



3. Jtan.^. 



4. 
5. 
6. 



Ixdx 

Idx 



IBmSde 
8. f e^dx. 



„ -log (cos dj). 


"n3^"«<* 


+ *«•). 


„ --v/ri 


'X\ 


"ya^^-'i'^a)' 


„ tee0. 




" \ "•• 





* The fundamental integials are denoted in this chapter by the letters dr, by e, 
&c. ; the other formnlfie by numerals i, 2, 3, &c. 

t By integrable forms are here understood those contained in the elementary 
portion of the Integral Calculus as inyolving the ordinary transcendental func- 
tions only, and excluding what are styled Elliptic and Hyper-Elliptic functionff. 

[la] 



Elementary Forms of Integration. 

-T« .dnt, -~. 

10. -^. ,, nx\ 

11. (-— -• » log(a?-fl). 
J a? — a 



3. Integral of a Sum. — ^It follows immediately from 
Art. 1 2, Diff . Calo., that the integral of the sum of any number 
of differentials is the sum of the integrals of each taken sepa- 
rately. For example — 

Aq^"^ Baf"^"^ <V« ^ ' , , 

= + + + &e. (2) 

Hence we can write down immediately the integral of any 
function which is reducible to a finite number of terms con- 
sisting of powers of x multiplied by constant coefficients. 
Again, to find the integrals of QO^xdx and sin^^e^y; here 

f, - f I + cos 2a? _ X sin 2x , . 

008^ xdx = dx = - -¥ , (3) 

f • o 7 r I - cos 2a: - X ^nzx , . 

smrxax = ax = . (4) 

J J 2 24 ^^^ 

A few examples are added for practice. 





M. 


Examples. 


• 


I. 


f(l-«2)Jrfx 
J ^ • 




Ans. log«-aj' + — . 

4 


3. 


({x-2)dx 




" '^'^^i' 


3- 


/tftn»«<fa;a/(8eo«»- 


• i)dw. 


„ im,x-x. j 



Integration hy Substitution. 

. , . sin (m + n)x sin (m — fi) 

4. \coBnuf cos nxax. Ant, — 7 ^ + ^ 7—. 

■' 2(m + n) 2(m-n) 

sin (m — fi) j; sin (m + ») j; 

5. J sm#««Bmf»«a». ,, — -. ^ -. J-. 



6. \ J dx. „ asin"! — a/o*-*'. 

J ya^x a 

Multiply the numerator and denominator by \/a + x. 

7. i x^/x + arfa:. Am, -(»+«) « (« + a)'. 

Multiply the numerator and denominator by the complementary surd 

y/ X + a — V a?. 

_ a + ft« i aft' — fta' 

Here -rr-nr = i; + t? 



a* + A'a; ft' ft'(a' + ft'a;)' 

4. Integration by Snbstltalion. — ^The integration of 
many expressions is immediately reducible to the elementary 
forms in Art. 2, by the substitution of a new variable. 

For example, to integrate (a + hx)^ dxy we substitute z for 
4t + bx; then dz = bdx^ and 

J ^ ' ^ J 6 (n+ 1)6 (n + 1)6 

Again, to find 






we substitute s f or a + bxy as before, when the integral be- 
comes 

I C{z - aydz 



f>'y 



or 



s« 



2a a' 



b |(n - 3)s**-8 (n - 2)2'^» (n - i)»'»-»)* 



6 Elementary Forms of Integration. 

On replacing z hj a-^-bx the required iategral can be ex- 
pressed in terms of x. 

The more general integral 



f af^dx 
J (a + te)»' 



where m is any positiYQ integer, by a like substitution be- 
comes 

I [{z'-a)^dz 



\ 



Jm+i J gn 

Expanding by the binomial theorem and integrating each 
term separately the required integral can be imme£ately 
obtained. 



Again, to find 



r dx 
](xf^(a + bxY' 



we substitute 2 for - + h. and it becomes 

X 



- — f 



(2 - 6)'»^^rfg 



which is integrable, as before, whenever ^ + n is a positive 
integer greater than unify. 
Thus, for example, we have 



f dx I , / a? \ 

]x{a + bx) a *^ \a + hxj 



It may be observed that all fractional expressions ia which 
the numerator is the differential of the denominator can be 
immediately integrated. 

For we obviously have, from (6), 

[^ = %/(.). ' (5) 



2. 



3. 



5. 
6. 

7. 
8. 



Integration of 



aj'-a'* 



EZAMPLXS. 

{ Bin %dx log (a + 5 cos x) 

« + 



^ COS a;* 



I;^- " log (log*). 

I afidx log (a + fe) 3a« + 4a3« 

(« + **)»' " S "*'2i»(a +*«)•''• 

J dSp ai « + 3d; a + aiir 

ap'Ca + **)*• " S ^^ ■"» a'« (a + bx)' 

xdx 3 (a + te)" sa (g + te)* 






»dx 3 (a + 3«) 3o(<> + 3^)' 



f <to ?tan-i \ ^'^ 

Assume %a» - a' = i^, then 0<£r a sA, and the transformed integral is 

{ ^dz 
•« + sa- 

5. Integratton of -r r. 

or - a^ 

Since ::j— 1 = — {— — > 

This is to be regarded as another fundamental formula 
additional to those contained in Art. a. 



8 Integration of r ;. 

a + 20X + ex 

In like maimer, einoe 



{x-a){x-(i) a-/3(a?-a x - f^y 
we have -. rj ^. = -^ log ^. (6) 

EXAMPLSS. 



I. 



2. 



!-T . -4>W. 7 log 

f dx I a;-3 

J (a; + 2)(aj - 3)' " 5 **^» + 2* 

a:* + 9a; 4- 20* " « + 5' 

f <fa ' log^"^^ 



\/3 * + >/3 



6. Integratloii of 7 -. 

a + 20X + car 

This may be written in the form 

cdx 



or, substituting 2 f or g» + 6, 

2* + ewj - ft** 

This is of the form (/) or [h) aooording as oc - ft* is positive 
or negative. 

Lence, if ac > 6* we have 



1 



dx I . . cx ■\'h , . 

TAvr^ — . (7) 



a + 26a; + MJ* y/^^TT" ^ ac - 6» 



IrOegratum of ^tl^^. 9 



1 



dx I - («? + 6 - s/W-cu: ,-. 
r 1 = , log . (8) 

This latter f oim can be also immediately obtained from (6) . 
In the particular ease when ac « V^ the value of the inte- 
gral is 

- I 

GP + ft' 

7. Integration of ^^ ^^ ^ , . 

a + 26a? + car 

This can at once be written in the form 

g {b ■¥ ex) dx pc- qb dx 

c a + 2hx + ft»* c a + ibx + C3i?* 

The integral of the first term is evidently 

— log (a + 2bx + ca?'), 

while the integral of the second is obtained by the preceding 
Article. 

For example, let it be proposed to integrate 

{xqobO - i)dx 
aj*- 2a? 008©+ i' 

The expression becomes in this case 

cos (a; - cos 0) dx sin' Odx 



(x^i-,^x cos + I (a: - cos 0)' + sin' * 
hence 



1 



(ajcos0- i)da? cos0, ,, ^ . 

-i rf — = log (a^ - 2a? cos + i) 

a?* - 2a? cos + I 2 ^ ^ ' 

. /I , . a? - cos , V 

-sm0tan^ — . ^ . (9) 

sm0 



10 Elementary Forms of Integration. 

When the roots of a + ihx + (%z^ are real, it will be found 
simpler to integrate the expression by its decomposition into 
partial fractions. A general discussion of this method will 
be given in the next chapter. 



Examples. 

I .. jint, -__ tan-* ( — 7=- ) . 



I. 



2. 



v/3 \ \/'z 

i— . .. taa"i(iP + a). 

«« + 4«+5 

i d» I _j 5a? +2 

ix^d» I , /i +«*\ 



5- 
6. 



8. f ;. „ tan-i(2ar- I). 

J 1 - 20? + 2«« ^ ' 

8. Exponential Talne for sin 6 and cos 0. — By com- 
paring the fundamental formulee (/) and {h) the well-known 
exponential forms for sin 9 and cos 9 can be immediately 
deduced, as follows : 

Substitute z a/- i f or ^ in both sides of the equation 

and we get 

f d% ^ ' , /i + ^V~\\ . 
r = — 7= log ( ■j= 1 + comt.; 



JEiqHmential Forms of sin and cos 9. 11 

or, by (/), tan-^s = — ^ log ( Z2 ] + const 

2V- I ° \I -Sv/- 1/ 

Now, let z » tan 9, and this becomes 

^ I 1 V^ + \/- I tan 0\ . 

fl = — 7=1 log ( ^^-T= ) + cofwf . 

2v^- I \i - a/- I tan 9/ 
When 9 B o, this redaoes to o » const. 

XT .-*r: oosfl + ^- I sin0 , ^ • — . -.. 
Henoe (M'^ = . = (cos + v- i sin fl)% 

oos fl - V - I sin 
or c*^ =» COS + \/^ sin 0, 

r^^ = oos0-AA1iflin0. 

o. Integrattoii of ^ 

Assume* v^ar* ± a* « « - a?, 

then we get ± a' = »' - 2a», 

henoe (s - a?)d« = sdir, or = — ; 

' » -a? s 

f dx roz y 

This is to be regarded as another fundamental form. 

By aid of l£is and of form (e) it is evident that all ex- 
pressions of the shape 

dx 



^/a + 2bx + CO? 



* The student will better understand the propriety of this assumption after 
reading a subsequent chapter, in which a general transformation^ of which the 
shore is a particular case, will be giyen. 
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can be immediately integrated ; a, b, c, being any constants, 
positive or negative. 

The preceding integration evidently depends on formula 
{i)y or {^), according as the coefficient of a?* is positive or 
negative. 

Thus, we have 

1 / ^ ^~P log (cx + b + \/c(a + 2.bx + ca^) ), (lo) 

J v^a + zbx + cs^ vo ^\ ^ f p\ i 

f dx I . .( cx-b \ . . 

I . = —^ sm-M =r , (ii) 

J \/a + zbx - cx^ */c \^ac + 6V 

€ being regarded as positive in both integrals. 

"When the factors in the quadratic a + zbx -{• ca? are real, 
and given, the preceding integral can be exhibited in a 
simpler form by the method of the two next Articles. 

dx 
lo. Integratton of 



y(^-a)(^-^) 



Assume x - a = z^^ then dx = izdz ; 

dx 

= 202 ; 



hence 



\/x - a 
dx 2dz 



y{x-a){x-^) Vz^ + a-^' 



f dx f dz 

J ^/[x - a){x - /3) J \/s*+ a - 



/3 

= 2 log {z + a/s^ + a - /3), by (t), 
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ffng 

II. Integratloii of ^ 

As before, assume x - a = z% and we get 

dx 2dz 



(13) 



Hence, by (e), 

f ^ « 2sin-i E^ 

Otherwise, thus : 
assume x-a oos^0 + /3 sin'tf, 
then a:-a = (/3-o)cos'fl, ^ - a; = 0- a) sin'O, 

and efo = 2(j3 - a) sin cos 9(^0; 

hence /- r^-^ r = zdO ; 

.-. f ^ = 20 = 2 sm-^ /^ 

12. Again, as in Art. 7, the expression 

(p + ga;) eife 
^/a + 2bx + ca?* 

can be transformed into 

q {b + €x)dx pc-qb dx 

^ -v/a + 26a: + a^ ^ \/a-^2bx + ca^ 

and is, accordingly, inunediately integrable by aid of the 
preceding formulse. 
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Examples. 



f dx 



4- f ^ :^' „ log (2a? + 1 + 2 v/r+FT«^. 

"^^ J ^J7^^ = \/(a? + a)(a? + b) + (a - i) log(v^iT5 + a/J+1)". 
Multiply the numerator and denominator by ^x-\- a, 

A f ^ 2*C + I 

^' I / =:» -4«». ein'^ — - — , 

•'v^i-a:-** ^^ 

J V (a + ia-) (a' - d'a:) V **' >» «*' + ia' 

8. Show, as in Art. 8, by comparing the fundamental formulae (e) and {»), 
that 

cos B + v^- I sin B «**^. 

dx 



13. iBtegratton of — — , 

{x-p)va + zbx+ax^ 

Let a? - « = -, then 

^i2? tfs , I + «a 

= and X = — . 

X -p z z 

. f dx ^r -_& 

J (^-i>)\/«+26a: + ca;' J -v/as»+ 262(1 -\- pz) + c {i + pzy 

f rfg 

J v^a' + 26'a + cV ' 

where a' = c, 6' = J + cp, c' = « + 2Jp + (?p^ 

The integral consequently is reducible to (10), or (ii), ac- 
cording as c' is positive or negative. 
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(a + <»•)• 



I. 



2. 



— , Ans. - cor^ I -] , 



4- I — • ui#l». — ;^ log ( . ) . 

Ja;y^a+2te + «a?« ^/ a \a -^ h9 •>[-»/ a^ a\%hx\e£* I 

Idx ^ I , f bx-a \ 

— — - -Ant. — — sm-i I — J . 

*V«p» + 2te-a Va \x^ac-^ i^' 

g- f <fa I . ., /«\/2\ 

^. I r - ' „ —71. Sin-* I —2- — 1 . 

J(i +«)\/i + 2«-»» v/a \i + «/ 

f 1^ . ,/ i+3«_\ 

7- I . » «n"M T-\' 

J (I + «)\/i +*-*« \(i +«)v^5/ 

14. The transformation adopted in the last Artide is one 

of frequent application in Integration. It is, aooordin^ly, 

worthy of the student's notice mat when we change x into 

\ ^ dx d% , . ... \ dx d% 
- we nave — = ; and, in general, if aJ" = -, — . 

z X z ^ ' z X nz 

These results follow immediately from logarithmic differ- 
entiation, and often furnish a clue as to when an Integration 
is facilitated by such a transformation. 

For example, let us take the integral 



1. 



dx 



Here, the substitution of - for a^ gives 



I r (& 
n]az + b' 
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The value of which is obviously 

log {az + 6), or — logf ;— ) . 

na ^^ '^ na ^\a+ba''J 

Again, to integrate 



dx 



X ^aaf^ + h 
assume x"" = -, and the transformed integral is 



2 i dz 



This is found by (e) or {i) according as b is positive or 
negative. 

15. Intesrattonof , ^^ . 

IJet a? = - and the expression becqmes 

z 

zdz 



« 

the integral of this is evidently 



r X 

or 



a {az^ + c)i' a (a + ca?'*)i' 

16. To find tbe integral of 

dx 

{a + 2te + ex^)^' 

This can be written in the form 

c^dx 



which is reduced to the preceding on making ex + b = z. 
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Bin u 



Hence, we get 

dx b •¥ ex 



1 



{a + 2bX'¥ csr*)* {ae - 6*) (a + 26a; + cx^)^' 



(15) 



Again, if we substitute - for x, 

z 



xdx . - dz 

beoomes 



{a + 2bx + csr*)* {az^ + zbz + c)^' 

and, aooordingly, we have 

xdx a-k- bx 



f 



{a + 2&» + or*)* (ao - 6') (a + 2bx + ca?*)4' 
Combining these two results, we get 

{p -^ qx)dx bp - aq-^ {cp - bq)x 

(a + zbx + €0?)^ " {ac - 6*)(a + zbx + ca?*)^' 



1 



(16) 



dO dO 
17. Integrattoii of -: — ^ and ^i- 

sin cf cos V 



It will be shown in a subsequent chapter that the integra- 
tion of a numerous class of expressions is reducible either to 

that of -; — H> or of -^ : we accordingly propose to inves- 

sm u cos u o .^ * * 

tigate their values here. For this purpose we shall first find 

the integral of -^-^-—h- 

smv cos V 

d9 



dd cos'O rf(tang) ^ 

sin 6 COB d ~ tan0 " tan d ' 

r dd 
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Next, to find the integral of 



sin 0' 



This can be written in the form 

d9 
2 sm-coB- 

2 2 

and, by the preceding, we have 

T— 7j = l6g(tan-]. 



1 



(i8) 



dO 



Again, to determine the integral of — j: we substitute 

cos W 

— for 0, and the expression becomes -i—-^ : the integral 
2 Sin ^ 

of this, by (i8), is 

- log f tanM, or log foot | ), or log cot f ^ - jjj. 

Accordingly, we have 

This integral can also be easily obtained otherwise, as 
follows : — 



dO 
cos 9 



COS 6 dQ 

cos'^fl 



t^(sin6>) 
cos* 9 



Let sin = a?, and the integral becomes 

f_^ = Ilog(i±f\=i.log(L^\ 
J I - ar* 2 ^\i-xj 2 ° \i - sm fl/ 

The student will find no difficulty in identifying this 
result with that contained in (19). 



dO 



Integration of — r j; 
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1 8. Integrattom of 



de 



a + b ooB 0* 

This can be immediately written in the form 

dO 

{a + b) cos' --¥ {a - b) sin*- 
seo^-dO 

2 



or 



• 5* 

a + b -\- {a - b) tan" - 



on substituting z for tan - this becomes 

2dz 



}a + 



a + b + {a - b)z^' 
Consequently, by Ex. 6, Art. 2, we get 
(i) when a> by 

^.= _i_ tan- i h^ * 
+ 6 cos y«j _ i,z ) ^a + 

(2) when a < i, by formula (A), 
il0 J ■v/j + a + i/b - a tan - | 



h 



' tan- 
b 2 



(20) 



J cos y j» _ ^2 



log < 



>-(2i) 



v^ft + a - \/6 - a tan - 

If we assume a = J cos a, we deduce immediately from 
the latter integral 

r «-0' 

J cos a + cos S sm a '^ ^ 



cos 



T 



The integral in (20) can be transformed into 

dd _ I ^^ ib -\- a cos 6| 

a + b COS 6 y^ej* - ft' |a + Jcos6j* 

[a a] 



1 
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In a subsequent chapter a more general class of integrals 
which depend on the preceding will be discussed. 

19. Methods of Intesratton. — ^The reduction of* the 
integration of functions to one or other of the fundamental 
f ormulsB is usually effected by one of the following methods : — 

(i). Transformation by the introduction of a new va- 
riable. 
(2). Integration by parts. 
(3). Integration by rationalization. 
(4). Successiye reduction. 
(5). Decomposition into partial fractions. 

Two or more of these methods can often be combined 
with advantage. It may also be observed that these different 
methods are not essentially distinct: thus the method of 
rationalization is a case of the first method, as it is always 
effected by the substitution of a new variable. 

We proceed to illustrate these processes by a few ele- 
mentary examples, reserving their f uUer treatment for sub- 
sequent consideration. 

20. iBtesratlon by Transformatloii. — ^Examples of 
this method have been already given in Arts. 4, 10, &c. One 
or two more cases are here added. 

Ex. I. To find the integral of sin* a: ooB^xdx. 
Let sin rz; = ^, and the transformed integral is 



Ex. 2. 






Let e^ = y, and we get 

dy 



J 



I +y* 



= tan'^^y = tan"^(e*). 



21. Integratton by Parte. — ^We have seen in Art. 13^ 
Diff. Gale, that 

d{uv) = udv + vdu ; 
hence we get 

uv - I udv + J rrfw, 

or Jwefo ==««?-/ vdu. {22) 
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Consequently the integration of an expression of the form 
udv can always be made to depend on that of the expression 
vdu. 

The advantage of this method will be best exhibited by 
applying it to a few elementary ca^. 



Ex. I. Isin-^irdSr «=a:sin"*aj- l'~p= 



x" 



= X sin"^a? + \/i - ic*. 
Ex. 2. lo^logird^. 

L^t u = log ir, e? « -, and we get 

Ja.logar(fo = -^--J.^- = -(^loga:--j. 



Ex. 3. f 



ef^ xdx. 



Let ar - w, — = t?, then 

a 



I xef^dx = — fl^=— (a? . 

J a ] a a \ a) 



e"* 8inma;e£r. 



Ex. 4. I 

Let sin ma; = ti, — ■■ r, then 

a 

f ^ • J ^^ sin ma? fw f ^, 

c^ Binma? oa? = c"** cos mxdx. 

J a a] 

o* •! 1 f «* J ^^'cosma; m f ^^ . _ 

bunilarly, e^^ oos wa? efo = + — e*** sin ma: dx. 



22 Elementary Forms of Integration. 

Substituting, and Bolving for J e^ sin mxdxj we obtain 

f ^^ . , &^(aBinmx-mooBmx) , . 

K^*fimmirefo = — i -. iii) 

J a* + «j* ^ ' 

In like manner we get 

f ^^ , «^ (a cos «M? + w sin ma) . . 

e** COS «ia? dla? = — ^ \ (24) 



|v^ 



Ex. 5. \^a^ + a!'dx. 



Let vaFn^ = ti, then 



also \/a' + i»*(fe = a' — - + . 

J J y¥T^ J -/a' + ^ 

Hence, by addition, and dividing by 2, 

U/a* + a^(&= + — log(a?+\/a* + a?*). (25) 

Ex. 6. J log {x + v^a?' ± a*) dx. 

Here J log (;p + ./(x? ± a») efe - a? log (a? + v^ar^ ± a*). 



xdx 



ya^±a^ 



= a? log (a; + \/a^ ± «*) - V^^' ± «*• (26) 



I. 



2. 
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Examples. 

Ix^logxdx. Ans. (log* ). 

I idxr^xdx, „ X tan-* a; — log (i + «*). 

X tan* xdx. ,, tan «+ log (co0«) . 

Jan-^xdx « sin-** i, . 

., ^,v| ' M — rz= +-log(i-«2). 

Let d? = sin y, and the integral becomes 

1 ^^ c^ = I y <^(tan y) = y tany + log (cosy). 

5. [ «»«' <te. „ *«(«» - 2« + 2). 

22. Integratton by Rattonallzatlon. — By a proper 
assumption of a new variable we oan, in many cases, cbange 
an irrational expression into a rational one, and thus inte- 
grate it. An instance of this method has been given in 
Art. 8. 

The simplest case is where the quantity imder the radical 
sign is of the form a •¥ bx: such expressions admit of being 
easily integrated. 

For example, let the expression be of the form 

af^dx 



(a + bx)^' 

where n is a positive integer. Suppose a + bx ^ s', then 

2zdz , a* -r a 
ax = — T—f and X =» — 7 — : 


making these substitutions, the expression becomes 

2(2^--g)"(fg 
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Expanding by the Binomial Theorem and integrating the 
terms separately, the required integral can be immediately 

found. It is also evident that the expression ^ csn 

{a + bx)q 

be integrated by a similar substitution. 

23. Integration of ^^^^^, 

where m is a positive integer. 

Let a-\- ca^ = s' ; then xdx = — , a^ = : and the 

e c 

transformed expression is • 

(2' - a)*^dz 

This can be integrated as before. It ean be easily seen 

that the expression ; is inmiediately integrable by 

{a + caj*)» 

the same substitution. 

A considerable number of integrals will be found to be 
reducible to this form : ,a few examples are given for illustra- 
tion. 

Examples. 

I. I . Am, ^ ^ - (i - «*)*. 

Iafidx «* 2ffi * 

■ 9> h z ; where « = v i + «*. 

A/i+iC« 5 3 

Iafidx — (2a + 3«c') 

(a + ex'^)^ " 3C» (a + ea?)^' 

24. It is easily seen that the more general expression 

/(a;*) xdx / 

where f[oi?) is a rational algebraic function, can be ration- 
alized by the same transformation. 
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Agaiiiy if we make x^ - the ezpresdon 

z 

dx 



transforms into 

and is reducible to the preceding form when n is an even posi- 
tive integer. 

Hence, in this case, the expression can be easily integrated 
by the substitution [a + ca?')4 = xy. 

It will be subsequently seen that the integrals discussed 
in this and the preceding Articles are cases of a more general 
fonUi which is integrable by a similar transformation. 

Examples. 






25. Integratton of 



{A + Ci^){a -\- c3i?Y 



As in the preceding Article, let {a + c«*)4 = org, or 
a+ cn^ = a^f?: then, if we differentiate and divide by iXy we 
shall have 



J • T T dx dz 

cdx = a^oiP + a?« efe, or — = 1, 

xz c - a' 



* * (a + cx^)^ c- ^^ 

and the transformed expression evidently is 

dz 
{Ac - Ca) ^s^' 



(27) 
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This is reducible to the fundamental formula (A), or (/), 

A.C — Ca 
according as ^ — is positive or negative. 

Ac - Ca 
Hence, (i) if j — > o, the integral is easily seen to be 

, (VaU + co^) + x^/ Ag - Ca \ f Q. 
log ... > . • V2«) 



ivA {Ac - Co) \,/A{a + at^) - x^/Ac - (7a> 
(2). If — < o, the value of the integral is 

, x*yCa -Ac , V 

tan-^ , z . (29} 



\/A{Ca - Ac) ^ A (a + cx^) 



Examples. 



'• J (3 + 4*^) (4 -3^^)^- " 5^1 V^r:^'/ 

f ^* i_ 1 ^V^3 + 4^ + 5^ 

^' J (4 - 3^) (3 + 4^*)** " 20^''^^^3-:;:^_5^- 

26. Rationalizatloii by Tiisonometiical Trans- 
formation. — It can be easily seen, as in Art. 6, that the 

irrational expression v a + zhx + co^ can be always trans- 
formed into one or other of the following shapes: 

(i) («'-8')i, (2)(a» + 2')i, (3) (s' -«')»; 

neglecting a constant multiplier in each case. 

Accordingly, any algebraic expression in x which con- 
tains one, and but one, surd of a quadratic form, is capable 
of being rationalized by a trigonometrical transformation : 
the first of the forms, by making s = a sin ; the second, by 
z^ a tan ; and the third, by 2 = a sec 0. 
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For, (i) when s = a sin 0, we have (a* - s')i = a oos fl, and 

dz ^ a oos Odd, 

(2). When z = a tan fl, . . . . (o* + s')i = a see 0, and 

arf0 
dz = — r^. 

(3). When «= a 860 0, .... (s' - a*)i = a tan 0, and 
ei?2 = a tan seo Odd. 

A number of integrations can be performed by aid of one 
or other of these transformations. In a subsequent plaoethis 
olass of transformations will be again oonsidered. For the 
present we shall merely illustrate the method by a few ex- 
amples. 

Examples. 

the 



I. 






Let X = tan 0, and tlie integral becomes 

cos Bd0 f <f (sin 0) i \/i ■¥ z' 



fcos Odd ^C d{i 



sin^tf sin 6 

Idz 
(a2 - x^f 

Let « = a sin 0, and we get 

de tan $ 



h\ 



QOi^B a 



t 



a 



\/a'- 



This has been integrated by another transformation in Art 15. 

Idx 
x^(x^- 1)4* 

Let X = sec 0, and the integral becomes 

I COS* d0 ; or, by (3) Art. 3, 



sin cos 
accordingly, the Yalue of the integral in question is 



v/r» - I I 

= — + - 6ec"i«. 

2«' 2 
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Let x = tKD.Oy and we get 

e^ {a cos B + sin 9) 



\co^Bef^de\ or by (23), 



I +a' 
f dx ««tan"^« (a + «) ^ *M»'^ * 



-1 . . . -1 

Hence 



J (I +3^2)5 (1+ a'-) (I + «*)** 

Idx sin"* ( 1 . 
\a^xl 



Let = sin' 0, or x = a tan' 9, and the integral becomes 

a -i-x 

a f$d{taji^$), or af$d(BQQ?0) : (since 8ec«a = i + tan«fl). 
Integrating by parts, we have 

Sdd (sec' e) = e sec'e - J sec'a^^ = a sec' a - tan « : 
hence the value of the proposed integral is 



{a + x) tan-i ( -j - (««)*. 



It may be observed that the fundamental f ormulse (e) and (/) can be at once 
obtained by aid of the transformations of this Article. 

27. Remarks on Integration. — The student must 
not, however, take for granted that whenever one or other of 
the preceding transformations is applicable, it furnishes the 
simplest method of integration. We have, in Arts. 9 and 13, 
already met with integrals of the class here discussed, and 
have treated them by other substitutions: all that can be 
stated is, that the method given in the preceding Article will 
often be found the most simple and useful. The most suit- 
able transformation in each case can only be arrived at after 
considerable practice and familiarity with the results intro- 
duced by such transformations. 

By employing different methods we often obtain integrals 
of the same expression which appear at first sight not to 
agree. On examination, however, it will always be found 
that they only differ by some constant ; otherwise, they could 
not have the same differential. 
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28. Hlffher Transcendental FonctloiM. — ^Whenever 
the expression under the radical sign contains powers of x 
beyond the second, the integral cannot, unless in exceptional 
cases, be reduced to any of the fundamental formulae ; and 
consequently cannot be represented in finite terms of Xy or of 
the ordinary transcendental functions : i. e. logarithmic, ex- 
ponential, trigonometrical, or circular functions. Accord- 
ingly, the investigation of such integrals necessitates the 
in&oduction of higher classes of transcendental functions. 

Thus the integration of irrational functions of or, in which 
the expression under the square root is of the third or fourth 
degree in Xj depends on a higher class of transcendentals 
called Elliptic Functions. 

29. Th.e method of integration by successive reduction is 
reserved for a subsequent place. The integration of rational 
fractions by the method of decomposition into partial frac- 
tions will be considered in the next chapter. 

30. Observattons on Fondamental Forms, — ^From 
what has been already stated, the sign of integration (/) may 
be regarded in the light of a question : i. e. uie meaning of 
the expression / F{x) dx is the same as asking what function 
of X has F{x) for its first derived. The answer to this ques- 
tion can only be derived from our previous knowledge of the 
differential coefficients of the different classes of functions^ as 
obtained by the aid of the Differential Calculus. The number 
of fundamental formulae of inte&;ration must therefore, ulti- 
mately, be' the same as the number of independent kinds of 
functions in Algebra and Trigonometry. These may be 
briefly classed as follows : — 

i). Ordinary powers and roots, such as of*, x^^ &c. 

2). Exponentials, o^, &c., and their inverse functions; 

viz., Logarithms. 
(3). Trigonome^c functions, miXy tan a;, &c., and their 
inverse functions ; wr^x^ tan'^or, &c. 

This classification may assist the student towards under- 
standing why an expression, in order to be capable of inte- 
gration in a finite form, in terms of x and the ordinary 
transcendental functions, must be reducible by transforma- 
tion to one or other of the fundamental formulae given in 



i 
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this chapter. He will also soon find that the classes of in- 
tegrals which are so reducible are very limited, and that the 
large majority of expressions can only be integrated by the 
aid of infinite series. 

The student must not expect to understand at once the 
reason for each transformation which he finds given : as he, 
however, gains familiarity with the subject he will find that 
most of the elementary integrations which can be performed 
group themselves under a few heads ; and that the proper 
transformations are in general simple, not numerous, and 
usually not difficult to arrive at. He must often be prepared 
to abandon the transformations which seemed at first sight 
the most suitable : such failures are not, however, to be con- 
sidered as waste of time, for it is by the application of such 
processes only that the student is enabled gradually to arrive 
at the general principles according to which integrals may be 
classified. 

Many expressions will be found to admit of integration 
in two or more different ways. Such modes of arriving at 
the same results mutually throw light on each other, and will 
be foimd an instructive exercise for the beginner. 

31. Befinite Integrals. — We now proceed to a brief 
consideration of Reprocess of integration regarded as a sum- 
mation, reserving a more complete discussion for a subsequent 
chapter. 

If we suppose any magnitude, u, to vary continuously by 
successive increments, commencing with a value a, and termi- 
nating with a value j3, its total increment is obviously repre- 
sented by )3 - a. But this total increment is equal to the sum 
of its partial increments ; and this holds, however small we 
consider each increment to be. 

This result is denoted in the case of finite increments by 
the equation 

S (Aw) =i3-a; 

a 

and in the case of infinitely small increments, by 

cs 
du--(5-a; (30) 
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in which /3 and a are called the limits of integration : the 
former being the superior and the latter the inferior limit. 
Now, suppose t« to be a function of another yariable, x, 
represented by the equation 

w=/(ar): 

then, if when x ^ a^u becomes a, and when x = b, u becomes 
/3, we have 

Moreover, in the limit, we have 

du =f{x) dxy 

neglecting* infinitely small quantities of the second order 
(See Diff. Oalc, Art. 7). 

Hence, formula (30) becomes 



i; 



'/{x)dx^f{b)-f(a)', (31) 



in which h and a are styled the superior and the inferior limits 
of Xj respectively. 



Tt should be observed that the expression f{x)dxy 



re- 



presents here the limit of the sum denoted by S {f{x) Aa;), 

a 

when Aa? is regarded as evanescent. 

In the preceding we assume that each element /'(a?) dx is 
infinitely small for all values of x between the limits of inte- 
gration a and b ; and also that the limits, a and 6, are both 
finite. 

A general investigation of these exceptional cases will be 
found in a subsequent chapter : meanwhile it may be stated, 
reserving these exceptions, that whenever /(a;), i.e. the integral 
oif{x)dXy can be found, the value of the definite integral 

f{x) dx is obtaiQed by substituting eewh limit separately 



I 



* In a subsequent chapter on Definite Integrals, a £^ demonstration will 
be found of the property here assumed, namely that the sum of these quantities 
of the second order becomes eyanescent in the limit, and consequently may be 
neglected. Compare also Art 39, JDiff, Cale, 
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instead of x in f{x)y and subtracting the value for the lower 
limit from that for the upper. 

A few easy examples are added for illustration. 



:, f x^dx. 



6. 

7. 
8. 



sin $ d$. 





2. 1 81 

Jo 



Jo 



B3J0?xdg, 



5. I an^xdx, 
Jo 



(- tai^xdx, 


f^ dx 
J 1 + « + a;** 



9. I coa^xdx. 
Ja I +«* 



Examples. 






j 


Ans. 


I 

• 

fH- I 




99 


I. 

X 




99 


4a* 

X 




99 


4 

X I 




») 


8 "4 

X 




y> 


2 




99 


■ 

I. 

X 




» 


3\^3 

2.4 




>> 


3.5 




»» 


i log ^- 



■ , where a > 5. 



'3. r- 

-* Jo« + 

I* dor 

I - la 008*+ fl* 



-7====. I, T. 

See Art. 11. 

12. I jr sm d; d'j?. „ i. 

Jo 



*co8fl' — ^-- " -/i»ryt* 



X 



" r^a* 
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32. Change of Idmits. — ^It shotdd be observed that it 
is not necessary that the increment dw should be regarded as 
positiye, for we may regard x as decreasing by suocessiye 
stages, as well as increasing. 

Accordingly we have 

f >(«) dx =f{a) -fib) = - \*fix) dx. (32) 

That is, tJie interchange of the limits is equivalent to a change 
of sign of the definite integral. 
Also, it is obvious that 



ro re rh 

<p{x)dx^\ <^{x)dx+\ (^{x)dx; 



and so on. 

Afi^ain, ifweassome^ to be any function of a new variable 
2, so uiat <p(x)dx becomes yp{»)dzy we obviously have 

\<p{x)dx = \rp{z)dz, (33) 

r 

where Z and Zo are the values which z assumes when X and 
Xo are substituted for x, respectively. 

___ ox 

For example, if a? - « tan s, the expression 7-r — ttt be- 

(a + irj« 

comes = — ; and if the limits of a? be o and a, those of 

IT 

2 are o and -. Oonsequently 

f* «& I f *^ J I 

I 71 — :3>T = ~5 C0S2aS= — . 

Jo{a' + a^)^ a' jo a'^z 

Also, if we substitute a - s for x^ we have 

ra ro ro 

I <p{x)dx = - ^(a - 2)(& = ^(a - 2)rfr. 

[8] 
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Since neither x nor z oocurs in the result, this equation 
may evidently be written in the form 

ra ra 

I fp[x)dx = 0(« - x)dx, (34) 

.0 Jo 

For example, let ^{x) = sin"a?, then ^ ( — x\ = cos^ and 
we have 

sin**iPtfo= cos^ardir. 
And, in general, for any function, 

ir IT 

/(sina?)(fa? = /(cosiP)e&. (35) 

33. ITaloes «f Aamxminxdx^ VLnA\ ao&mxoosnxdx. 

Since 

2 sin wa? sin wa? = cos (m - n) a? - cos {m + w) a:, 
and 

2 cos ma^oosna; = cos (m - n) a; + cos (m + n) a?, 

we have 

f . . , sin (m - n)x sin (m + w)a? 

sm ma; sinna;aa; = — 7 7 ) ^, 

J 2 (m - n) 2 (m + w) 

, f - sin (m - n)a? sin {m + w)a? 

and cosma;cosna;aar= — 7 (— + — ^ r^. 

I 2 (m - n) 2{m + n) 

Hence, when m and n are unequal integers, we have 

sin mx sin nxdx = o, and cos mx cos na^efo = o. (36) 

When m = n, we have 

- cos 2nx - X sin inx 

oa? = • 

2 2 4» 



I sin*na?db= — 
/. mi^nxdx = -, when n is an integer. 

Jo 2 
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In like manner, with the same condition, we have 

eoB^nxdx^ -. (37) 

Jo 2 

Again, to find the value of 

f^ 

Assume, as in Art. 1 1, a; « a oos* 9 + /3 sin^ 9 ; then, when 

IT 

C = o, we have x^a; and when 9 = -, a? = /3. 
Henoe, as in the artide referred to, we have 

[ V^(a?-a)(i3-aj)efe==2(/3-a)MWeoos*erffl. 

ir » 

Also 2 r8m*9oos'6l(;9 = ^ | W 2 Odd 

.•.[V(*-«)(^-a')<fe=|(/3-o)'. (38) 



[3»] 
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Examples. 

1 (i ■>• COB a?) <fa >rf i ' 

(X + sin xY " 2 (x + sin xY' 

^' lrT«^* " 2log(i + jt)-«. 

f se^dx 2 I 



O. 



I s^dx 

(a«+a;»)r " 3 («' + «')*■ 

(dx . , /a?+ I 

9- L'co.»^%8m'^ - " i*^'*(i*^*)- 



Jixoixdx I , , 4 . r • o V 

a +b toD^x " 1 (* - a) ' 

{coB(\ogx)dx . ^- . 
I ' >» Bin (log*). 

12. Show that the integral of — can be obtained from that otai^dx. 

" X 

Write the integral of t^dx in the form ; and, by the method of 

indeterminate forms, Ex. 5, Ch. iy. DiS. Calc, it can easily be seen that the 
true Talue of the fraction when m + i =s o is log T- j , or log a;, omitting the 

arbitrary constant. 

13. ff^njimxcoBnxdx, 

This is immediately reducible to the integral given in formula (23). 

f dx 2 A+5tan^ 

14. I — ; ; — • Ans. - tan-* i — ^— /• 
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J (! + «»)* ■ 



" -' ^tM-*«(a5a._ ,) 



An». 



(i + a«)(i+x2)4 



J (a + *««)* 
Let a + aa:* = «2. 

i8. [(£jLiL£21^^ 
J a + a cos « 

This is equivalent to 

Iqdx pb-ga f ife 
^ a Ja + ^coso;' 

and accordingly can be integrated by Art. i8. 



4-7 

j^ 

4» (a + bx»f 






Ixdx I 



21. 



J (a + *«»)** " 3a(a + *ar»)** 



22. 

Let «3 + I = «*. 



^* / ' M -log! = . 



24. Integrate 



+ 6cos0 



by aid of tbe assumption » = ; . 

^ a + hcme 

The expression transforms into 

dx 



\/(aa-ft2)(i-««) 



accordingly, when a > a, its integral is ^ sin"' x ; and when « < a, it is 



y/^zr^ ^^^ (* + ^*' ~ *J» ^^' 
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25. Deduce Gregory's ezpanaioxi for ixtr^x from formTila (/). 
When « < ly we haye 

!-«« + «*-«• + &c. ; 



.•. tan-i* = I T = «-^+ — -— + &C. 



d^ afi sfi x^ 

«* 3 5 7 

No constant is added since tan~^ x yamshes with x^ 

26. Deduce in a similar manner .the expansions of log (i + x), and sin*^ x. 

de 

27. Find the integral of r :— -. 

This can be reduced to the form in Art. 18, by assuming - = cot a, &c. 

o f *p 

28. — =.. 

J (a+to)\/i + x« 

jins. log { y ==], 

This can be integrated either by the method of Art. 13 or by that of Art. 23. 

29. I — J . ^to. - sec"^ ( a?' ) . 
J x^/x^ - I « V / 

V 

(rsin a;^2; i , 

IT 

31- 1 . n log (1+^/2). 

J aCOSO? " ® ^ ^ ' 



32- 


f2 dx 
Jo(4 + 3*')** 


33. 


Jjj ^a^^x^dx. 


34- 


f2« /a;\ 

a? versin-* 1 - ) 

Jo \al 



12 Od? 

04 + S«i 



dx. 
\aj 

dx 



35- .... 

■ - ' ■ - am* 





I 


»» 


8" 




xa» 


»> 


• 

4 




5x«' 


l» 


• 

4 


» 


ilog,. 



ir 

36. [* ; — . £ tan-1 1 - ) . 

JoS + 4sma; ^ 3 V3/ 



( 39 ) 



OHAPTEE IL 

INTEQRATION OF RATIONAL FRACTIONS. 

34. Rattonal Fracttons. — ^A fraction whose numerator 
and denominator are both rational and algebraic functions of 
a variable is called a rational fraction. 

lict the expression in question be of the form 

aoif^ + haf^^ + <?aj*""' + &c. 
aV + 6'«^* + cV-'* + &c/ 

in which m and n are positive integers, and ajb,.,,c^jh\,.. 
are constants. 

In the first place, if the degree of the numerator be 
greater than, or equal to, that of the denominator, by division 
we can obtain a quotient, together with a new miction in 
which the numerator is of a lower degree than the deno- 
minator : the former part can be immediately integrated by 
Alt. 3. The integration of the latter part in general comes 
under the method of Partial SuuaUuitt. Troc^cVn^ . 

35. Elementary ApplteatloiM. — Before proceeding to 
the general process of integration of rational fractions, we 
propose to consider a few elementary examples, which will 
lead up to, and indicate in what the genersl method really 
consists. 

We commence with the form abeady considered in Art. 7 ; 
in which, denoting by a\ and 03 the roots of the denominator, 
the expression to be integrated may be represented by 

{p + qx)dx 



{x -ai)(aj- az)' 

Assume 

p -{■ qx Ai At 

+ 



{x - ai){x - a») X - ai x - a. 
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Multiplying by {x - ai){x - 0%) we get 

p + qx = - [AiQz + A%ai) + {Ai + Ai) x. 

Henoe, we get for the determination of Ai and A2 the 
equations 

i? = - Aia2 - A^iy q== Ai + Ail 
whenoe we obtain 

J P + qai J p + qa2 

oi — at oi — at 

Consequently 

dx 
at 



C {p + qx)dx p + qai C dx p + qa2 [ dz 
J (il?- ai){x - at) ai - aa J « - oi Oi - Oa J a? - 



= — ^ — } (P + ?ai)log (a; - ai) - (p + qat) log (a?- a,) L 
Ci — at I ) 

In like manner 

p + qa^ _ Ai Ax 

(a?* — ai)(a?' — at) a^ — ai a^ — a2 

where ^1 and ^t have the same values as above ; henoe 

f (p + fl'iP') (& _ i? + S'ai r dx p ■\' qa2[ dx 
J (re* - ai) (a?* - at) ai - aaj aj* - ai ai - at J as* - at' 

But each of the latter integrals is of one or other of the 
fundamental forms (/) and {h) of Chapter I. ; henoe the 
proposed expression can be always integrated. 

Again, let it be proposed to integrate an expression of 
the form 

(p -h qx + rofi) dx 



(a? - ai)(a; - at) (a? - at)* 
We assume 

p + qx + rx^ At A2 A2 



(a? — ai)(a? — aa)(a;— 03) a? — ai a? — oa x-^at^ 
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then olearing from fraotionB, and identifying both sideB by 
equating the coefficients of o^, of x^ and the part independent 
of Xj at both sides, we obtain three equations of the first 
degree in ^1,^2,^39 which can be readily solved by ordinary 
algebra ; thus determining the values of Aiy A^ Az in terms 
of the given constants. 
By this means we get 

f {p'hqx-¥rc^)dx . C dx . P dx , f dx 

J (a? - oi) (a? - aa) {x - aj) ~ J ar - Oi ix- a% J a? - a, 

= Ai log (x - ai) + -ialog (a? - oj) + Az log (a? - oj). 
We shall illustrate these results by a few simple examples. 



EtA¥PTiK8. 

'• f / 7/ — N- ■^'W' -tog (» - 3) + - log {z + 2). 

2. |-r— - — • i> -log(« + 3) + -log(»- 1). 

J«" + a«-3 "4<>^ •"4''^ ' 

fdx I , d;- I I ^ 

-; r— ^. ,, - tan-'* —7 tan-* -. 

«* + 5«* + 4 3 6 a 

Ijrd^ I «' — I 

{(«3 + «-l)d&p I, I, , N I, . 

a4>H.a:»-6* ' „ ^ logar + jlog(ar- 2) + -log(a^ + 3). 

Here the denominator is equal to x{x — 2} (« -i- 3) ; and we hay* 

«» + « - I Ai ^ jit ^ M 

+ T 



X(X''2){X+Z) * «-» ^+3' 



I- 
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hence a;'* + a? - i = ^i(a^ + a; - 6) + Aix{x + 3) + -48a?(« - 2) ; 
.*. ihe equations for determining Ai, A2 and ^s are 

^1 + ^2 + ^3=1, -4i + 3^2 - 2^3 = I, 6Ji=i, 
whence we get 

^.=g, ^>=j ^.=^. 

J ar* + a; + I 

"We now proceed to the consideration of the general 
method, and, as it is based on the decomposition of partial 
fractions, we begin with the latter process. 

36. Partial Fracttons. — ^The method of decomposition 
of a fraction into its partial fractions is usually given in 
treatises on Algebra ; as, however, the process is intimately 
connected with the integration of a large class of expressions, 
a short space is devoted to its consideration here. 

For brevity, we shall denote the fraction under con- 
sideration by'^-T-T- 

Let ai, 02, as, . . . On denote the roots of 0(;r) ; then 

0(a?) = {x- ai){x - a2)(a? - as) ... (a? - a»). (i) 

There are four cases to be considered, according as we 
have roots, (i) real and unequal; (2) real and equal; (3) 
imaginary and unequal; (4) imaginary and equal. 

We proceed to diiscuss each class separately 

37. Real and Unequal Roots. — ^In this case we may 

assume 

(iT) a? — aj a? — 02 x — az x — an 

where A^ Ai, , ... An are independent of x. For, if the 
equation be cleared from fractions by multiplying by f (a?), 
on equating the coefficients of like powers of x on boui 
sides we obtain n equations for the determination of the n 
constants A^ A2y . . . An. 
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Moreoyer, since these equations contain Aiy A2, &o., only 
in the first degree, they can always be solved : however, since 
the equations are often too complicated for ready solution, 
the following method is usually more expeditious : — 

The question (2), when cleared from fractions, gives 

f(it)=Ai{x-a2){x-a3) . . (a:-a„) + -4a (a? - Oi) (a? - as) .. (a;-a„) 

+ &c. +A„{x-ai){x-a2) . . [x-an-i) ; 

and since, by hypothesis, both sides of this equation are 
identical for all values of ar, we may substitute ai for a> 
throughout; this gives 

/(oi) = Ai{ai - 02) {ai - 03) . . . (ai - a„), 

In like manner, we have 

J _ fM . _ /(os) . _ /(«») , V 

^ (oa) (03) (an) 

Hence, when all the roots are unequal, we have 

m J^^-±- H-/(5i_i_.&c..<H— • (4) 

W ("1/ a? — Oi (Oa) a? - Oa ^ (an) X - an 

Accordingly, in this case 

The preceding investigation shows that to any root (a), 
which is not a multiple rooty corresponds a single term in the 
integral, viz. 

^)log(a>-«); 
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one wliicli can always be found, whether the remaining roots 
are known or not ; and whether they are real or imaginaij. 

38. Case wbere HTmnerator is of Ugber Degree 
than Denomiiiator. — ^It should also be observed that even 
when the degree of tr in the numerator is greater than, or 
equal to, that in the denominator, the partial fraction cor- 
responding to any root (a) in the denominator is still of the 
form found above. 

For let 

where Q and It denote the quotient and remainder, and let 

A . . ij 

-^ be the partial fraction of -y-r corresponding to a single 

root a ; then, by multiplying by 0(rr) and substituting a in- 
stead of Xy it is easily seen, as before, that we get 

■"«'(«)• 

For, example, let it be proposed to integrate the ex- 
pression 

a^dx 



«* - 2a^ - 5a? + 6* 
Here the factors of the denominator are easily seen to be 

a? - I, X + 2, andic- 3 ; 
accordingly, we may assume 

ar^ o ^ A B 

= or •¥ ax -{-p-^ 



ir*~2ir*-5a? + 6 '^ x - 1 x+ 2 x - ^ 

To find a and /3, we equate the coefficients of x* and x^ to 
zero, after clearing from fractions : this gives, immediately, 
« = 2, and /3 = 9. 

Again, since <p{x) = a^ - 2x^ - 5a? + 6, we have 

0'W = 3«^ - ^^ - 5- 
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Aooordingly, substitutiiig 1,-2, and 3, suooessiTely for a> 
in the fraction 



we get 

6 15 10 

and henoe 

«" 2 I 32 243 

-r — T=ia^ +2iP + 9-r7 X T \ + / N > 

log(aj- i) 






19 9 /t 1 * 

- 7^ log (a? + 2) +— log(a?-3). 

39. Case of KTeii Powers. — ^If the numerator and 
denominator contain x in even powers only, the process can 
generally be simplified ; for, on substitatmg z for a^f the 
fraction Decomes of the form 

m 

Aooordinglj, wheneTer tiie roots of ^(s) are real and 
unequal, the motion can be decomposed into partial fractions^ 
and to anj root (a) corresponds a traction of the form 

/(a) I 



0'(a) z - a' 
The corresponding term in the integral of 



is obidonsly represented by 



dx 



W f ^ 
'(a) ]«»-«• 
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This is of the form (/) or (A), according as a is a positive 
or negative root. 

The case of imaginary roots in 6{z) will be considered in 
a subsequent part of the chapter. 

It may be observed that the integrals treated of in Art. 5 
are simple cases of the method of partial fractions discussed 
in this Article. 



Examples. 

{2X + 3) dx 



^ f {2x-¥l)dx 



Here the factors of the denominator evidently are a?, jc - i, and « + 2 ; we 
accordingly assume 

2* + 3 A B C 



«'+«* — 24? X a:— I a? + 2 

AgaiQ, as ^ (a:) « a;' + «* — la?, we haye ^'(a?) = 33?* + la? - 2 ; 

. /(a?) ^ 2a? + 3 ^ 
^'(a;) 3aJ» + 2* - 2* 

Hence, by (3) we have 



^=-|. S^l, C^.l; 



consequently 

(2a; ■¥ i^dx 



if^j^L^ = - 1 log ,+ ilog (»-.)- g log (« + ,). 



^ 

(a;» + a»)(a:» + *V 



dx 
(«» + a"»)(a:» + *«) 
Here 

' - ' /_J l\. 

(a;2 + a«)(a;» + **) "" a* - *» \*2 + ft» x^^a^J* 

hence the value of the required integral is 



i^O-G)-.---©!- 



I 



a;d[:i; 



(ara + a)(a;»-|.*)* 
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Sabetitate s for x^ and the transfonned integral is 

J 2 (s + a) (« + by 
OonBoqnently the value of the required integral ia 

■—— ^j^. Ant, 3« + II log (« - 2) - 2 log(« - I). 

^' ift^SS- » ilog(*-i)+ilog(*-i) + ^log(* + 3). 

{(2X+ i)dx I _ - . V 3 , / % 

; ^ w . X . „ --l0gj? + l0g(«+ I) -^l0g(j?+ 2 . 

x{x+ i){x+ 2) " 2 " "^ ' a "^ 

J x**\a + ■ 



6. 



*«»)* 



fl 



40. Multiple Real Roots. — Suppose i^{x) has r roots 
each equal to a, then the fraction can he written in the shape 



(x - ay\f/{xy 

In this case we may assume 

f{x) _ Jfi . M, Mr_ 



(a?-a)''^(aj) (a? - a)*- (a? - a)*^* a? - o iP{xy 

where the last term arises from the remaining roots. 

For, when the expression is cleared from fractions, it is 
readily seen that, on equating the coefficients of like powers 
at both sides, we have as many equations as there are 
unknown quantities, and accordingly the assumption is a 
legitipoiate one. 
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In order to determine the coefficients, Miy Mij &c. . . . Mr, 
clear from fractions, and we get 

f{x) = Mi\Ij{x) +M2{x - a)\lj{x) + Mzix - ayypix) + &c. . . . (6) 

This gives, when a is substituted for Xy 

/(«) = M4{a), or Jf. =1^. (7) 

Next, differentiate with respect to x, and substitute a 
instead of a; in the resulting equation, and we get 

/(a) = M4\a) + M4{a) ; (8) 

which determines M2. 

By a second differentiation, Mz can be determined ; and 
80 on. 

It can be readily seen, that the series of equations thus 
arrived at may be written as follows — 

/(a) = M4{a\ 

f\a) = M,yi/\a) + 2.M4\a) + l.2.M4[a\ 

r{a) = M4''\a) + 3 . M^^ff\a) + 2.3. Jf^f (a) + 1 . 2. 3 . Jf4i^(a), 

+ I .2.3.4.Jf6i//(a)^ 

in which the law of formation is obvious, and the coefficients 
can be obtained in succession. 

The corresponding part of the integral of 

f{x)dx 



{x - ayyp (x) 
evidently is 

1# 1 / \ ^^'^ I Mr-2 Jfi ,v 

jf^log(^,a)-^3^--^-^^,-...- ^^_^^^^^^^^, , (9) 

If ^{x) have a second set of multiple roots, the cor- 
responding terms in the integral can be obtained in like 
manner. 
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41. Imaglnajry Rooto. — ^The results arriyed at in 
Art. 37 apply to the ease of imaginaiy, as weU as to real 
roots ; however, as the oorresponding piurtial fractions appear 
in this case tmder an imaginaiy form, it is desirable to show 
that conjngato imaginaries give rise to groups in which the 
coefficients are all real. 

Suppose a + J -v/- i and a - b \/^ to be a pair of con- 
jugate roots in the equation it{x) = o; then the corresponding 
quadratic factor is 

(x- ay + ft' ; which may be written in the form ix?-¥ px-^q. 

We accordingly assume 

0(aj) = (a? +|?a? + q)\p{x)f 
and hence 

f{x) Lx + M P 

0(a?) a^+px + q Q' 

p 
where -p^ represents the portion arising from the remaining 

roots, and — is the part arising from the roots 

a^+px+q *^ ^ 

a ± h a/- I. 

Multiplying by 0(2;) we get 

p 

f{x) = (Lx-^-M) \p{x) + (a?* -k-px •^^)'q ^ W- (10) 

If in this, - {px + q) be substituted for a?*, the last term 
disappears ; and by repeating the same substitution in the 
equation 

f(x)=xl,{x){Lx + M), 

it ultimately reduces to a simple equation in ^ : on identify- 
ing both sides of this equation, we caix determine the values 
of L and Jf. 

42. In many cases we can determine the coefficients £, M 
more expeditiousljjr, either by equating coefficients directly, 
or else by determming the other partial fractions first, and 
subtracting their sum from the given fraction. 

It wdll also be found that tiie determination of many 

[4] 
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integrals of this class can be much simplified by a trans- 
formation to a new variable, or by some other suitable 
expedient. 

Some elementary examples are added for the purpose 
of illustration. 



Examples. 
xdx 



I. 

Assume 



fxdx 



X A Lx + M 

(H-ar)(i4ar2) I + a; I + a?^ * 

clearing &om fractions, this becomes 

iT = -4 (I + a;'*) + (Xa; + Jf)( ' + ^)- 
Equate the coefficients, and we get 

X + -4 = o, X + Jf=i, -4 + Jf=o. 
Hence 



and accordingly 



X = -, if=-, ^=-i; 
2' 2 2 ' 



X II I I +a: 

+ - 



(i + a;)(i + a;*) 21 + * 2i+a;2' 

I -|-a;2 



f a?dip _ I . 



(i+«)^ 



I 

+ - tan'* a?. 

2 



2. 
Let 



I 



dx 
I +a;'' 



I A Zx + M 

i+a:^ i+x i—x-\-x^y 

consequently, -4 = -, by formula (3). Substituting and clearing from fractions 
we have 

3 = I - a: + a;2 ^ ,3 (Xa: + Jf)(i + «) ; 
hence, dividing by i + a?, we have 

2 - a? = 3 (X« + M). 
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Oonseqiiently 

idx it dx I i' (a -«)<&? 



Idx ^ I, /!+« + «* \ I ^ ,/aa; + i\ 



This can be got from the last by changing the sign of x. 

{dx 
FTP- 



In this case ve have 



_i I / I I \ 

i-jfi'^ 2 \i -a:*'^ I +a?»/ 



Let jB* = 2, and the integral becomes 

I r «& 



I f «fe 

(« - !)»(«> + I] 



A B Lx-frM 

+ + 



To find Z and Jf, dear from fructionB, and by Art. 41 the values of X and M 
are found by maMng a;' = - i in the following equation : 

a?« = (Xa; + JIO(a? - i)». 
This giyes immediately X = - -, if s o. I 



Again, by Art 40, we get immediately A--. 

2 

To find Bf make a; = o in both sides of our identity, and we get 

o=-4-2? + if; .-.2? = .4 = -. 
[4a] 



I 
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FinaUy 



S^ II I I I jP 

+ - 



(«-i)2(««+0 2(af-i)2 2*- I 2i+a;«' 

;^ TTT-s = + - log (« - i) log («* + i). 

{X - i)2(a;» +1) 2a?-i2*^^ '4®^ ' 



f dx 



Here the denominator is easily seen to be sfi(js - i) (« + i)'(^ + i), and the 
expression becomes 



]s^(x-l)iX'if 



s^{x-i)(X'\-if(x^-\- 1)" 

Assume « = -, and the transformed expression is eyidently 
z 



! 



t^dz 



(«-!)(«+ 1)2 («»+l)" 



The quotient is easily seen to be s - i ; and, by the method of Art. 38, we may 
assume 

«• A B C Lt-frM 

« - I + ■- + , . .V. + + 



(«- i)(« +!)«(«* + I) z-i (a +!)»«+ I ««+i* 

Hence (Arts. 37, 40), we haye 

8 4 

STezt, L and if are found by making s^ a — i, in the equation 

«« = (X» + M){z - i)(« + i)»; 

.-. I = 2(Za + if)(« + I) = 2 {Z«a + (X + Jf)« + Jf }, 



which gives 



X + if=o, Z-if=--: 
' 2' 



.*. JIf « — I X = •• — » 
4 4 



In order to find the remaining coefficient Q we make s = o, when we get 



Multiple Imaginary Boots. 53 



hence ve hxve 



ifl I I o « - 1 



Jz^dB e* I , I 

-f |log (« + 1) - i log («• + !) + - tan-»z. 
Hesoe 

a;8+a;7_-p4-.af8 = 2«2 i "^ 4(« + I) "*" 8 ^^ TTIS "*■ ^"ir ■*'.4 ? 

43. Multiple Imaginary Roots. — To complete the 

disonsEdon of the decomposition of the fraction '^A-ry suppose 

ihe denominator ^{x) to contain r pairs of equal and imaginary 
roots, i. e. let the denominator contain a factor of the form 
{(a? - ay + VY\ and suppose ^{x) = [{x - af + VY ^i{x) 
In this case we assume 

f{x) _ LiX'\-Mi Ltx-¥M% 

+ 



{{x " af -¥ VY i^i{x) [{x-ay-^-VY {(«-«)' + *')'*"' 

LrX •¥ Mr P 

+ . . . + . V, — t:; + 



the remaining partial fractions being obtained from the other 
roots. 

There is no difficulty in seeing that we shall still have 
as many equations as unknown quantities, Zi, M^ Zs, M^^ . . . 
when the coefficients of like powers of x are equated on both 
sides. 

To determine ii, Jfi, ii, &c. ; let the factor {x - ay + ft* 
be represented by X, and multiply up by X*", when we get 

^ = £iX + Ml+ (Z2X + M2)X+ &0. + {Zri'¥Mr)Xr'^ + ^^ (l l) 
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The ooeffioients Li and Mi are determined as in Art. 41. 
To find Lz and Mz ; differentiate with respect to x, and sub- 
stitute a + by/ - I for X in the result, when it becomes 

where Xo- a + b^/ - i. 

Hence, equating real and imaginary parts, we get two 
equations for the determination of X3 and Mz. By a second 
differentiation, X3 and Mz can be determined, and so on. 

It is unnecessary to go into further detail, as su£Glcient has 
been stated to show that the decomposition into partial frac- 
tions is possible in all cases, when the roots of <f>{x) =0 are 
known. 

The practical application is often simplified by transfor- 
mation to a new variable. 

44. The preceding investigation shows that the integra- 
tion of rational fractions is in all cases reducible to that of 
one or more fractions of the following forms: 

dx dx {A + B)dx {Lx + M)dx 



x-a' [x-ay (x-ay + b^' [{x - af + bY 

The methods of integrating the first three forms have been 
given already. "We proceed to show the mode of dealing 
with the last. 

45. In the first place it can be divided into two others, 

L{x - a)dx {La + M)dx 



[{x-ay-\-¥Y [{x-a')-^bY 
The integral of the first part is evidently 

-X 

To determine the integral of the other part, we substitute 
zioix-- a, and, omitting the constant coefficient, it becomes 



1 



dz 
(s» + by 
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Agam 

C dz _ I f iz" + ft" - z')dz I C dz if z^dz 

J (2* + by " ft^J (2* + b^ " 6* J (5^ + bT' *' J (2' + *')'*' 

But we get by integration by parts 

f z^dz _ r gc^g I r / I 

I f__5^__ 



2(r-i)(g» + 60'"' 2(r 
Substituting in the preceding, we obtain 

^ dz _ ^^■"3 r ^^ 2 / \ 

J (f^b'^Y " 2{r-i)b'] (g" + b'y-' "^ 2(r-i)6*^(g' + b^Y^'' ^' ^^ 

This formula reduces the integral to another of the same 
shape, in which the exponent r is replaced by r - i. By 
successiye repetitions of this formula the integral can be re- 

dz 
duced to depend on that of ^-^ — 7^. 

The preceding is a case of the method of integration by 
successive reduction^ referred to in Art« 19. Other examples 
of this method will be found in the next Chapter. 

The preceding integral can often be found more expedi- 
tiously by the following transformation : — Substitute ft tan fl 

dz 
for g, and the expression j-^ — -^^ becomes, obviously, 



.r-ij 



^,^.,.cos^'-"ecfe. 

The discussion of this class of integrals will be found in 
the next Chapter. 

46. "We shall next return to the integration of \ \. , 

which has been already considered in Art. 39 in the case 
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where the roots of ^(z) are real. To a pair of imaginaiy 
roots, a ± h^/- I, oorresponds a partial fraction of the form 

{Aa? ^B)dx (Aa^ + £)d x 

{ai' - ay + b'' ^^ a^ - laaf^t^' 

where c* = a* + 6*. 

In order to integrate this, we assume a => o oos 2^, when 
the fraction becomes 

{Ao^ -\-B)dx 



iK^ - 20^0 COS 20 + C^' 

The quadratic factors of the denominator are easily seen 
to be 

a? - 2x^/c cos + cj, and (x? + 2a? \/ccos0 + c. 
Accordingly we assume 
A(K^ + B Lx^M L'x + M' 



a^ - isfc COS20 + C' X^ -2iPy^C COS^+C a?' + 2a? y^C COS + (? 

hence it can be seen without difficulty that 

4 C3 COS 20 

and after a few easy transformations, we find 

r {Ax^ -^ B)dx ^ Ac - B ^ / a?* -- 2x y^cos i> + c \ 
J^-2ar^ccos20 + c'-~ 8cos0c» ^^ \aj2 + 2a? v/c"cos + c/ 

+ ^£±4 tan- f ^^AABin» \ 

(fa? 
47. Integration of 



(a? - fl)*" (a? - 6)*** 
This expression can be easily transformed into a shape 
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whioh is immediately integrable, by tbe following substita- 
tion: — 

Assume x - a= (a? - 5) s ; then 

a-h% (a - J)2 , a - 6 , la-h)d% 

i-s i-s I -z (1-2)* 

and the expression transf onns into 

(i - zj'^^^dz 
{a - ft)"»**-»8"»' 

Expand the numerator by the Binomial Theorem, and the 
integral can be immediately obtained. (Oompare Art. 4.) 
For example, take the mtegral 

dx 



{x-ay{x-by 
Here the transformed expression is 

(i - zYdz 



or 

A. _ rr 

Substituting z for s, the integral can be expressed in 

terms of x. 

Q^^^^dx 
48. Integratton ot 



{a + ca^Y' 

where m and n are integers. 

Let a-\- ax? -%y and the expression becomes 

{z-a)^dz^ 
zc^'z"" ' 

a form whioh is immediately integrable by aid of the Bino- 
mial Theorem. 
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It is evident that the expression is made integrable by the 
same transformation when n is either a fractional or a nega- 
tive index. 

It may be also observed that the more general expression 

( ^x„ can bo integrated by the same transformation, where 

\a T CtX/j 

f{o(?) denotes an integral algebraic function of a?. 



Examples. 

'• ( T^^r ^»'- -7-2^ + - + «' log («' - *')• 

J (a* - X'Y a(a* — a?*) 2 

!a^dx I a 

(a + cx''Y' " * 4C« (« + cxY "*" 6c2 (a + ca;2)3* 

dx 
49. Integration of — '■ — , 

where n is a positive integer. 

Suppose a an imaginary root of a^ - i = o, then it is evi- 
dent mat a"^ is the oonjuffate root : also, by (3), the partial 
fraction corresponding to me root a is 

I a 

-, or 



Wo**"* (a? - a)' n{x - a)' 

If to this the fraction arising from the root a~* be added, 
we get 

« 

n (a; - o a; - a"*)' w (a:* - (a + a"*) a; + i)' 
But, by the theory of equations, a is of the form 

ikrr J . ikv 

cos — + \/- I sm , 

n n 
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where k is any integer ; 

ikir 



.*. a + a"* = 2 COB 



n 



Henoe, if be substituted for — , the preoedinff fraotion 

becomes 

2 ^ cos - I 



w ' a?' - 2a? OOS0 + i' 

The integral of this, by Art. 7, is 

cos 0, . ^ ... 2 sin , , /^ - cos 6' 

log(i - 23? cos 9 + a?^) tan"M — 7—77- 

n ^ ^ n \ sin 

There are two cases to be considered, according as n is 
even or odd. 

(i). Let n = 2r: in this case the equation a:"* - i = o has 
two real roots, viz., + i and - i ; and it is easily seen that 



\ 



dx I - a; - I I _ Ajtt, , kir 



I , X- I I _ AJTT, , Kir .v 

= — log + — S cos — log (i - 2a? COS — + a;') 

2r°a?+i2r y.o\ ^ 



ix?^ -I 2r 

f kir' 

, / a? - COS — 

-Isdn^to- — j^l, (,3) 

where the summation represented by 2 extends to all integer 
values of k from i to r - i. 

(2). Let w = 2r + I, we obtain 

f dx log(a?- 1) I „ ikir . ( iktr 

1 -r-r, — = -^-^ ^+ Scos log i-2a?cos^ 

J 2^*^1-1 2r+i 2r+i 2r+i °\ 



7 , a? - cos 

Ssm tan"^ 



2r + I 2r + I I . 2kn' 

sm 
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where the summation represented by 2 extends to all integer 
yalues of k from i up to r. 

50. Integratton of , wbere m Is less than n + i . 

ar — I 

As before, let a be a root, and the oorresponding partial 
fraction is — ttt ; or -7 r ; hence the partial fraction 

wa""^ (x-a) n{x - a) ^ 

arising from the conjugate roots, a and a~\ is 



^ f "*" **~*" ^ - i 

w\a; - g a? - g"y w* 



ar* - (g + g~^)a?+ i 



2 a;co8mO - cos(m - i)0 
n a?* - 2a?cosO+ i * 

where is of the same form as before. 

The corresponding term in the proposed integral is easily 
seen, by Art. 7, to be 

-|cosiwfllog(i»*-2iPcosO+ I ) - 2 siu mfi tau"^ — =""5"r (^5) 

n 
By giving to A; all values from i to — i, when wis even, and 

from I to when n is odd, the integral required can be 

Tmtten down as in «he preceding Artide. 
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I. 



2. 



6. 



8. 



Examples. 



lO. 



II. 



<£0 



«* + 6* + 8 



Ans, -log ( ) . 



a* — a? - 2' 






,, a bg(« - 3) + log(« + 1). 

A. JBa-Ab. , 

" T*^^"^ 2ab > g(^ + ^^)- 

-I V 



, -L^log^-^^3-^S-L^tan-^(^) 
4y/2 a?»-a^\/2 + i 2v^2 \i-ap*/ 



**+ I* 

{«+ 3)(«+ i)»' " 2 (s + I) "*" 4 ^ U + 3/ 

<fa I _i_ / g» \ 

« (a +*««)«• " 2a(a + *««)'^ia5^^Va + *W* 



a? (a + iic»)* 



" 2a (a 



a?(a + *«»/* 



9- 

Let + 2^ = fl^«» and the transf oimed expression is - 



(a - b)r'^d» 



nari^ 



xdx 



«* + «» + «+ i' 



dx 



Ana. -log(a;'+ i) — log(a:+ i) + -tan-'a?. 
422 



1 



«* + 4«' + 5«* + 4a?+4 



• » 



2 , (« + 2)" 3x1 ' 

— log -^ — ^ + — tan-'j?- 
25 * »»+i 25 



5 («+»)* 



<fa; 



1 2. Apply the method of Art. 47 to the integration of ^ ■ . 

The traoBzonned expression is - ^ — z^jz^ — • 



'^' J (I -««)»• 



I a:(r + ar') I , I + a? 



•62 



Examples. 



14. Prove that 



a;«(i - 



x)* 



transforms 



into-j 



(l +2)"»+'»-2<fe 



gm 



if we make x = 



I + z 



f dx_ 

J 8inaf(a+ < 



, , , — :. Ana, -. log sin r logcos - 

(a+^cos^) a-{-b ° 2 a-*° 2 



log (a + b cosjp). 



Multiply by sin x, substitute u for cos x, and the integral becomes 

J (I -««)(« + *«)• 
16. I — : : . Am. - log sin- - log cos - + - log(3 + 2 cosa:). 



sin 2d; 



2 5 






Let x^ = -, &c. 

18. Prove that 
dx 



J 1 + ar^" 2» 



COS 



(2^-l)ir 



2n 



log f I- 

f 



2« COS 



<^* -')%;.) 



I ^ ._ {2k - i)ir 
9t 



« - COS 



2n 
{2k - l)ir 



+ - 2 sin ^— -^" tan-^ 



2n 



2n 



Sin 

2» 



I 



Habere k extends through all integer values from i to », inclusive. 



19. I — 



dx log (I + a?) 



x^»*i 2« + I 2n + I 



2 . (2A-I)ir 

+ : 2sm 



2 COB 



2n 



-0*1 / (2&-i)ir -\ 

— ^ log I I -2a?cos^ -—i-x^ I 

+ I ® V 2n + I ^ / 

(2;fe-i)x 



a; - cos 



2» + I 



2« + 



^ tan-» < — 

I 1 . (2A;-i) 

L 2»+ I 



2»+ I 



- I Mr 



lirhere k assumes all integer values iiom i to fi inclusive. 
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CHAPTER III. 

INTEGRATION BY SUCCESSIVE REDUCTION. 

51. Cases in wbicta sin'^d oos**0t^O Is Immediately In- 

tegrable. — We shall commenoe this Chapter* with the dis- 
OTission of the integral 

Jsiii*"ecos'*fit?fi; 

to which form it will be seen that a number of other expres- 
sions are readily reducible. 

In the first place it is easily seen that whenever either m or 
nt8 an odd positive integer the expression 8in*"0 oos'^OdO can 
be immediately integrated. 

For, if n = 2r + I, the integral becomes 

Jsin*«e cos^'^^OrfO, or, J sin"»fi (cos* fi)'-^^ (sin 0). 

If we assume a; = sin 0, the integral transforms into 

jaf^{i -a^ydx; (i) 

and as, by hypothesis, r is a positive integer, (i - a^Y can 
be expanded by the Binomial Theorem in a finite number of 
terms, each of which can be integrated separately. In like 
maimer, if the index of sin be an odd integer, we assume 
on = cos d, &c. 

A few examples are added for the purpose of making the 
student familiar with this principle. 



* It may be observed that a large number of the integrals discussed in this 
Chapter do not require the method of Successive Reduction: however, sinco 
other integrals of the same form require liiis method, it was not considered 
advisable to separate the discussion into distinct Chapters. 
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Examples. 




I. 


loji^ede. 


Ans 


008^0 

. cosB. 

3 


2. 


coB^ede. 


99 


Bino - - Rin'0 + . 

3 5 


3 


em^BcoB'ede. 


99 


008^00 008^0 

lo 8 


4- 


Can^ede 


») 


I ^ cos'a 

— ■- + a cofl0 . 

COB0 3 


5. 


^ faii$(ioe?$d0. 


9) 


2 8in"0 2 sin^tf 
3 7 


6. 


ran*$d$ 


»> 


2 COS^0 , ^ 

5 


7. 


cct»*$de 

J sinld ' 


>» 


3 8inl0-58in*0. 
7 



52. Again, wheneyer m -h n is an even negative integer 
the expression sin*"0 oos'*0t^0 can be readily integrated. 
For if we assume x = tand, we have 

I Of don 

oosfi = —-=:, sinfi = •— =, andt?6 = 



and the expression transforms into 



af^dx 



m+i* • 



(i + a?*) « 
Hence, if m + n = - 2r, this becomes 

a form which is immediately integrable. 
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Take, for example, j^. 

J COS*© 

Let X = tan0, and we get 

Making the same sabstitatioii, we obtain 



tan>6l tan'0 
or + . 

3 5 



1 



(i + it'ydx 



X 

Hence, the value of the proposed integral is 

+ tan'fl + log (tan 6). 

d9 



^"^^^ ^ ^^\-^0^9' 



Here the transformed expression is ^^ — -r-^ — i and ac- 
cordingly the value of the proposed integral is 

-tan«e- ^ 



taniS* 



In many oases it is more convenient to assume x - cot 9. 

For example, to find -t-tt,. 
^ Jsm*9 

Since dUSotd) = - -r-r^, if cot fi = ^, the transformed 

sm cf 

integral is 

- I (i +a^)fl&p, or- cot 9 . 

The following examples are added for illustration : — 
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"RTA-JTP T.TCfl- 

I. I r— . Am. . 

J cos^ B 4 

{ de , ^ 2tan8a tan»tf 

J cos«0 " 3 5 

3. I -T— r — r;' w + log (tana). 

[Bv^ede 2 

•' C08*d 3 

!dd 8 
-7-r- — T-. » - 8 cot 20 coi^iB, 

Bin* d 008*0 3 



6. 



f <f0 .1./ tan20\ 
—. „ 2tan»0{i + — — ). 



When neither of the preceding methods is applicable, the 
integration of the expression sin"*0 ao^^ddO can be obtained 
only by aid of suocessive reduction. 

We proceed to establish the formulae of reduction suitable 
to this case. r 

53. Formuln of ReducHon for|sin"*0 oos"0tf0. 

I sin»»d oos*»firfd = I cos'*-'^ Aa'^Bd (sin 0) : 

consequently, if we assume 

sin***»fl 

u = cos**"* 0, t? = , 

w+ I 

the formula for integration by parts (Art. 21) gives 

f • mn na^a cos**-* fl sin"**' fi n - i f . ^.. . ^,^1 ,/» , v 

lsin*"fioos'*flrfd= + 8m"»+*dcos'*-'9(/d. (2) 

J m+ I w + 1 J ^ ' 
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In like manner, if the integral be vnitten in the form 

-[sin««-^fi cosset? (oosfi), 
we obtain 

f sin^fl oos«drffl=^?^ f 8in«-«fi QO^'9d9 - ^'^'^^^'"'^ . (3) 
It may be observed that this latter formula can be de- 

IT 

rived from (2) by substituting - - ^ for fi, and interchanging 

the letters m and n in it. 

54. Case of one PosltlTe and one BTegatlTe Index. 

— ^The results in (2) and (3) hold whether m or w be positive 
or negative ; accordingly, let one of them be negative (n sup- 
pose), and on changing n into - w, formula (3) becomes 

f shi*"0 ^ sin*»"^0 _fn-i f siu'^-'O ^ , .. 

J ^^s^''^ "" (^ - i) cos'^-^fl " ;r^J ^3s^ ^' ^^ 

in which m and n are supposed to have positive* signs. 

sin*'*d 
By this formula the inte&Tal of — -r^dO is made to de- 

•^ ^ cos** e 

pend on another in which the indices of sin and cos are 
each diminished by two. The same method is applicable to 
the new integral, and so on. 

If m be an odd integer, the expression is integrable im- 
mediately by Art. 51. if m be even, and n even and greater 
than m^ the method of Art. 52 is applicable ; iim = n^ the 
expression becomes J tan"*0flf0, which will be treated subse- 
quently ; if w < w, the integral reduces to that of sin**"** 6 dO. 

Again, if n be odd, and > w, the integral reduces to — ■^^;^ ; 



* The formulsB of reduction employed in practice are indicated by the capital 
letters A, S, &c. ; and in them tlie indices tn and n are supposed to have always 
positive signs. By this means the formules will be more easily apprehended 
and applied by the student. 

[6 a] 
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r sin"*'**' dB 
and if « < m, it reduces to -^ — . The mode of find- 

' J COS© 

ing these latter integrals mil be considered subsequently. 

Again, if the index of sin be negative, we get, by 
changing the sign of m in (2), 

r cos"0 ^ , oos^"'0 n - I f cos**"'0 ^ , 

Jsin^S " (m- i)sin"*~'6 w-i Jsin'^0 * / ' 

We shall next consider the case where the indices are 
both positive. 

55. Indices both PosltlTe. — ^If sin*"0(i - cos^0) be 
written instead of sin*"*' in formula (2), it becomes 



I 



• m/i nn^n cos"-' d Sin*«+' fl 

sm"*d cos'*0rfO = — 



m + I 

cos""' sin"**' 



m -h I 



+ ^ — ? f sin"»e (cos«-'d - cos"fl) dO = 

+ ^JLifsin'«ecos"-'firf0 - "?— ifsin"»ficos"firfd: 
m+ I J m-\- 1 J 

hence, transposing the latter integral to the other side, and 



dividing by , we get 



sm*»d cos"drffl = + Brn'^eofxT'^Ode. (C) 

J m+n m + wj ^ ^ 



In like manner, from (3), we get 



fsin-dcos"flrfd = ^— ^ fsin*"-'ecos»9rfe - ^""'^ ^^^'^'^ .(J) 
J m + nj m + n ^ ' 

By aid of these formulae the inte^al of sin*" cos" 0(^9 is 
made to depend on another in which the index of either 
sin 9, or of cos 0, is reduced by two. By successive appli- 
cation of these formulae the complete integral can always be 
found when the indices are integers. 
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56. Fomralv of Rednctloii for sin" 9 dO and ooB^OdO. 
These integrals are evidently cases of the general fonnnlad 
(C) and (2>) ; howeyer, they are so frequently employed that 
we give the f ormnlsd of reduction separately in their case, 

cos"9ot = + cos'*"'Ow. (4) 

J n n J 

f • «/ij/i C0Sesin**-*6 M- I f . -an jn / \ 

BinrOdO = + siD^OdO. (5) 

The former gives, when n is even, 

f cos'^Orffl = ^L^/'cos'*-*^ + ^^-^ 006"-»e 

(n - i)(n- 3) _.^ , jp \ 

+ 7 77 ^ oos*^9 + &c. ) 

(n - 2)(n - 4) / 

^ (n- i)(n-3)(^- 5) ■ • • \q 
n{n - 2){n - 4) ... 2 

A similar expression is readily obtained for the latter 
integral. 

Examples. 

(. ^ , ^ aindcosd/ . „^ 3\ 3^ 
Bin*d<f0. Am, (8m2d + -j + |«. 

I„ . ^ 3^ 8in0 co8 9/8in^d sin'd i\ d 
co8«dBm*0rf(^. „ — r^[—^ TT'lJ^Te- 

57, Indiees both WegatlTe. — It remains to consider 
the case where the indices of sin and cos are both 
negative. 

Writing - m and - n instead of m and w, id formula (C), 
it becomes 

c dQ -J n + I r dB 

J Bin*"e cos**e ~" (m + w) cos"*' 6 sin"'"*^ w* + w J sin*"d cos***^© ' 



(6) 
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or, transposing and multiplying by , 

r dO I m + n f dQ 

J 8in"'e oos'»*=e " (»* + cos***^fl sin"»-'e "*" w+ij 8in"»floos"0* 

Again, if we substitute n f or n + 2 in this, it becomes 
dQ I 



I 



sin"»Ooos"0 (n - i)cos''"^0sin"»-^0 

w+n-2f dO 



+ 



-+^-2 f d9 . 

n-i Jsin'-fioos'*-^©* ^ ' 



Making alike transformation* in formula {D), it becomes 
dQ - I 



f 



8in*"ficos"0 (w - i) sin'^^fl oos**-^d 

w + n - 2 f rffi 



+ 

m 



-I Jsin"^(?cos"e* ^^ 



In each of these, one of the indices is reduced by two 
degrees, and consequently, by successive applications of the 
formulae, the integrals are reducible ultimately to those of 

one or other of the forms — r. or -; — -t. : these have been 

OOS0 sm 

already integrated in Art. 17. 

The formulsB of reduction for -r-r-^ and — -;c are so 

sm**© cos**© 

important that they are added independently, as follows : — 



* It may be observed tbat fomiulaB {B)y (JD), and (JP) can be immediately 
obtained from {A)y (C), and {E)y by interchanging the letters m and », and 

substituting — ^ instead of 0, For, in this case, sin 0, cos 9, and dB^ transform 

2 

into cos ^, sin ^, and - d^, respectiYely. 



Application of Method of Differentiation. 71 

ft 

f dO sinfl n -2 f dO . 

J 0OS'»fl " (W - l) COB«-»fl "^ W - I Jo08""»fl" ^^^ 

f e^Q -coBfl n -2 f _^ .gv 

Jsm^e'*' (n- Osin'^^e "^n - iJ8m«-»fl' ^ ^ 

It may be here observed that, sinoe Bm'0 + oo8'0 = i , we 
baye immediately 

C dO f dO r dO .. 

J sin'^e cos"e " J Biii"»-»e oos'*e ^ J Biii~e cos-^e • ^^^ 

and a similar process is appUeable to the latter integrals. 
This method is often useful in elementary oases. 

Examples. 

f d9 _ f mnBde C dd i_ . e 

J 8in(>co8*5 ~ J ooB*$ J sin a "" cos 6 ^ 2' 

f d0 C an$d0 f d$ 

Jfiindcos^d " J 008*0 Jsindcofl'o' 

and 18 accordinglj immediately integrated by thc( last 

Jsin^6 28m" 6 2 '^ 2 

f rf» I cosg 3. e 

^* ]sin80co82e* " cose 2 8ln«e'*'2^^ 2* 

58. Applicalioii of Method of DiflRerenlialioii. — 

The formulsB of reduction given in the preceding Articles 
can also be readily arrived at by direct differentiation. 
Thus, for example, we have 

d_ / sm'^fl N _ msin'»"^Q n sin^^^fl 

e^flVcos^e; cos«-^e "*" cos-^e ' 

and, consequently, 

f sin^^fl ^ I 8in"»fl mf sin'^^fl ^ 
J cos**+^e "" n cos"0 n J cos**"* 

This result is easily identified with formula (A) . 
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Again, 

If we substitute for cos***^© its equivalent cos~"*9 ( i - sin*0), 
we get 

d 
-^ (sin^'O cos"©) = m sin"»"^0 cos""^© - (w + w) sin***^© oos*"*J ; 

henoe we get 

fsin-^ecos'^-^erfe = - «in"'gooB"g ^ _^ fsin«-'0oos'^'erfe, 
J m + n m + n] 

a result easily identified with {D). 

The other formulae of reduction can be readily obtained 

in like manner. 

dO 
59. Intesratton of tan"0ef0 and 7 — ^* 

These integrals may be regarded as cases of the preceding : 
they can, however, be arrived at in a simpler manner, as 
follows : — 

Since tan'^fl = sec'O - i, we hive 

f tan~0rfe = [ tan«-^e (sec*© -i)de ={ tan*-'© d (tan d) 

- 1 taii«-'e dB = ^^^ - [tan~-*0 dB. (10) 

By aid of this formula we have, at once, 

tan*'0rf0 = + &C. (11) 

J n-i w-3 w-5 

(i.) If w = 2r + I, the last term is easily seen to be 

(- i)'-*Uog(cose). 
(2.) If w = 2r, the two last terms may be represented 

by (- ir^Ctanfi-e). 
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In a similar manner we have 

J tan«e " J tan^e " J tan^-'O " {n-i) tan«-»e " ) tan^-'fi' ^'^^ 

Examples. 

!taii*9 
tan*(> rf(>. Ans, tan tf + (>. 

Icot'd 
cot^9d!9. „ — + cota + d. 

60. Trigonoiiietrlcal Transformalioiis. — Many ele- 
mentary integrations are immediately reducible to one or 
other of the preceding formulae of reduction by aid of the 
transformations given in Art. 26. For example, if we 

assume x^ a tan ©, the expression ; transforms, into 

sin**0 cos*'"*"'9 d© (neglecting a constant multiplier). 

In like manner, the substitution of a sin for x trans- 

« ., . af^dx . , o~-"*»sin"'0t/0 , .. 
forms the expression ; into -^^-^ : and, if 

(a* - or*)" cos " 

^ . , . af^dx . , . . cos'^-^'fleffl 
a? = a sec 0, the expression transiorms mto — . ^ ,^ — 

(neglecting the constant multiplier^ 

A similar transformation may oe applied in other cases. 

it^ dx 
For example, to find the integral of -^, ; 

[2 ax "~ •?/ I" 

let X = 2a sin^Oy then d^ = 4a sin cos (/O, 

and the transformed integral is 

2"*^a«Jsin''»0flf0: 
accordingly the formula of reduction is the same as that in (5) ; 
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EXAHPLES. 

^^-^==. „ jlog --^^. 

! dx X a?' 

J(2aa;-ar2)i ' \2 2 / ^ \2a 

The integrals considered in this Article admit also of 
a more direct treatment. We shall commence with the 
following : — 

6i. Cajies in whieh ; is immediately inte- 

Srabie. {a + at')^ 

We have seen, in Art. 48, that the proposed expression is 
integrable immediately when m is an odd positive integer. 

Again, when m is an even integer, if we assume a -{- cx^ 
= x^z\ the transformed expresssion is 



-(.' 


n - 


- m 

a 


-3 

dz 


1 


K-m.l 







a * s~-' 



This is immediately integrable when n - m - i is even 
and positive, i.e. when m is either an even negative integer, 
or an even positive integer ^ less than n - i. 



n.s 



— - dx , (z^ -c)^ dz , 

For example, ; becomes - n-i > and 



{a-^ex^y ^2 2„-i 



accordingly is always integrable by this transformation, 
since ^ is an odd integer, by hypothesis. 
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Examples. 



I 



I dx X ( ex* ) 

(fl + «ta)4' *"• a« (a + «*»)* (' "3(« + «**))* 



J (08 + ««)*' " 3 (a« + ««)* ' 

4- I i- 

The differentials considered in this Article are cases of a 
more general class called binomial differentials. 

62. Binomial Btmereiiliali. — ^Expressions of the form 

in which m, n^ p denote any numbers, positivey negative, or 
fractional, are called Binomial Differentials. 

Such expressions can be immediately integrated in two 
cases, which we proceed to determine by tranirformations 
analogous to those adopted in the prece^g Article: — 

(i). Lefc a-v baf^ = z\ then x = f — r— j , 



1 

— 1 



«^* '*^ = ^C-T^)" ''- 



m + l _. 



hence af»(a + har)^dx = ^ ^ ^^^ 

Consequently, whenever is a positive integer^ the 

/» 

transformed expression is immediately integrable after ex- 
pansion by the Binomial Theorem. 
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(2). Again, if we substitute - for a?, the differential 
becomes 

This is immediately integrable, as in the preceding 

- - (np'^m+ 1) . .i. . X • -u 

case, whenever — ^-^^- is a positive integer ; 1. e. when 

+ « is a negative integer. In this latter case the inte- 

n 

gration is effected by the substitution of z for ax'^ + b. 



Examples. 

f sfidx 

1(1 + ^)*' 



, sfidx ^ 2(i+«»)»(a!?-2) 

I. I ■: r-.. ulns. 



2. 



dx X 






f <^a? (I -f a^)> 



fax 
rr* (I -f a;* 



When neither of the preceding processes is applicable, the 
expression, if ^ be a fractional index, is, in general, incapable 
of integration in a finite number of terms. Before proceed- 
ing with this investigation we shall discuss a few simple 
forms of integration by reduction, involving transcendental 
functions. 

63. RedncHon of e^ x^dx^ 



where n is an integer. 

Integrating by parts, we have 



af^^ dx = af^^e^'dx. ii x] 

J mm} ^ ^^ 

By successive applications of this formula the integral 

f e^*^ 

is made to depend on e^" dx. i, e. on — . 

J m 
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Again, to find — dx. 



- I 



Assuming u « ^ v = r— ^j, and integrating by 

parts, we have 

(e^dx - c"*^ m Cef^dx . . 

By means of this the integral is reduced to depend on 

e^^dx 



\ 



X 



The value of this integral cannot be obtained in a finite 
form; it however may be exhibited in the shape of an 
infinite series ; for, expanding e^ and integrating each term 
separately, we have 



1 



(^dx , mx rf?Q^ tn^oi^ - , . 
=logiC + — + 5 + 5 + &0. (i5> 



The integral of (faf^dx is immediately reducible to the 
preceding, since (f = g^^off*. Consequently, by the substitu- 
tion of log a for m in (13) and (14), we obtain the formulee 
of reduction for 



I (faf^dx and -^dx. 



In like manner we have immediately 

je^x^dx= -e^T^ ■^nje'^a^-'^dx, (16) 

64. RedncHon of jsf^ (log xY dx. 

Let y = log Xy and the integral reduces to that discussed 
in the last Article. 

The formula of reduction is 

[^aogxYdx^ ^^^'^^^'^^'' --^ [araogxY'^dx. (17) 
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Examples. 



2 3.2.1 
-a?-^ — 3 — 



x^e^'dx. Am. — {a^--«*4-^ 

a { a a' 

3- J'i*"' " ~"3(rc8+iF«"*"^l "^3.2.1] a? 

65. Reduction of juf^oosaxdx. 

Here a^ cos axdx = a:**"^ sin aa;cwj : 

J a a] 

f «-, . 7 ri^^cosfla? **- I f «, , 

aj^* sin oa? tfe = + af*~^ oosaxaxy 

J a a ] 



again 



hence 

J a* a' J 

The formula of reduction for (xf^ %maxdx can be obtained 
in like manner. 

Again, if we substitute y for sin"^a?, the integral 

J(sin"^a;)'*t?aj 

transforms into 

Jy'^cosyefy, 

and accordingly its value can be found by the preceding 
formula. 

Examples. 

1. Xs^QOSxdx, -4»«. as^ginaj^j/pf (5osa?-3. 2.ajBina:-3 .2 . 1 . co&ar. 

2. I ar^sinjT^a?. 

An$, -a?*cos» + 4«'8ina; + 4.3 .a;-cosiC-4. 3 . 2 . a? sin a?- 4. 3 .2 . i. cosa;. 
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66. Rednetlon of jef^ooB^^xdx, 
Integrating by paxts, we get 

f^ ^ J cos"a?c^ nr^ «, . 

^ oos^'xdx = + - c^oos^'^a? sinirefo. 

J a a] 

Again, 

<?^ooB*"*icsina?(& 






e^cos^ 



^ {cos^iP - (n - i) (iOs^~^zsiD^x}dx 

c«*oos'*'^iPBinir (n-i)[ ^ ^, , nf^ ^ ,^ 
a a J a] ' 

substituting, and solving for J e^ coB''a?efo, we get 

e^ cos*"*a? (a cos x + nsina?) 



i 



n{n - i) 



a' + n' 



+ ^-V — r-i^oos'^xdx. (i8) 

The form of reduction for e^"^ sixL^xdx can be obtained in 
like manner. 

67. ReducHon of J C08"*:r sin nxdx. 
Integrating by parts, we get 

f _^ • J co8'"i» cos fw? wf «^, . , 

cos^iT sm nxdx = cos*^^a? cos nxsmxdx : 

J n nj 

replacing cos m; sin ^ by sin n^r cos ^ - sin (n - i) x^ after one 
or two simple transformations we get 



I 



^ . , COS"*aJCOB«i» 

ooB^xsmnxdx = 



+ 
m 



m + n 
m 



— roos*"'*i» mxL{n - i) xdx. (19) 



The mode of reduction for cos** a? eos nxdx^ sin"* a? cos nxdx, 
and sin*^;z; mnnxdx can be easily found in like manner. 
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Examples. 



0^* sin*xdx. Arts. r- (a sina? - 2 cosdf) + — , =r. 



t. t coft'«sin4jr<^. „ 



.a 



cotrxcOB/^x 008 9. COS 3« cos 2a; 
6 12 24 



er»cof?xdx. m "" — (cos* a? — sin aa: + 2). 

5 

68. ReducHon by Diflterenlialioii. — ^We shall now 
return to the discussion of the integrals already considered in 
Arts. 60 and 61 ; and commence with the reduction of the 

expression -. --^. This, as well as other formulse of re- 

duction of the same type, is best investigated by the aid of a 
previous diflEer^ntiation. 
Thus we have 



(m - i) aaf^~^ mcaf^ 



(a + ca^)i (a + ftp*)i ' 

hence, transposing and integrating, we obtain 

r af^dx af^{a-\- cji?)^ {m - i)a^ a^'^dx . . 

J {a + c.r*)i wc 7WC J (flf + ca^)** 

By this formula the integral is reduced to one or more 
dimensions ; and by repetition of the same process the ex- 
pression can be always integrated when w is a positive 
integer. 

The formula (20) evidently holds whether m be positive 
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J (a + '"*'- 



sf^ dx 



[ 



or negative ; aooordinglyy if we change m into - (m - 2), we 
obtain, after transposing and dividing, 

f dx ^ (fl + C3?)^ {m - 2)c( dx 

Jaf'(a + (^)i~"(w-i)aa?«-^ " (w - i)aja^(a + car*)*' ^^'^ 

69. More generally, we have 

d 

^ {a^*(a + car*)'») =(m- i)af^(a + Gr')"+ 2nc«*(a + caj')''-* 

= (a + caj") ""^ { (f» - I ) a af»"' + (f» + 2» - i ) ca:~ } . 
Henoe 

a?** (a + csfY^dx = 7 — i f- 

(m+ 2n- i)c 

- , ^^" '^^, faf^(a + ca;>)"-»^. (22) 

Gonsequentlyy when m is positive the integral can be 
reduced to one lower by two degrees. If m be negative, 
the formula can be transformed as in the preceding Artidey 
and the integration reduced two degrees. 

We next proceed to consider the case where n is negative. 

r s^ dx 

70. Ifteduetloii of -. — rr-, 

J (a + cx^Y^ 

m and n being both positive. 

_ C af^dx r J xdx 

]{a + ca^Y "" J (a + cx^Y* 

Let *«-> = «, and \^^.'V, 



- I 

or 



2{n- i) <?(« + <»')*"* 
and we get 

J (« + («?»)" " 2 (»- i)c (a +caj»)*-» ■*■ 2 (w - i)c] (a + (sc")»-^' ^^'^^ 

M 
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By successive applications of tUsfonn the integral admits 
of being reduced to another of a simpler shape. We are not 
able, however, to find the complete integral by this formula, 

T 

unless when n is either an integer, or is of the form ~, where 

r is an integer. 

r (xf^dx 
7 1 . Rednction of -. r rr^ . 

J (a+ ihx-^-G)?)^ 

By differentiation, we have 

d 

— {(jf^^ia + 2hx + Cij?)^\ = (m- i)ixf^^ {a + 2bx + cx^)^ 

af^''^{b + cx) _ (m - i)a(xf^ + {im - i) baf**^^ + mcaf^ ^ 

[a-vibx+cx^)^ {a + zbx + coi?)^ ' 

, f af^dx Qf^'^ (a •\- ibx + cs?)^ 

hence 7 7 371 = ^ - 

J (a + 2hx + car)* mc 

(2m-i)Jr a^^dx (m- i)g r oif^-'^dx 

] {a + 2bx + ca^Y mc ]{a + 2bx-¥ ca?*)*' ^ 



mc 



This furnishes the formula of reduction for this case : by 
successive applications of it the integral depends ultimately 
on those of 

xdx - dx 

and- 



{a + 2bx + ca?*)4 {a-\'2bx-^ cx^)^' 

These have been determined already in Arts. 9 and 12. . 

dx 
Again, the integral of -—7 7 rrr can be reduced to 

^ ■ a?*»(o+2^a: + ca?*)* 

the preceding form by making x = -. 
72. Tbe more general Integral 

sf^dx 



1 



(a + 2bx + GU*)" 
admits of being treated In like manner. 
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J (a + ihx + cs^Y 

For y p + 2hx + ca?* be represented by T, we have, by 
differentiation, 



Henoe, we get the f onnula of reduction 
Cctf^dx ^ - a^~^ 2(w-w)6 faf^'^dx 



+ ^ 



(2n 



m - i)a Caf^'^dx . 
-m- i)c] ~Y^' ^^^^ 



ix^ duR 

By aid of this, the integral of -^ , when m is a positive 
integer, is made to depend on those of -^ and ^. Again, 
it is easily seen that the integral of -=^ is reduced to that of 

J 1^ " c J 2^ cj I^ 

[6 a] 
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73. Reduction of 



f dx 

J (a + zbx + 



{ dx 
In order to reduce -=^^ we have 

d fb+cx\ _ c in (6 + cxY 

dx V r*y ~ T» T^»+>^ 



c 2n (ac - b^) inc 2n{ac- J') (2w - i ) c 



n 



Hence f — = ^ + '^ + (^» " '^'^ (i^ ^27) 

By aid of tins formula of reduction the integral of -^^ can 

be found whenever n is an integer, or when it is of the form 

- (r being an integer). 

f dx 
74. ReducHon of 7 r r-, 

' J (a + 6 cos iP)* 

when n is a positive integer. 

Let Z7= a + J cos a?, then ■^- = - 6 sin a?, cos a? = — = — . 

dx 

Again, by difierentiationy we have 
d (sin a?) ^ coso? {n - i)b sin'^ 

COS a? {n- i)b (n - 1)6 cos*a? ^ 

substitute — r — for cos a; in the numerators of these fractions, 


and we get 
d Isinx) ^ I a (w-i)6 »-i 2(n-i)« 

{n - i)g' -(n -2) (2n-3)a (n-i)(a'-6') 
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J (a + 6ooBa?)* 

Hence, transposing and integrating^ we get 

f(& - fesina? (2w - 3)a f d 

J ^ - (n - i)(a» - 6») ZT^"-^ "*" (n - i)(a' - 6») J "^ 

»i - 2 f dx . . 

"(n-i)(a»-6»)J^*i^' ^^^^ 

By this formula the proposed integral can be reduced to 
depend on 



dx 



1 



dx 



a + ftoosa?* 



the value of which has been found in Art. 1 8. 

75. The integral considered in the last Article can also 
be found by aid of a transformationy whenever a is greater 
than hj as follows: — 

dx . dx 



(a + 6cos«)* (, ,v a* / i\ ' 2^y 
^ ' J(a + 6)cos'- + (a- J)sm'-| 



(' 



. I + tan'- ) dx 
dx \ 2 



(^cos'l + -Bsin»?Y {a + -Btan'^Y 

(where A = a + 6, ^ = a - 6). 

X \A 
Next, assmne tan- = J-^tan^, then 

(i +tan*-jdb= 2 /-^ (i + tan'^)rf#: 
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and we get 

I + tan*- J dx /"J V ^ "*" "» ^^^ ) ^^ 



-4 + ^tan'- 



a?Y '^-B ^'*seo*"-> 



Hence, replacing A and jB by a + 6 and a - J, we get 

When n is a positive integer, the integral at the right- 
hand side can be found by expanding (a-h cos 20)*"^, and 
integrating each term separately by formula (4). 

Again, if in (28) we make h » a cos a, and 2f^^y^ we 
obtain 

{ dx if 

7 T^ = . oA 1 (i - 00s a cos yY'^dy^ (30) 

J (i +cosacosa')» sin^^-^aj^ ^' "^ ^ ^ 

where tan - = tan - tan -. 
2 22 

Hence, if we take o and — as limits for x. we have 

2 

IT « 

I ;^ Tn. = » 1-1 I (i "" oosacosy)'»"^rfy. 

Jo(i + oosaoosa?)** sm'^'-^ajo 



76. Integration of 



(a?)>v/a + 2Ja? + ci»* 



We shall conclude this Chapter with the discussion of the 
above form, where /(a;) and ^{x) are supposed rational alge- 
braic functions of x. 

Ii/{x) be of higher dimensions than 0(^), the fraction 
may be written in the form 



<l>{x) ^{xY 



-J— E I ■ 
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Again, since Q is of the tormp + qx + ra? + &o., the inte- 

gration of ■ can be found hj the method of 

v/a + zbx + cx^ 

Art. 71. 

The fraction — r-r can be decomposed ty the method of 



ib{x) ' - 
:Chap. UX 



partial fractions (Chap. II.). To any root a, which is not a 

A 

multiple root, corresponds a term of the form , and the 

a? - a 

corresponding term in the expression imder discussion is 

Adx 



{x - a) -v/a + 2bx + car* 

The method of integration of this has been given in Art. 13. 
Next, to a multiple root correspond terms of the form 

£dx 



{x - aYva -{- zbx ■{■ cx^ 

This is reducible to the form of Art. 71 on making 

X - a^-. Again, to a pair of imaginary roots corresponds 

an expression of the form 

(Ix + m)dx 
[{x - ay + /3') v^a + 2bx + cx"^* 

If z be substituted for x - a, the transformed expression 
may be written 

(Lz + M)dz 

{z'Tfi')~yA + zBz + W 

where X, Jf, A, B, (7, are constants. 

To integrate this form ; assume* z = /3 tan {0 + y)y where 



* For this Bunple method of detenoining the integral in question I am 
indehted to Mr. Cathcart. 
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6 is a new variable, and 7 an arbitrary constant, and the 
transformed expression is 

(ZjB sin (0 + 7) + 3f cos (9 + y)\dQ 

^yjLcos'(0 + 7)+25i3cos(0 + 'y)sin(0 + 'y)4-(7/3*sin*(0 + 7)* 

Again, the expression under the square root is easily 
transformed into 

^[A+C^'' + (-4- (7)3^) cos 2(0 + 7) + 2JB/3 sin 2(6 + 7)} 
= \\a + C/3' + cos 20[[A- (7/3*) cos 27 + 2JB/3 sin 27) 

+ sin 26 {2-B/3 cos 27 - (^ - (7/3*) sin 27} . 

Moreover, since 7 is perfectly arbitrary, it may be assumed 
80 as to satisfy the equation 

2jB/3 cos 27 - (-4 - C)3*) sin 27 - o, or tan 27 = -^ — j^ : 

and consequently the proposed expression is reducible to the 
form 

(^cosfl + M'&me)d9 

v/P+ QCOS20 

(in which L\ M\ P and Q are constants), or 

rd (sin 0) _ Jf 'rfjcos 0) _ 

yP+ Q-2Q sin*0 yP-Q + 2Qcos'6l' 

each of which is immediately integrable. 
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Examples. 

t. I cos'd sin ^ed9. JLns, — co8*0. 
J 5 

sm'0 wDJ^e 



.. Jri 



sin' cos' 0^. 



>> -— — — — 
3 5 



3. [ 8m«a cos'a de, »> - r- I co» 26 - - co8»2e + i co8» 20 1 






log (tan ^). 



J(i+*2)5 Vs. 3 3 /(!+«»)* 

8. I r*coe?xdx. „ — J3(8ina?-coB«) + co8'«(3 8inir-oo8a;)|. 

If f ^ _ -^ n f <?6 

J 8in"»6 coB»»0 ~" Bm"^^0co8*~*8 J 8in*^*6co8»6* 

detennine the yalnes of A and £ hy differentiation. 
'**• J (»2 + a2)8 • 



^' J (I +008^)5 



, Bva^de ^ J. 9 ^ 

II. \'. tt;. ^w. 2 tan — $, 



f sin^d dB m , , f 8in**A d<b 

12. Prove that the integral | -, -r- transforms into 2"^" | — ,^ , 

^ J (I + cose)" J cos'"-"*^* 

where = 2^. 
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(a + * COS xf 

f co«e<*9 ^ •; Bind 8 ^ J ^2 1 

H- I ; 1^1' -^'W' - • ;; ten-M — I. 

J (5 + 4 COB a)3 9 5 + 4 cos e 27 \ Z J 

15. I (ain^^iP)* rfa; = a? ( (sin-^ a;)* - 4 . 3 . (sm-^a;)^ +4.3.2.1} 

+ 4^/1 - «' sin"** {(sin'^ic)* — 3.2}. 

16. Prove by Art. 74, that any expression of the fonn -r- — \ r- is 

•^ .^ *r (a + * cos a?)" 

capable of being integrated when /(cos x) consists of integral powers of cos x. 

17. Show, in like manner, that the expression 

f(coBXf sina;)^ 
{a-\- b cos «)»• 

can be integrated when /(cos x sin x) consists only of integral powers of cos x 
and sin a;. 

- -- f (A + Bx -^ Cx') dx ^, , » ^, y , -v 



find the yalues of P, Q, and S, 



JdB 
. Ana, 
(aoos30 + 6sin3 0)3 



J a + to + ««*' 



(a + J)^ ( g - 3) sin 2^ 
2 (a*)* 4(aJ)* 



where tan ^ => P tan 0. 



J!- 



■— is integrable in finite 

terms. 

21. Froyethat 

{^ dx I fw . , ■ 

(I +cosoco8a;)» sin^w-iajo^ 
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OHAPTEE IV. 

INTEGRATION BY RATIONALIZATION. 

77. Integration of Monomials. — If an algebraic expres- 
sion contain fractional powers of the variable a; it can 
eyidently be rendered rational by assuming x « z^^ where n 
is the least common multiple of the denominators of the 
several fractional powers. £7 this means the integration of 
such expressions is reduced to that of rational functions. 
For example, to find 

(i + iK^)dx 






I + a^ 
Let X - s*, and the transformed expression is 

Consequently the value of the integral is 

-^ + 2ir* - 4ic* + 4 tan"^(ir*) - 2 log (i + a^). 

Again, any algebraic expression containing integral 
powers of x along with irrational powers of an expression 
of the form a + 2^ is immediately reduced to the preceding, 
by the substitution of s f or a + bx, 

ExiLlfPLES. 

Ans. -^ \^s^ + 6aj» + 8aj + 16]. 

*s/ X - 1 5-7 

xAz 2 (2a + bz) 



{Xi 

(• + 



(• + bx)^ " *^ \/a + bx 



,. (-^^- » log(x + v/^^-^tan-.(iv:j^^'). 
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78. Rattonallzation of F{x^ */a + 2bx + ca^)dx. It 
has been observed (Art. 28) that the integration, in a finite 
form of irrational expressions containing powers of x beyond 
the second, is in general impossible without introducing new 
transcendental functions. We shall accordingly restrict our 
investigation to the case of cm algebraic function containing 

a single radical of the form ^/a + 26a? + ca?', where a, 6, c axe 
any constants, positive or negative. 

Integrals of this form have been already treated by the 
method of Reduction (Art. 76). We shall discuss them here 
by the method of rationalization. 

mi . * /(^) ^ 1 1 

The expression* —7— ■ can be made ra- 

tional in several ways, which we propose to consider in 
order : — 



(i). Assume ^a + zhx + csx^ = 2 - a? y/c. (1) 

Then a + ihx = 2* - ixz ^c ; .-. hdx = zdz - y^ (?^dz + 2(&), • 
or efo(6 + s a/c) ^dz{z- x^c) = dz ^a + ihx + co^ ; 

dx dz 



x/a + 2bx + ca^ b + z^c 



(2) 



Also X = , (3) 

2(6 + 2v^) 

This substitution obviously renders the proposed ex- 
pression rational ; and its integration is reducible to that of 
the class considered in Chapter II. 



* It will 1)6 shown subsequently that the integration of all expressions of 
the f Dim 

is reducible to that of the above when i^ is a rational algebraic function. 

It may also be observed that, in general, the most expeditious method of in- 
tegration in practice is that of successive Beduction (Arts. 7i» 72> 76). 
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When 6 = o, we get 

dx dz 2*"^/ A-A \ 
:, and X = — (see Art. 9). 



By aid of the preoeding substitution the expression 

dx 



transforms into 



{x -p) */a + 2hx + cic* 

(/2 



(Art. 13) 



2* - 2%p ^/c - a - 2jp6 



For example, to find — 7==. 

i (p-^qx) ^i + a^ 

--. «* - I - <& 2rfs 

Here x = , and 



2z ' (p + qx) -v/i + ar* q^ + 2^s - 5 ' 

,. f ^ = _^ logfg'-^^-^^'') . 

J {p + qx)vi + X* */p^-^t \qz+P -\- vp^-^q^J 

When the coefficient c is negative the preceding method 
introduces imaginaries: we proceed to other transformations 
in which they are avoided. 

(2). Assume* \/a + zbx + cof = ^/a + xz. (4) 

Squaring both sides, we get immediately 

lb ■\' ex= 2z ^i/a + xs? ; 

.'. dx{e - «') = 2(fe('>/a + a») = 2flfe \/a + 26a? + ca^. 

—r ^ 2(& . ^ 

Hence = = -. (5) 

v^a + 2bx + cx^ c-z^ 



* This ifl reducible to the preceding, by changing g into -, and then em- 
ploying the former txanaformation. 



94 Integration by Rationalization. 

And <. = iiiv^. (6) 

This substitution also evidently renders the proposed 
expression rational, provided a be positive. 
For example^ to find 



f d^ 
i x\/\ - d^ 



v. 

Assume ^/i - x^ = i - xzy and we get 

(3). Again, when the roots oi a+ 2bx + cx^ are real, there 
is another method of transformation. 

For, let a and /3 be the roots, and the radical becomes 
of the form 

V^c {x - a){x - /3), or \/c(x - a)(/3 - x), 

according as the coeffioieAt of x^ is positive or negative. 

In the former case, assimie ^x - a = 2 ^/x - /3, and we 

get 

a- Bz^ , r, a- B dx 2zdz 

X = ^ ; hence a? - /3 = ^ ; /. ^ = -.. 

1-2* '^ I- a* a?-p i-s* 

Accordingly 

dx dx 2 dz , . 

(7) 



\/o (a? - a) (a; - /3) z(a?-j3)\/c y^i-z' 

In the latter case, let ^x - a = z v /3 - a?, and we get 

a +(iz^ 



X = 



1+2** 



^ dx 2 dz 

and — — = , (3) 

\/c(aj-a)(/3-ir) y^ i +2** 



BatianaHzation ofF{xj \/a + zbx-^ ca?) dx. 95 

For example, the integral 

dx 



\{p-^ 



{p + qx) ^1 -ic" 
transf onns into 

2dz 






on making x - 



+P-Q 

2»- I 



a* + I 



The student can compare this method of integrating the 
preceding example with that of Art. 13, and he will find no 
difficulty in identifying the results. 

It may be observed that in the application of the fore- 
going methods it is advisable that the student should in each 
case select whichever method avoids the introduction of 
imaginaries. 

Thus, as already observed, the first should be em- 
ployed only when c is positive : in like manner, the second 
requires a to be positive; and the third, that the roots 
be real. 

It is easily seen that when a and c are both negative, the 
roots must be real ; for the expression 

/ r T- W -ac-icx -b? 

V - a + 20X - car, or J ^ — 

is imaginary for all real values of x xmless b^ -^acis positive ; 
i.e. unless the roots are real. 

Accordingly, the third method is always applicable when 
the other two fail. 

From the preceding investigation it follows that the 
expression 



F{xy4/a+2bx + cit^)dx 

can be always rationalized ; F denoting a rational algebraic 
function of x and of \/a + 2bx + csx^. 
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Examples. 

:. [ ^^=. Ans. J— log ^/^+^- a/2~ 



(2 + 3ar)'v/4-a;2 4^/2 'v/4+2a? + \/2-a? 

Afisume « = (»« + a*)* + «, and we get for the value of the proposed integral 

2 . 2a« 
-«* 7. 

3 5«« . 

3. \dx^/7wTT¥. ^«^£f!+£^^^. 

V a? 4- v^2 + «• 

4. [««{(a* + «2)| + a.jn^a:. 

Making the aame assumption as in Ex. 2, the transformed expression is 

which is immediately integrable when m is a j^o^i^iv^'integer. 

f ^ , [(r + ig»)l + a:]n>i . [(I + a^2)l + a,>-i 

f d» 

J *ya + 2bx + «p2 (y/a + ato + <?«» ± a; -y/^)"* 

Let v^a + aia? + «p» + a? \/tf = a, then, as in Art. 78, we get 

d» ^ dz 



hence the proposed expression transforms into 



— f 
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79. Cfeneral InTesttgatloii. — ^The following more 
general investigation may be worthy of the notice of the 
student. 

Let E denote the quadratic expression a + zbx + ca^ ; 

then, since the even powers of a/^ are rational, and the odd 
contain vM as a factor, any rational algebraic function of x 
and of ^/M can evidently be reduced to the form 

where P, Q, P", Qf are rational algebraic functions of x. 
On multiplying the numerator and denominator of this 

fraction by the complementary surd P' - Q' v iJ, the deno- 
minator becomes rational, and the resulting expression may 
be written in the form 

where M and N are rational functions. 

The integration of Mdx is effected by the methods of 

Chapter 11. 

Ai f y- { Nltdx 

JiV^yi2dir= I— ;^; 

which is of the form 

/{af)dx 



1 



^(a;) \/a + 2bx -{- ca^ 



Let, as before, \/a + 2bx + ca^ = vc{x - a){x - /3), and 
substitute v? — —^ — ^ instead of ar, when the radical becomes 

A +2/LIS + VS 

(9) 

Again, if the quadratic factors under this radical be made 
each a perfect square, the expression obviously becomes 
rational. 

[7] 
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The simplest method of fulfilling these conditions is by 
reducing one factor to a constant, and the other to the term 
containing s*. 

Accordingly, let 

X - aX' = o, fi- afi = o, fi - j3)u' = o, V - j3i/' = o ; 
or fi = o, fi = Of X = aX', V = (iv\ 

On making these substitutions the expression (9) becomes 

03 -a)^v/^^; while ^=gp4^l 

In order that y- cX'v' should be real, X'and v must have 
opposite signs when c is positive, and the same sign when c 
is negative. 

It is also easily seen that without loss* of generality we 
may assume X' = i, and v' = + i. 

Hence, when c is positive, we get x = — ^-^, and when 

, . a + Bz^ 

€ IS negative, a? = 



1+2' 



These agree with the third transformation in the preced- 
ing Article. 

More generally, when the factors in (9) are each squares, 
we must have 

(ji - af/y - (X - aX') (v - av') = o, 

or /ii*-Xv+(Xi/' + i;X'-2/ii)u0a + (/Lt''-X'v')a' = O, (lo) 

and a similar equation with /3 instead of a. 

Moreover, by hypothesis, a satisfies the equation 

a + 2ba + €a^ = o. 



»-2 



* For the substitation of y* for -7- transforms 

A 

— ; rr- "ito 5- ; .*. -&c. 

x'+vV I +y* 
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Aooordingly (lo) is satisfied if we assume the constaats 
A, fjL^ &o., so as to satisfy the equations 

Again^ solying for z from the equation 

x{y + 2fiz + vV) = X + 2/i« + vz\ (12) 

we obtain 



=-v/«+ ^te + cjr'. (13) 

Also, by differentiation, we get from (12), 

(A'+ 2)u'2 + vz^)dx= 2{fi + vz-x{fi+vz)]dz 

= 2Ya-\-2bx + ca^dz; 
dx 2dz 



" \/a+ 2hx+cx' X' + 2/« + vV 



(M) 



Now, since we have but three equations (11) coimecting 
X, /u, &c., they can be satisfied in an indefinite number of 
ways. 

We proceed to consider the simplest cases for real trans- 
formations. 

(i). Let a be positive, and we may assume v = o, and 
ju' = o ; this gives 

Again, without loss of generality, we may assume v'= - i, 
which gives 

X = - 2 J, y = c; whence x = ^ — - — -9 



c - z^ 



, dx 2dz 

and 



-v/a + 2bx + cix^ e - «** 

These agree with the results in (5] and (6). 

[7 a] 
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(2). In like manner, if c be positive we may assume 

v' " o, fJL = Oy and 1/ = i, 
which gives 

f/ = y^, X = - «, and y = 2b; 

z^ - a - </a? dz 

,\ X = 7=-, and 



as in (2) and (3). 

It may be observed that sinoe these results do not contain 
the roots a and j3, they hold whether these roots be real or 
imaginary ; as already shown in Art. 78. 

It is easily seen that if we make /lc = o, and \{ = o, we 
get the third transformation. 

80. If the expression to be integrated be of the form 

/H dx 



^a'\-2bx'\-ca^ 

where f{x) is a rational algebraic function of x^ it is often 
more convenient to proceed as follows : — 

The substitution of s - - for x. transforms the proposed 

into ^ _fL-", where fl^= . 

If the even and odd powers be separated in the expan- 
sion of /(z - -J, it can plainly be written in the form 

<p{z') + zxIj{z% 
and the proposed integral becomes 

r »(g')(?g C z\lj{z^)dz 
J a/c^ + cz^ J ^/a + cz^ 

The fo rmer of these is rationalized (Art. 24), b y making 
V^Tc? = yzj and the latter by making \/a' + c«' = y. 
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It may be observed that in general the expression 

fix") dx 

is also made rational by the transformation 



8i. Case of a Recurring Biqaadratle under the 
Radical Sign. — As the solution of a recurring equation of 
the fourth degree is immediately reducible to that of a 
quadratic, it is natural to consider in what case an Elliptic 
Litesral (Art. 28), in which the biquadratic under the radi- 
cal sign is recurring, is reducible by the corresponding sub- 
stitution. 

Writing the expression in the form 

il>{x)dx 4>{x)dx 

and, assuming a; + - = 2, the radical becomes y^flz* -vibz^-c-ia; 

and also —fa? — ] = dz, 

X \ x) 

Consequently, in order that the transformed expression 
should be of the required type, it is obvious that ^(x) must 
be reducible to the form 



*-WA*4'- 



In this case 



transforms into 



^a + 2bx + ca^ + ihoi^-vax*^ 

f{^)dz 
^a^ -v 2hz-vc - 2a 
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In like manneri the expression 

transforms into /(^) ^ ^ ty the assumption 

Vaz^ - 25z + 2a - c 

I 

X — = s. 

IT 

When J = o the expression can in some cases be reduced 
by assuming either 

(XT + -Z or or — ; = s. 
Examples. 






I. I ^ — . -4««. log 



a; 



2- 1 /-— - .» log Z 






II + «' <& I , 
-7=7- " --7^ l^g 



This and the preceding were given by Euler {Calc* Int., torn. 4) : the 
connexion, however, of tiieir solution with the method of recurring eq^uations 
does not appear to have been pointed out by him. 

. f («« -.)^ j^,^E±IIi. 

Let »* + -r = s, &c. 
6. [ (^-0^^ 

^w«. 2 log ■ — — ~- 
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9. f£±^ ^ - „ -l-.logYU±g± ^-'-*/ i. 

f '^ «fg . ,/ * \ 

'**• J (I +««){(i + ««)»-*?}»• " "^ Ui + ««)«/■ 

Assume a; = (i +1^)^ sin 6, &o. 

II. f J „ sinV ^~XV 

J (i + a?»){(i + ««»r - ««}» \(i +«»"W 



(I + «)* + (i + «)*' 
Assume i + ^ = s*. 

(i-a;*)(i+rr*)*' 



^fw. — — log ■- + — r= tan » ^:r-. 

4V^2 i-iF* 4v2 r-v/a 

i ~. Am, 

I , /\/i + a;*4 ar\/a\ I . , aj\/a 
-4#i*. n log -i^^ ^^ + — 71 tan-* ■ 

3-V/2 \ i-a?* / 2-/ 2 \/i + a;« 

,6. \-l^ ^ — 

J I + 2flKC + a;3 ^ J ^ 2a« + 2**2 + 2flMr8 + ar* 

!i - asfi dx 

— 
1 + 



oa;2 -v/i + acip^ + a^a;* 



^„- ' , a;v^2 (tf - a) + \/i + 2«c* -I- a«a^ , 

^ • T^ ;; log ~- — ^ , , when « > 0. 

v/2(tf-a) ^ I + «a?» 

„ ^ sm-i I -^^ — —:r-^ I . when a>e. 
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CHAPTER V. 

MISCELLANEOUS EXAMPLES OP INTEGEATION. 

^ ^ , ^. ^ (Acosx-\'BBma?-\' C)dx 
82. Integratioii of ^ ; — ; — . 

aoo&x + b Binx -\- c 

Let a ooso? + 6 sin a? + c = «, then - a sin a? + 6 cosoj = — . 

cue 

Next assume 

A cosx -^ B siax + C = Xu + u-z- -\-v9 

ax 

and, equating coefficients, we have 

-4 = Xa + /u6, B =^ \b - fjLU, =Xc + v. 
Solving for X, /u, v, we get 

_ Aa + Bb _ Ab- Ba _ {Aa + Bb) c 

„ f (^ cos a; + -B sin a? + (7) rf^r 

Hence ^ :r-' — 

J acosaj + b sma; + 

(Aa + Bb)x Ab - Ba . , , . 

= -^^ — 5 — TT- + — i — IT- log (e? cos a? + 6 sina? + c) 



(g' + b^ ) (7- (^fl + 5S) c f (fa: 



h 



' a* + J^ J a cosaj + ^ sin a? + c' 

The latter integral can be readily found ; for, if we make 
« = r cos a, 6 = r sin a, we get 

a cos a? + 6 sin a; = r (cosa? cos a +sina? sin a) = rcos(a? - a)- 
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a cos a? + 6 sino? + c 

On making x - a^B^ the integral reduces to the form con- 
sidered in Art. i8. 

As a simple example, let us take 

{A -k- B tan x) dx 



\ 



Here 



a-\- b tan x 
A + B tan x A oobx + B siax 



a-\-bta,nx a cobx + b emx^ 

and we evidently have 

(A + BtB.iix)dx (Aa + Bb)x Ab-Ba. , , . s 

a + bte.na> ^TF" ^ -^7^1og(«ooB*+6am<r). 

83. lutegratl- of /(°0B^» «^'^)^ . 

aco8^+6sma; + o 

where /is a rational algebraic function, not involving frac- 
tions. 

As in the preceding Article, assume x = + a^ and the 
expression becomes of the form 

^ (cos 0, sin 0) dO 
-4 cos + J5 

Again, since sin* 6=1- cos* 6, any integral function of sin 
and cos can be transformed into another of the form 

^1 (cos 6) + sin 02 (cos 0). 

Accordingly, the proposed expresdon is reducible to 

01 (cos 6) dO 02 (cos 6)hmQdQ 
-4 cos + 5 -4 cos + 5 

The latter is immediately integrable, by assuming 

-4 cos + J5 = s. 

To integrate the former, we divide by -4 cos + By and 
integrate each term separately. 
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84. Integratloii of 

f{ooBx)dx 

(fli + biOOBX){a2 + 620082?). .. .(«n + bnOOBxY 

where/, as before, denotes a rational algebraic fonotioii. 
Substitute z for cos x and deoompose 



by the method of partial fraotions : then the expression to be 
integrated reduces to the sum of a number of terms of the form 

dx 



A-\- B oosaj* 
each of which can be immediately integrated. 



Examples. 

dx 



J oofld;(5 + 3 cosjf) 10 ° \i-Bina;/ lo \ 2 / 

Idx 

J b-aooex U^ ^ ib-{-aco&x\ 

Aru. ; COS-* I 1 . 

(a«-i2)8ma; (a* - *2)« \a + 6c08«/ 

{dx . tana: h . ^ /» a?\ i* f 

— =--7 7 r. Am. slogtan f-+-l + — I — 

cofl*aj(a + oooBa?) a c? \4 2/ aaj«+ 



85. Intesratloii of {f{x)-\-f(x)]^dx. 

The expression d'Pdx is immediately integrable whenever 
P can be divided into the sum of two functions, one of which 
is the derived of the other. 

For, let P = f{x) +f{x), 

then / erPdx = / ^/(x) dx-\-j ^f{o^ dx. 
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Again, integrating by parts, we have 

j ^/{x)dx ^/{x)€F - 5 eF/ {x)dx. 

Aocordingly, 

For instance, to find 



• 

J (i 


X 

+ xy 


dx. 




X 


I 




I 



{i + xy I + X (i + xy ' 

consequently the value of the proposed integral is — 



Examples. 

I. I ^ (cos « 4- sin a;) dx. Ana. ^wix.x. 

{I +jplog» _ ., 

{a?2 + I , « - I 



X 



I f «- 



86. DlflnBrentlatloii under the Sign of Integra- 
tion. — ^The integral of any expression of the form <^{xj a) dxy 
where a is independent of ^, is obviously a function of a as 
well as of X. 

Suppose the integral to be denoted by F{xy a), i. e. let 

F{Xy a) = / ^(o?, a) dXy 
then ■^[F{x,a)] = ^{x, a). 
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■ 

Again, differentiating both sides with respect to a, we 
have, since x and a are independent, 

<P , F{x,a) _ d . 0(ir, a) 
dadx da ' 

or (Art. 119, Diff. Calc), 

d fd . F{x, a)\ ^d , ^ (a?, a) 
dx\ da J da 

Consequently, integrating with respect to a?, we get 



d . F{x^ a) r c? . (a?, a) 



la J 



da da 



dx. 



i.e. ~ (ar, a) do? = ^ ^ dx. (i) 



In other words, if 

u = j^{x, a)dx. 



then 



du Cd^ 
da J da 



provided a be independent of a; ; in which case, accordingly, it 
is permitted to differentiate under the sign of integration. 

By continuing the same process of reasoning we obviously 
get 



u C d-<p{x,a) 



where if = J ^(a?, a)dxy a being independent of x. 
For example, if the equation 



f 



C^dx = 

a 
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be differentiated n times with respect to a, we get 



1— (0(?) 



goa; 



{" " 0©- 



(See Art. 49, DifP. Calo.). 

Again, in Art. 2 1 we have seen that 



1 



- e^(a8inma?-fnoos mx) 
e^sm»M?aa? = — ^^ — 



m^ + o* 



Accordingly, 

f „ ^ . , f dYfe^(aBmfnx-mQosfnx)\ 
J^e-8m««,^ = y ( ^ ^.^ ^ '-} 

We now proceed to consider the inverse process, namely^ 
the method of integration imder the sign of integration. 

87. Integratloii under the Sign of Integration. — 

If in the last Article we suppose ^(o;, a) to be the derived 
with respect to a of another function «?, i.e. if 

then V = j^{xy a) da. 

Also by the preceding Article we have 

^M «?(& j = J ^ (& = J^(a?, a)dx = F{x, a]. 

Hence I «?efo = F{xy a) da. 
In other words, if 



F{x, a) = (a?, a) dx^ 
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then F{Xj a)da= [J (a?, o) da] dx. . (3) 

It may be remarked that the results established in this 
and in the preceding Article are chiefly of importance in 
connexion with definite integrals. Some examples of such 
application will be given in the next Chapter. 

88. Integratloii by Infinite Series. — It has been 
already observed that in most cases we fail in exhibiting the 
integral of any proposed expression in finite terms. In such 
cases, however, we can often represent the integral in the 
form of a series containing an infinite number of terms. 

An example of an integral exhibited in such a form has 
been riven in Art. 63. 

The simplest mode of seeking the integral of /(a?) da? in the 
form of an infinite series consists in expanding /(a;) in a 
series of ascending powers of x^ and integrating each term 
separately : then if the series thus obtained be convergent, it 
represents the integral proposed. 

It can be easily seen that if the expansion oif{x) be a 
convergent series, that of jf{x)dx is also convergent. 

For let 

/{x) = flfo + aix + atx^ + . . . UnOf^ + &c., 
then 



i 



fix) dx = ttoX + + + . . . + + . . . 

^ ^ 2 ?, n + I 



Now (Diff. Calc, Art. 73), the expression for f{x) is 
convergent whenever — is less than unity for all values 

of n beyond a certain number ; and the latter series is con- 

n a X 
vergent provided ^ be less than unity, imder the same 

conditions. 

Accordingly, the latter series is convergent whenever the 
former is so. 
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EXAICPLES. 

+ — + — - — + — ^— i — 

Yi — sfi I 26 2.4 II 2.4.616 



+ &o. 



Idx /-•: — / I sin'a? . i . 3.Biii*« \ 

-—= = 2^/Bmx I I + + — ^ +. . .). 
Vflinap V 25 2.4 9 / 

f/ x^ 1^ /I pe x^ P[p-q)c^ «** . \ 

3. (i+<?d?")«aj«-i&; = jr«(-+ — +£1^1—1' + &c.) 

J \m gm + A i.2.^'m + 2fi / 

89. XiXpansloii of log (i + 2 m cosa; + ;?»') (ir. 

We shall conclude by showing that the integral 

log (i + zmooBx + m^)dx 

can be exhibited in the form of an infinite series. 
For we have 

I + 2woosa? + w* = (i + we* "^)(i + mr* -^). 

Hence 

log (i + zmooBx + m*) = log (i + m^'^"^) + log (i + me'*'''^) 

= m (e*'^"^ + e^"^') — if^^^e^^) + &o. 



-( 



m? m^ 



moosx 003 22? + — cos 32? - &c. 1. 

2 3 / 

Accordingly 

ff sin zx B1T1 ^ip \ 

log(i+2wcosir+w')(fo=2f msina?-fn* — —•\-m^ — T^r (4) 

This series becomes divergent when m is greater than 
unity. In that case> however^ the corresponding series can be 
eaaly obtained. 
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[ ^^^\ ( e^^^\ 
For I + 2m cos iP + w' = w'l i + ) i + ), 

and aooordingly 

, , ,v 1 /cosa? cos 2a? cos 30; ^ \ 

log(i + 2»icosa?+m') = 2lofi:w + 2 r-+ r--CCO. J. 

°^ ' ^ \ m in^ irifj^ J 

Consequently, when m> i, we have 

fi / 2N^ 1 (^'^^ ^v[s.2x sin 30; \ 

lofi:(i + 2woosiP+w')6te=2a?lofi:m+2 7— r--i^ , , -..> J. 

] ^ \ m 2^m^ 3^m* J 

Erom the above it is easily seen that the integral 

Jlog(i + aQOBx)dx 

can be exhibited in the f onn of an infinite series when a is 

2fyh 

less than unity : for making a = r we have 

log (i + fl oosa?) = log (i + 2m cos x + w?) - log (i + m*). 
The relation between m and a admits of being exhibited 
in a simple form ; for let « = sin a, and we get m = tan -. 
Making this substitution in (4), we get 



I log(i + sin a cos a?) efo? = 2ii?log(cos- j 



+ 2 



(tan-siuir - tan* ^ +&o. j. (5) 



Examples. 
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EZAXPLBS. 



I. 



1. 



\ ^ — r-^ — . Ans. -^]og(3oo8«-f- 2am«). 

J I -Bin* 

f g»(g^ + 



^0 

(I + *»)* 



„ -taatf-l- — y^tan"*(tan6v^2). 
2 av a 



, e 9 

sin-taa- 

2 2 

cos9 



iM /i-Bin-\ /\/aiin-+i\ 

\i + dn y V^^ Vv^a Bin? - 1/ 



6. When «* < i, proye that 



rl3 



and wlian x^> i 



(dx X i«* 1.3a* 1.3.5 a?* 
^ + = ^ — ^ — +. ..; 

a/i +»* I a 5 



2.49 a . 4 . 6 13 



f dx 



7. Proye that 



I ^11 1.3 1^ 1.3.5 I 
a* « 2 5«» 2 4 9aj» 2.4.6 13*" 



and deteimine when the sezies is oonyergent, and when diyergent. 
8. Prove that 



cj^j,e^ . ^ ^ Bin***'* X*H 
J a /IA+ I I . 



X* + i3 8in'**'« 



M + 3 



**+5 



"r _ ^"""—"■^ + . • 



1.2.3.4 /i + 5 
Substitute « for Bin'* a; in the expansion of th '(JDiff, Caie,, Art. 87), &c, 

ft. I sm'^wms-- +— ^ 

^ J 2 - 1/4 + 2 1.2.3 M + 4 



. X(\2+2«)(A« + 4*)8in'^ « . 

+ 7- + flCC. 

1.2.3.4.5 /a + 6 
[8] 
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CHAPTER YI. 



DEFINITE INTEGRALS. 



90. Integratioii regarded as Smnmatloii. — ^We have in 
the oommencement observed that the process of integration 
may be regarded as that of finding the limit of the smu of 
the series of values of a differential/ (a?) t;^, when x varies by 
indefinitely small increments from any one assigned value to 
another. 

It is in this aspect that the practical importance of inte- 
gration chiefly consists. For example, in seeking the area of 
a curve, we conceive it divided into an indefinite number of 
suitable elementary areas, of which we seek to determine the 
sum bv a process of integration. Applications of finding 
areas by this method will be given in the next Chapter. 

We now proceed to show more fully than in Chapter I. 
the connexion between the process of integration regarded 
from this point of view and that from which we have hitherto 
considered it. 

Suppose ^\x) to represent a function of x which is finite 
and continuous for all values of x between the limits X and Xo ; 
suppose also that i - ^Jq is divided into n intervals Xi - Xoy 
X2 - Xi, X3- Xiy . . . X - Xn-\ ; then by definition (Diff. Gale, 
Art. 6), we have 

Xi-Xq 



in the limit when ari = a?o ; accordingly we have 

^ [Xi) - ^ [X^ = [Xi - a?o)(0'(iFo) + €0), 
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where co becomes infinitely small along with Xi - Xo. Hence 
w© may "write 

♦ (^a) - ^ (iPi) = (a^ - a?i) {^'(a?i) + €i) , 



0(X) -^{Xn^i) = (J - iP»-i){0'(^»-i) + f«-i), 

where €09 €1 . . . €fi.i become evanescent when the intervals are 
taken as infinitely small. 
By addition, we have 

^(X) - 0(iro) = {xi - ito) i/{ito) + (a^ - a?i) 0'(aJ,) + . . . 

+ (X - aT«_i) 0'(ir«-i) + (iT, - Xo) €0 + (a?2 - iTi) €1 + . . . + (X - ir,^,) €„.i. 

Now if f) denote the greatest of the quantities £0, ci, . . . cn^i, 
the latter portion of tne right-hand side is evidently less 
than (X - a^o) t) ; and accordingly becomes evanescent ulti- 
mately (compare Diff. Oalc, Art. 39). 

Hence 

(X) - ^ (xo) = limit of [(a?i - Xo) 0'(a?o) + (iCa- Xi) f^\x^ + . . . 

+ (X-a?„_i)0>i-i)]» (0 

when n is increased indefinitely. 

This result can also be written in the form 

^ (X) - {xo) = S0'(ir) c^, 

where the sign of summation 2 is supposed to extend through 
all values of x between the limits Xq and X; 

91. Definite Integrals, Umlts of Integration. — 

The result just arrived at, as already stated in Art. 31, is 
written in the form 

/(X)-/(a^o) = fV(^)t/ar, (2) 

where X is called the superior^ and x^ the inferior limit of the 
integral. 

[8 a] 
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Again, the expression 



I 



X 



•o 



is called the definite integral of <^{x)dx between the limits x^ 
and Xy and represents the limit of the sum of the infinitely 
small elements {x) dxy taken between the proposed limits. 
From equation (i) we see that the limit of 

when Xi -x^^Xt- Xi^ . . . X- Xn^i become evanescent, is ^t 
by findhig the integral oif^{x) dx (iTe. the function of which 
f[x) is the derived), and substituting the limits iPo, X for x in 
it, and subtracting the value for the lower limit from that for 
the upper. 

If we write x instead of X in (2) we have 

/(^)-/w = (V(a^)^. (3) 

in which the upper limit* x may be regarded as variable. 
Again, as the lower limit Xq may be assumed arbitrarily, /(a?©) 
may have any value, and may be regarded as an arbitrary 
constant. This agrees with the results hitherto arrived at. 

In contradistinction, the name indefinite integrals is often 
applied to integrals such as have been considered in the pre- 
vious chapters, in which the form of the function is merely 
taken into account, without regard to any assigned limits. 

As already observed, the definite integral of any expres- 
sion between assigned limits can be at once found whenever 
the indefinite integral is known. 

A few easy examples are add^d for illustration. 



* The student should observe that in (3^ the letter x which rtands for the 



superior Hmit and the d; in the element f'{x) dx must be considered as being 
entirely distinct. The want of attention to this distinction often causes much 
confusion in the mind of the beginner. 
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EXIICPLBS. 



[. \ s^ax. Ant, 



w 



cos' a ' 
dx 



f • dx 

J V^a? + « + V * 



1 <u; 

•'0 -v/ a* — a^ 

€. I ^•'^^(apoatiye). 

Jo 

7. f ^ 

Je I -¥2X006^+ afl 



8. r_ 

Jo I + 



dx 



9. I ^**ajimxdx. 
Jo 



f 



10. i r^' cos mj; dx, 

)o 



«+ I 



IiBiB.0d9 



9» 


jv^(v/«-i) 




W 


>» 


2a' 




w 


99 


3 




I 


»» 


a 




^ 


>» 


ssiii^' 




^ 


») 


sin^ 




m 


»» 


«» + m«' 




a 


» 


a* + HI*' 



{**-* dx w 
r 1 « — . , wlien ac'-Pia positiye. 
.. a + 2bx-¥ ex* ^^ _ ^2* 



92. To proTe that 



Jo Jo . fi(n+i)..(w + m- 1)' 

itA^ m and n are positive^ and m is an integer. 



k 



118 Definite Integrals. 

The first relation is evident from (31), Art. 32. 
Again, integrating by parts, we have 

af-^ (i - xY'^dx = — (i -a?)*"-' + • iu~(i - (cy^'^dx. 

Moreover, since n and m - i are positive, the term 
a^(i - x)^^ vanishes for both limits ; 

f 1 m - I r^ 

Jo ^^ Jo 

The repeated application of this formula reduces the in- 

fi I 
teffral to depend on af*+'*"*(fo, the value of which is . 

® ^ Jo W + W-I 

Hence we have 

1; 

This formula, combined with the equation 

shows that when either ;/2 or n is an integer the definite 
integral 



n(n+ i) . .. . (n + m- i) 



1: 



a^"*(i -ip)*»-*dii? 



can be easily evaluated. 

When m and n are both fractional, the preceding is one 
of the most important definite integrals in analysis. 

We purpose in a subsequent part of the Chapter to give 
an investigation of some of its simplest properties. 



2. I «^(i "T^^dx, 



EZAMPLBS. 






Am, . 

3-7."-»3 




a» 




" 5.7.9. 13.17* 
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93. Talaes of ^ij^xdx and oos^xdx. 



One of the simplest and most useful applications of 
definite integration is to the case of the circular integrals 
oonsidered in the commencement of Chapter III. 

We begin with the simple case of 






Bux^xdx. 



If in the equation (Art. 56) 

f • ^ , cos a? sin'^^a? n - i f . ^ , 

I sm*a? oa? = + 8m*^a?aa; 

J n n } 

we take o and - for limits, the term yanishes 

2 n 

for both limits, and we have 

I sin^xdx = sin^'^iPt/a*. 

Jo n Jo 

Now, if n be an integer, the definite integral can be 
easily obtained ; its form, however, depends on whether the 
index n is even or odd. 

(i). Suppose the index even, and represented by 2^, 
then 



w 



an^^xdx = sin*"^*a?dir. 

Jo 2m Jo 

Similarly, 

p8in^'»-»a?fl^= ^^?— ^ Psin'^-^icefo^; 
Jo 2m- 2 Jo 

and by successive application of the formula, we get 



I 



2 . 4 . 6 .... 2m 2 ^ ' 
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(2). Suppose the Index odd, and represented hj 2m + i^ 
then 

fiin*"***«efo = sin**^*a?(&. 

Jo 2W+lJo 

Hence, it is easily seen tliat 



I 



2.- - 2.4«6.... 2fn 



sin*"" xdx = ^^ , (6) 

3.5.7... •{2m+ i) 



Again, it is evident from (31), Art. 32, that 



ooB^xdx = sm*^xdXf 

and consequently (5) and (6) hold when cos x is substituted 
for sin x. 

ft 

94. InTestlgatloii of 8in"*a?eos"^e£p. 

Jo 

Erom Art. 55, when m and n are positive, we have 

sin'^xcb&^xdx = sin**a?cos*~*a?dip, 

Jo w + njo 

«• «• 

sin"*ir cos** a? dx = sin**~'ir oos**ir dx, 

,0 W + Wjo 

Hence, when one of the indices is an odd integer, the 
value of the definite* integral is easily found, 

* The result in this case follows also immediately from Art. 92, by maiking 
cos^ xszz; for this sabstitation transforms the integral into 



' J 
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For^ writing 2m + i infitead of m, we have 

Jo 2w + n + I Jo 



Henoe 



I 







imlzm-i) .... 2 f «" . ^ J 
^ L — ^ . ^ Binaj 006*a?aa: 

+ W+ i)(2m + n-i) .... (»+3)Jo 



(2m 

2.4.6 ... (2m) 



(7) 



(n+ i)(n + 3) . . . (n + 2m+ i)' 
In like manner, 

» «■ 

f^ 2H -~ I f ' 

Bin**"«cos'*a?{&= — ^^ r Bin'*"a?ooB'*^*a;efo. 

Jo 2(m + n)jo 

Hence 

Jo (2W+2) ... (2W+2n)Jo 

1.3.5... (2^- l) . I . 3 - 5 ' - * (2m- l) TT .gv 

2.4.6 {2m-\-2n)'2* 

in which m and n are supposed both positive integers. 

Many elementary definite integrals are immediately re- 
ducible to one or other of the preceding forms. 

For example, on making x = tan 0, we get 



IT 



Jo(i+a?')" Jo 2 . 4 . 6 . . . (2n-2) 2 ^''^ 

ra ?? 

Similarly, by a? = a sin 0, j ic" (a' - x^) ' eilr transforms into 

IT 

a«+«+iPsin«0cos«"erf0. 
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In like manner | (: 





[lax - a?)^ dxy 
on making x^a{i ~ cos 0), beoomes 



a"»+» Tsi 



sin»»« B dd. 



The expressions for these inteffralSy when m and n are 
fractional in form, will be given m a subsequent Article. 



EZAMPLSS. 






coa**-^xdx. 



3. f*8iii»»-*a? 

4. I (^ - **)"<^^. 

!i x'^dx 
—7=' 

fi x^^^dx 

JOV^I -»2 3 .5 .7 . . . (2«+ I) 

7. Deduce Wallis's yalue for t by aid of the two preceding definite integrals. 



Avii 


4* 






3-5-7 • " 






5 . 10 . 20 . 30 . 40 




»» 


9 . 19 . 29 . 39 . 49 






1.2.3... (m — 


•) 


»» 


#1 . (n + I) . . . (#1 + m • 
2.4.6... (2n) 


-•)• 


>» 


3.5.7... (2n+ i)' 






I . 3 . 5 . . . (m - I) 


IT 


»» 


2.4.6... an 

2 . 4. • 6 . . . 291 


• • 

2 



8 



• af^dx 



Jo{« + 



Am. 



when ft is an o<i(f integer. 

9. I s^{2ax-x'^^dx, 
Jo 



2 . 4 . 6 . . . (w-i) I 

3 . 5 • 7 . . . • » 'v/oJII^i' 
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95. Talue of I er^af^dx^ when n is a posltlTe integer. 

In Art. 63 we have seen that 

Agam^ the expression -^ vanishes when x- o^ and also 
when 0? = 00 (Diff. Calo., Art. 94, Ex. 2). 

Hence e^o^dx^^n e^o^'^dx. (10) 

Consequently e"*a^ efo = i . 2 . 3 . . . «. (11) 

Jo 

Many other forms are immediately reducible to the pre- 
ceding definite integral. . 

For example, if we make a; = as we get 

jV."efe= ^-^;^.---" , (.2) 

in which a is supposed to be positive. 

AgaiD, to find a^(loga?)**(D^; let x = c"", and the in- 
tegral becomes 

Jo. ('^+ 

Since log a: = - log f - ), this result may be written in the 
form 
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The definite integral er^af^-^dcc is sometimes known as 

The Second* Eulerian Integral, and is fundamental in the 
theory of definite integrals. Being obvioiisly a function 
of n, it is denoted by the symbol r(n)9 and is styled the 
Gamma-Function. 

It follows from (lo) that 

r(n+ i) = «r(»), (14) 

Also, when n is an integer we have 

r(n+ i) = I .2.3 .. .». (15) 

Again, when x is less than unity, we have 

= i+4? + a?' + «* + &c; 



1 - X 



.-. riog.^=riog.(....^+...)^ 

Jo I — X Jo 

(by a well-known result in Trigonometry). 
In like manner we get 



i 



* log X dx TT* 



I +a? 12 



An account of the more elementary properties of Gamma- 
Functions will be given at the end of this Chapter. 



* The integral I a;"*'^ (i - xY'^ (^$ conflidered in Art. 92, is sometimefl called 
Jo 

the First Eulerian Integral ; we shall show subsequently how it can be ex- 
pressed in terms of Gamma-Functions. 



- 1 



CD 
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EZAMPLBS. 

I . 3 . . • fl 



3. 



" (log»)-i • 

Jo I - «■ 



f^ log* ^ «■ 



f* dx (log «)*•-* ^ ..Til 1 



4 



96. J)^f4 anc/ V be both /unctions of Xj and if v preserve the 
same sign while x mriesfrom Xo to X, then we shall have 



rx ex 

I uvdx s JT I vdXf 



where IT is some quantity comprised between the greatest and the 
least values ofu, between the assigned limits. 

For, let A and B be the ^eatest and the least yalaes of 
Uy and we shall have, when v is positive, 

Av > uv > £v; 
when V is negative, 

Av <uv < Bv. 

Consequently, for all values of x between Xo and X the 
expression uvdx lies "hQiYTQ&n. Avdx and Bvdx^ and accord- 
ingly, if the sign of v does not change between the limits, 

rx ex rx 

I uvdx lies between A I . vdx and B vdx, 

which establishes the theorem proposed. 
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Cor. If f{x) hQ finite and oontinuous for all values of x 
between the finite limits Xq and X, then the integral 

will also have a finite value. 

For, let A be the greatest value of f[x\j and B the least, 

then f[x)dx evidently lies between the quantities 

ex rX 

A dx and B\ dx; 

.-. f{x) dx > B(X - a?o) and <A(X- x^). 

^97. Taylor's Theorem. — The method of definite inte- 
gration combined with that of integration by parts furnishes 
a simple proof of Taylor's series. 
For, if in the equation 

rxth 
/(X + A)-/(Z)=J^ f{x)dx 

we assume «p = X + A - 2, we get dx ^ - dz, and also 



J^ f{x)dx = \ f{X-^h-z)dz; 

.-. /(X + h) -/(X) = r/(X + A - z)dz. 
Again, integrating by parts, we have 
/(X + A- 2) dz = s/(X + A-s) + I zf\X + A - s}rf«. 



1 



Ilence, substituting the limits, we have 



J f{X + h-z)dz^hf{X)+ f s/'(X+A.»)e&. 

'*^ Jo 
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In like manner^ 

which gives 

Jo 2 J 2 

and so on. 

Accordingly, we have finally 

/(X+ A) =/(X) + \nX) + ^/'{X) + . . . + r^/^-'H^) 



^\m^.k.z)\J^. (16) 



L! 

This is Taylor*s well-known expansion* 

98. Remainder in Taylor's Theorem expressed 
as a Definite Integral. — ^Let Bn represent the remainder 
after n terms in Taylor's series, then by the preceding Article 
we have 

i?„= /(«)(J+A-s)5--^. (17) 

Jo I ^"- I 

There is no difficulty in deducing Lagrange's form for 
the remainder from this result. 
For, by Art. 96, we have 

J oi . 2 .3 . . . (w- l) I . 2 .. . n 

where U lies between the greatest and least values which 
/C»)(X + A - 2) assumes wmle s varies between o and A. 



* The student will observe that it is essential for the validity of this proof 
(Art 90), that the successiye derived functions, /'(^))/''(^)» ^'y should be 
finite and continuous for all values of » between the limits X and JE + A. 
Compare Articles 54 and 75, Liff, Calc. 
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Henoe, asin Art, 75, Diff. Calo. (smce any value of z between 
o and A may be represented by (i -0)A, whered>oand< i) ; 
we have 

■B» = , /" ,/ 'H^ + eh) 

X • ^ • • • #v 

where is some quantity between the limits zero and unity. 

99. Bemoalli's Series. — If we apply the method of 
integration by parts to the expression /(a;) (i(a; we get 

J /(a?) dx « xf{x) - I xfi^dx ; 
In like maimer, 

^nx)xd^ - -51 /(z) - j Vc^') '^, 

Jo 1.2 Jo 1.2 

Jo -^ ^'1.2 \,2.y ^ ' Jo -^ ^^1.2.3' 

and so on. 

Hence^ we get finally 

I, 



^f{x)dx = ^f{X)-f^/{X) +_^/'(X)-&c.... (18) 



Compare Art 66, Diff. Calc., where the result was obtained 
directly from Taylor's expansion. 

100. Exceptional Cases in Definite Integrals. — 

In the foregoing discussion of definite integrals we have sup- 
posed that the function /(jt), under the sign of integration, 
has a finite value for all values of x between the limits. We 
have also supposed that the limits are finite. We purpose now 
to give a short discussion of the exceptional cases.* They may 



* The complete inyestigatioxi of definitb integrals in these ezoeptional cases 
is due to Cauchy. For a more general discussion the student is referred to 
M. Moigno's Caleul Intkgral^ as also to those of M. Serret and M. Bertrand. 
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be classed as follows: — (i). When /(a?) becomes infinite at 
one of the limits of integration. (2). When f{x) becomes 
infinite for one or more values of x between the limits of 
integration. (3). When one or both of the limits become 
infinite. 

In these cases, the integral f{x)dx may still have a 

finite value, or it may be infinite, or indeterminate : depend- 
ing on the form of the function /(a?) in each particular case. 
The following investigation will be found to comprise tbe 
cases which usually arise. 

10 1. Case in which /(^r) becomes infinite at one of 
the Idmiti. — Suppose that f{x) is finite for all values of x 
between Xq and X, but that it becomes infinite when X'= X. 

The case that most commonly arises is where /(a;) is of 

It/ (xi dx 

the form ^^ ^ .^ , in which 1^(0?) is finite for all values 

between the limits, and n is a positive index. 

Let a be assumed so tbat \p{a^) preserves the same sign 
between the limits a and X; then 

\tf{x)dx C^ yfj(x)d<v 






(X - xy 



The former of the integrals at the right-hand side is 
finite by Art. 96. The consideration of the latter resolves 
into two cases, according as n is less or greater than unity. 

(i). Let n < I, and also let A and B be the greatest 
and least values of \fj(x) between the limits a and X : then, 
by Art. 96, the integral 

Moreover, since n < i, we luiTe evidently 

dx (X-aV- 



I 



{X-xY I - n ' 



and consequently, in this case, the proposed integral has a 
finite value. 

[9] 
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(2). Let n > I, and, as before, suppose A and B the 
greatest and least values of ^jJ{x) between a and X; then 

y!^ ,^ lies between A 7= r- and^ ,-= r-- 

Again, we have 

dx I 



1 



[X-xY (w- i)(i-a:)«-^' 



Now 7:=^ ^ — : becomes infinite when a? = X, but has a 

(Z - xy-^ 

finite value when a? = a ; consequently the definite integral 

proposed has an infinite value in this case. 

f dx 
When w = I, T= r = - log {X - x). This becomes 

infinite when x- X\ and consequently in this case also the 
proposed integral becomes infinite. 

The investigation when f{x) becomes infinite for x = Xo 
follows from the preceding by interchanging the limits. 

102. Case wbere f{x) becomes infinite beth?reen 
tbe liimito. — Suppose f[x) becomes infinite when x = a, 
where a lies between the limits Xq and X; then since 

f f{x)dx = \\f{x)dx + f /{x)dx, 

the investigation is reduced to two integrals, each of which 
may be treated as in the preceding Article. 

Hence, if w^ suppose f{x) = -. — M^^i it follows, as in 

the last Article, that f{x)dx has a finite or an infinite 

value according as n is less or not less than unity. 

The case in which /(a?) becomes infinite for two or more 
values between the limits is treated in a similar manner. 
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For example, if 

/(Oi) = OQ, /(flfa) = CX), . . . /(fln) = », 

where o^, 03 • • • ^i» lie between the limits X and or^ ; then 

J*o J'o J*i J"* 

each of which can be treated separately. 

103. Case of Infinite JLimlte. — Suppose the superior 
limit X to be infinite, and, as in the preoecQng discussion, let 

f{x) be of the form . ^ ^ \^ y where yp{x) is finite for all values 

yx *~ Ctrl 

of a?. 

As before, we have 

/(ir)^a?= f{x)dx-¥\ f{x)dx. 

The integral between the finite limits Xq and a has a finite 
value as before. The investigation of the other integral con- 
sists again of two cases. 

(i). Let n> ly and let A be the greatest value of \p{x) 
between the limits a and 00, then 

I ; x^ is less than A -, rr. 

Bnt f^ ^ ^ _L_ r_J L_l 

J. (a? - a)« w - I L(a - a)^' (Z - fl)"-^' 

The latter term becomes evanescent when X= 00 : accord- 
ingly in this case the proposed integral has a finite value. 

In like manner it is easily seen that if n be not greater than 
imity, the definite integral 



1: 



dx 

{x - ay 

[9 a] 
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has an infinite value ; and consequently 

\f^{x) dx 



1, 



[x-ay 



is also infinite, provided yp{x) does not become evanescent for 
infinite values of x. 

Hence, the definite integral 






\l^{x)dx 

{x - ay 



has, in general, a finite or an infinite value according as n is 
greater or not greater than unity : i//(n?) being supposed finite, 
and Xq being greater than a. 

If X become - oo, a similar investigation is applicable; for 
on changing x into - a?, we have 



f /(<r)e& = -[ /i-x)dx, 



in which the superior limit becomes oo. 

104. Principal and Cfeneral Tallies of a Definite 
Integral. — We shall conclude this discussion with a short 
account of Cauchy's* method of investigation. 

Suppose /(a?) to be infinite when a? = a, where o lies be- 
tween the limits x^ and X; then the integral f{x)dxiB re- 
garded as the limit towards which the simx 



f{x)dx+ f{x)dx 



approaches when c becomes evanescent ; fA and v being any 
arbitrary constants. 



* This and the four following Articles have been taken, with some modifica- 
tions, from Moigno's Caleul Iniigral, 
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This value depends on the nature oi/{x), and may be 
finite and determinate, or infinite, or indeterminate. 

If we suppose fA- v, the limiting value of the preceding 
Biun is called the principal value of the proposed integral ; 
while that given above is called its general value. 

For example, let us consider the integral T ^. 
Here f ^ = li„nt F T^. [""^1 

j:f->-(S- 

Also, making x^ - z, 

ri^=r^=iogf^'\ 

Accordingly, the principal value of — is log { — ) ; while 

its general value is log (— ) + logf-j. The latter expres- 
sion is perfectly arbitrary and indeterminate. 
Again, let us take -j. 

As before, | — = limit -f + | '*'-?]. 

XI . [^ dx I I , f -'*• dx I I 
But — = ^; and 3 = ; 

.-. -^ = limit 1+1-1-1. 

Consequently, both the principal and the general value of the 
integral are infinite in this case. 
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In like manner, 



I 



^ dx .. ., ^i f I I I I 



Hence the general value of the integral is infinite, while 
its principal value is - ( — - — ^ ). 

It may be observed that the principal value of 

-IS equal to I ^. 

This holds also whenever f{x) is a function of an odd 
order: i.e. when/(- x) = -/(a?). 
For we have 

r f{x)dx^^'f[x)dx + f" f{x)dx. 
But r f{x)dx^- r fi-x)dx = pf{'X)dx ; 

J-^o J^o Jo 

.-. p /(a>)(/ar = p {/(ar) +/( - a,) )cf;r. (19) 

J-»Q JO 

Accordingly, if/(- a?) = -/(a?), we get 






f{x) dx = o. 

Again, if /(a?) be of an even order, i.e. if /(- x) =/(«?), we 
have 

/(a?) dx = 21 f{x) dx. 
J-«o J® 

105. Singular Definite Integral. — The difference 
between the general and the principal value of the integral 
considered at the commencement of the preceding Article is 
represented by 

f{x) dx, 



Ja-¥vt 



in which /(a) = oo, and c is evanescent. 
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Such an integral is called by Cauchy a singular definite 
integral^ in which the limits differ by an infinitely small 
quantity. The preceding discussion shows that such an in- 
tegral may be either infinite or indeterminate. 

1 06. Infinite JLimlte. — ^If the superior limit be infinite, 

z 

regard f{x) dx as the limit of f{x) dx, when £ becomes 

J «o J *0 



we 
evanescent. 



Also f{x) dx = limit of f{x) dx when c is evanescent. 



/*« 



In the latter case the value of the definite integral when 
ju = V is, as before, called the principal value of 



^'_/ix)dx. 



In this we assume that /(a;) does not become infinite for 
any real value of x. 

107. Example. — Suppose ^^^ to be a rational algebraic 

fraction, in which /(a?) is at least two degrees lower in a? than 
F(x)y and suppose all the roots of F(x) = o to be imaginary, 
it is required to find the value of 



1 



..F{x) 



From the foregoing conditions it follows that *-=~-^ cannot 

become infinite for any real value of x : accordingly the true 
value of the integral is the limit of 



I 



119 



when € vanishes. 
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To find this value, suppose ^^p: decomposed by the me- 
thod of partial fractions, and let 

A-B^^i - A + By^ 

and 



0? - a - Jy^- I x- a + b^- i 
he the fractions corresponding to the pair of conjugate roots 

a + 6y^- I and a - by/- i, of F{x) = o ; 
then the corresponding quadratic fraction is the sum of 

A- By/^ A-¥ By~i 



X - a - by/^i x-a + ft-s/- i 



2 A (a? - fl) + 2Bb 
i.e. ^ 



{x - ay + 6» • 



I 

f-"^ zBbdx _ , .- 

T : :; — n = ^tt^ when e vanishes. 

I 

f" 2.<4(a!-a)<fe .. t/u' (i - aveY + b\*t* ) 
•*' J .± (a.- - a)» + 6» " ^^ (7 (i +a;iiO' + 6Vvi 

= 2-4 log-, when € = o. 
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z 

Hence , ^ ) [. ., ^ = 2^ log^ ] + 27r-B. (20) 



M« 



Now, suppose F{x) to be of the degree inmx^ and let the 
Yalnes olA and £, corresponding to the n pairs of imaginary 
roots, be denoted by ^1, At^ . . . Any and ^1, £29 • • • Bn^ re- 
spectively ; then we have 



1 






.m 



dx" 2 {Ai + ^j + . . . + ^n) logf- 



L±F{x) 

+ 27r(-Bi + -Ba + . . . + 5n). 

Again, since /(a;) is of the degree 2n - 2 at most, we hkve 

-4i + ^2 + • . • + An = o. 
For, if we clear the equation 

/{x) 2Ai{X'ai) + 2BJ>i ■ ^ 2 An [X - On) + 2Bnbn 

"T* • • • 



2i'(«) (x - a,y + 6i» (« - On)* + b 



2 

n 



from fractions, the coefficient of a^^ at the right-hand side is 
evidently 

2 [Ai + Ai-\- . , . + An) ; 

which must be zero, as there is no corresponding term on the 
other side. 

Accordingly we have, in this* case, 



J 



•^.dx^2ir{Bi + B2 + ... + Bn). (21) 



* It may "be observed that when f{x) is but one degree lower than jP(«), 

^^j-^dx is stiU of the form given in (21). 
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We proceed to apply this result to an important example. 
1 08. Talue of t- when m and n are PositlTe 

Jo I +«?"** 

Integers, and n> m. 

Let a be a root of ar*" + i = o, and, by Art. 37, we have 



A- By- I = 



a'"» a'*"** 



ino?^'^ 2n 



Again, by the theory of equations, a is of the form 

(2A;+i)7r / — . (2k ■\- i)7r 

cos ^ '— + v^- I sm ^^ —9 

2n 2n 

in which k is either zero or a positive integer less than n ; 
. ^2m+i =oos(2A; + i)9 + v/^isin(2A; + i)0, 

2n 

Hence B = — — ; and accordingly we have 

2n 

5i + A + . . . + -B« = — {sin + sin 30 + . . . + sin (2n - i)0} . 

2n 

To find this sum, let 

S = sinfl + sin30 + . . . + sin (2n - i)0; 
then 

2iSsin0 = 2sin'0+2sin0sin30 +. . .+ 2 sinflsinf2n- i)fl 
= 1- cos 20 + cos 20- cos 4O+ ...+ cos (2n - 2)0 - cos 2n9 

= i-cos2w0=2sin'w0 = 2sin'(2m+ i) — = 2 ; 

^ ^ 2 , 



• 5= — 



sin0 . {2m + i)7r* 
sm^ -^ 



2n 



f a.2m 
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J I + ^ 



Aooordingly, we have 

iX^^dx IT 



1 



., I + a*'» . (2W+i)7r 

Henoe, by (19), 



Jo I +a^'* " 2j^i+ip"»~ 2/> . (2W+ ijir* ^^^^ 



Bin 

2n 



We now proceed to consider the analogous integral 
— , where m and n, as before, are positive integers. 



oi -x 



and n > m. 

•09. IiiTesligatloii of -dx. 

Jo I "■ ^ 

We commence by showing that 

This is easily seen as follows : 

C^ dx ^C^ dx C* dx 
Joi-a?' "Joi"^ ^ J 1 1 - a?'* 

Now, transform the latter integral, by making x^-j and 
we get 

r dx ^ r dz n dz n cfo? 

Jii-^"Jii-s^" Joi -2'" Joi-^' 

f* dx 
.-. 5=0. 

Again, proceeding to the integral 
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we observe that i + x and i - x are the only real faotors of 
I - Q^*^y and that the corresponding partial quadratio fraction 
in the decomposition of 

a?"" . I 

IS 



I -a?^ n(i - x^y 

Consequently, the part of the definite integral which corre- 
sponds to the real roots disappears. 

Moreover, it is easily seen that the method of Arts. 107 
and 108 applies to the fractions arising from the n - i pairs 
of imaginary roots, and accordingly 



I 



• s(?^dx 

-^ = 2Tr{£i + -B2 + . . . + Bn-i), 



where £1, j52, . . . Bn^i have the same signification as before. 
Again, since the roots of a?*" - i = o are of the form 



AJIT /- — • fCTT 

cos — ± a/- I sm — , 
n n 



it follows^ as in Art. 108, that 

-Bi + -Ba + . . . + Bn^i = — [sin 20 + sin 46 + . . . + sin 2 (n - 1)8], 



2n 



where = —. as before. 

2n 

Proceeding as in the former case, it is easily seen that 

sin 20 + sin 40 + . . . f- sin 2 (n - i) 
cos - cos (zn - i) .2m+i 

= r-^75 -^— = cot IT. 

2 sin 2n 



_ r a^'^dx IT .2m+ I 
Hence -^ = - cot — ^ — ir ; 



«2n 



^. I - a;*" n 2n 



r a^'^dx IT , 2m+ I , . 

•*• ^ = — cot IT. (23) 

Jo I - 0?*" 2n 2n ^ ' 
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Againy if we transfi 

, 2m + I , 

and a = , we get 

2n 



= -1 , = flrOOtaflr. (24) 

J I + S sin flTT J 1 - s 

The conditions imposed on m and n require that a should 
be positive and less than unity. 

Moreover, since the results in (24) hold for all integer 
values of m and n, provided n > m, we assume, by the law of 
oontinuitj, that they hold for all values of a, so long as it is 
positive and less than unity. 

1 10. The definite integrals discussed in the two preceding 
Articles admit of several important transformations, of which 
we proceed to add a few. 

For example, on making t« = z^ in (24), we get 

f* du air f* du , 
1 = ; I i = air cot air. 

Joi+w» sinaw Joi-u» 

If - = r, these become 
a 

C^ du TT (* du rr , IT , . 
r = , z = - cot -, (25) 



rsm 
r 



where r is positive and greater than unity. 
Again 



Joi + ar^ "Jo I +ic* J 1 1 + a?*' 



Now, if in the latter integral we make a? » -, we get 



Jii-^a^^ Jii+2'"Jorr^' 

.'. -^= ^-^rf^- 26) 

Jol +3J* Jo I +«?* ^ ^ 
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Moreover, from {22) y when n is less than unity, we have 



2 COS 

2 



Accordingly 



; = — — . (28) 



2 cos 

2 



In like manner, it is easily seen that 



1 



^ af^ - x~^^ dx TT , nir , ^ 
— = — tan — . (29) 

X - or^ X 2 2 



It should be noted, that in these results n must be less than 
unity. 

Again, transform (28) and (29) by making x = (T^ and 
mr = «, and we get 

-— -a2 = -seo-, -— ---a2 = -tan-. (30) 

We add a few examples for illustration. 



Examples. 



'^ dx ^ n- 

Ant. 






dx ic 



4. I tantt^if^, where n lies between -I- 1 and - i. „ 
* 



fiir* 
2 COS — 

2 
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fl j^ -J. /p-« fix 
^ . ,^ -r» "^'^^^ n>m. Ant, 



V 



^- I 



211 COS 

a b 

2 cos - cos - 



^» + r»* ' " cosa+coaft' 

' + r«')(^ - «-*«) , sin & 



7. I —————— fja?. 

J *** - *"^* 



'' cos a + COB ^' 
It should be obseryed, that in these we must haye a 4 & < «■• 
8. Hence, when ^ < «-, prove that 



f • «»» + «-»» , V / 2 

I cos axas = " . ^ » . 

J^ ^vs^-^-vs ^'■4-2COS6+f 



tf»*-r»» ^ sin* 

cos axdx = 



sin axdx=- 



«»»-d-fr* ^ + 2C08* + *-« 

r 

Jo «»• + r»r* 2 c" + 2 cos * + r" 

9. I dz. Ans, ir cot air — . 

Jo I -a <* 

III. DiflTerentialioii of Definite Integrals* — It is 

plain from Art. 86 that the method of differentiation under 
the sign of integration applies to definite as well as to in- 
definite integrals, provided the limits of integration are 
independent of the quantity with respect to which we dif- 
ferentiate. 

On account of the importance of this principle we add an 
independent proof, as follows : — 

Suppose u to denote the definite integral in question, i.e. 
let 



u 



= J 0(jr, a)cte, 



where a and b are independent of a. 

du 
To find — let ^u denote the change in u arising from the 

change Aa in a ; then, since the limits axe unaltered, 
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•6 



At* r* (p{Xy a + Aa) - (or, a) 



=i: 



Aa Ja Aa 

Hence, on passing to the limit,* we have 

du r* dip {Xf a) 



dx. 



du _ r 

da L 



(/a L (/a 



61^. 



Also, if we differentiate n times in succession, we ob- 
j^ viously have 

(>r The importance of this method will be best exhibited by a 

^ few elementary examples. 

1^ 112. Integrals deduced by DlflTerentlatlon. — If 



the equation 



1 



g-«* dx = - 
Q a 



be differentiated n times with respect to a, we get 



1 



M 



as in Art. 95. 

Again, from the equation 

dx IT I 



1 



re* + o 2 fli* 

we get, after n differentiations with respect to a, 

dx _ IT I . 3 . 5 ...(2n - i) I 
(oj* + a)"*^ " 2 2.4.6... 2» a***** 

which agrees with Art. 94. 

* For exceptions to thiB general result the student is referred to Bertzand's 
CaleulIfUigralf p. 18 1. 



1. 
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Again, if we take o and oo for limits in the integrals (23) 
and (24) of Art. 2 1, we get 



1. '^<^^'^-^^> I «-«8m««,cfe = ^, (31) 

Now, differentiate eaoh of these n times with respect to a^ 
and we get 

6r«*aJ"oos«M?(fo= (- i)"! — ) ( , ^ J 
Jo ^ ^ \daj Xa^' + my 

n.oos(n+ 1)6 






Jo tiJ ■ 



(32) 



where w = a tan 0. (See Ex. 17, 18, Di£f. Calc, pp. 58, 59.) 
Next, from (24) we have 



j: 



= IT cot air. 



l" X 

Accordingly, if we difEerentiate with respect to (7, we have 

Jo i-x " sin' air* 
Again, if the equation 



jy.rfy = i 



bx 
be transformed, by making y = 7-, it evidently gives 

af^^dx I 



f 

Jo (a + &p)»-' fja6» 
[10] 
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Now, differentiatmg with respect to a^ we have 



f 



af^^dx I 



{a + bxY^^ n{n + i)a»6»' 



If we prooeed to differentiate m- i times with regard to 
a, we have 



f* of* 
(a + 



a^^ (& 1.2.3... (^-i) 



(a + for)"**" n . (n + i)(n + 2) . . . (n + m - i) ' a"* 6"' 

113. By aid of the preceding method the determination 
of a definite integral can often be reduced to a known integral. 
We shall illustrate this statement by one or two examples. 

Ex. I. To find 



r'^log(i + sin a cosar) 
Jo cosa? 



dx. 



Denote the definite integral by Uy and differentiate with 
respect to a ; then 



= ; = w (hy Art. 18). 

Jo I + sma cosa? "^ ^ 



du f*^ QQ^adx 
da 



Hence, we get 



1 



'^ dx log (i + sm a cosa?) 

e L - j^d^ 

COB a; 



No constant is added since the integral evidently vanishes 
along with a. 



-1: 



— , , 6"^* sm mx , 
ifix. 2. t* = I aa?. 

In this case 

-— ■ = e^^ cos mxdx=^ -r ^ ; 

aw Jo a + w* 



.-. t* = a _ = tan-^ ( — ). 

}a^ + ny \aj 

No constant is added since u vanishes with m. 
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Ex. 3. Next suppose 

Jo I + i^ 

-- da r* 2aoi?dx 

®'® J^'Jo (i +aV)(i ^-Vx^) 

I r r* 2a(3te r* 2acfc i 

I /a \ ^ TT ^ 

^ ^^^^\j>^^r^h{a-¥hy 

.•. M = T T = T loff (a + 6) + const. 

ft Ja + ° ^ ' 

To determine the constant : let a = o, and we obviously 
have t# = o. 

Consequentlj, the constant is - ^ log 5; 

The method adopted in this Artide is plainly equivalent 
to a process of integration under the sign of integration. 
Before proceeding to this method we shall consider the case 
of differentiation when the limits a and h are functions of 
the quantity with respect to which we differentiate. 

114. Hifferentlatioii where tbe Umlto are ITa- 
riaUe. — Let the indefinite integral of the expression 
^(o?, a)dx be denoted by F{xy a) ; then, by Art. 91, we have 

u = ^(iP, a)(& = F{bf a) - F{ay a); 

^ du d . F{b, a) .,, ' 

"Tb^—db *(*'")' 

[10 a] 
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, du dF(aj a) , . 

and -7- = V^ — ' = - («j «)• 

flto rfa r\ 7 / 

Again, taking the total differential coefficient of u re- 
garding a and b as functions of a, we have 



duda 
da da 



du _ f* d^{Xf a) - rft* e?6 
da ja da db da 

C^ddtixjo) , ,. .db , .da , . 

By repeating this process, the values of -7-^, -7-5, &c., can 

be obtained, if required. 

115. Integratloii under tbe Mga of Integration. — 

Ketuming to ihe equation 

it = 0({r, a)dx, 

where the limits are independent of a, it is obvious, as in 
Art. 85, that 

uda = 0(^9 oLJda dxj 

provided a be taken between the same limits in both oases. 
If we denote the limits of a by ao and ai, we get 

uda = i»{xj o)da dxy 

Jaq J«LJoo J 

i>{x^ a)dx\da=^ 0(ir, a)fl?a ufo. (34) 



or 

«0 



This result is easily written in the form 



it{Xj a)dxda==\ i^{Xja)dadx. (35) 

J ao Ja Ja J ao 
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These expressions are called double definite integrah^ as in- 
Tolvinfi^ suooessiye integrations with respect to two yariableSf 
taken between limits. 

It may be observed that the expression 



^{Xj a)dxda 



is here taken as an abbreviation of 



JaoLJ« 



^{opy a)dx day 



in which the definite integral between the brackets is sup- 
posed to be first determined, and the result afterwards 
integrated with respect to a, between the limits oo and oi. 
The principle* established above may be otherwise stated, 
thus : In the determination of the integral of the eofpression 

^{Xf ajdxda 

hetween the respective limits Xo, Xif and qq, ai, u^e may effect the 
integrations in either order ^ provided the limits of x and a are 
independent of each other. 

In a subsequent chapter the geometrical interpretation of 
this, as well as of a more general theorem, will be given. 

We now proceed to illustrate the importance of this 
method by a few examples. 

1 1 6. Applications of Integration vnder tbe Sign J. 

Ex. I . From the equation 



a^~' dx = - 

a 

we get 



I 



oT^ dadx= — = log ( — 1. 

Jo J a, Jao O \ao/ 



* It should be noted that this principle fails whenever <j>(x, a), or either of 
its integrals with respect to a, or to a;, becomes infinite for any yalues of x and a 
contained between l^e limits of integration. The student will find that the 
examples here given are exempt from such failure. 
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Henoe 

Again, if we make ^ « ^"^ in this equation, we get 



i:=^--«<s)- 



Ex. 2. We haye already seen that 



I 



"^».».,fc. " 



a' + m*' 



JO 

Henoe 

da 





Jo J Lao J Jao«' + 






or 



iiQ^mxdx = - loff —z 1 ). 

Jo a^ 2 ^W + my 



Ex. 3. Again, from the equation 



I 



00 



6r«*sin «»a;(£r = -r — 



a» + w'*' 



we get 

f f*' ^ • ^ ^ f*^ ^rf« 

Jo Jao J.,« +W' 

— ^ sin wiPflfe = tan^M ~ J- tan^M — ]• 

Jo a? \w/ \mj 

Coxnpare Ex. 2, Art. 1 13. 

li we make oo = o and oi = 00 in the latter result, we 
obtain 



I 



sin mo? , TT 
— — cto = -. 

Q 0? 2 



Value of \ <r**dx. ^^^ 



4 



Ex. 4. To find the yalue of 



[ ^dx. 



Denoting the proposed integral by k, and substitating 
ax for Xf we obyiously have 



JO 

)adx=-k€r^\ 



Eenoe 



But 



f j e'^'i'**%dadx=k{ 







Jo 2 i + a;' 

••2jol+«'~ ' ••4"*- 



Hence 



e-*'ete = A = -y^. (36) 

Jo 2 

This definite integral is of considerable importance, and 
several others are readily deduced from it. 
117. For example, to find 



(A) « = |^ 



« ^ o* 



e ''dx. 



Here 

du r -««-^ dx 

da Jo a? 



Again, let 2 = -, and we get 

X 
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jo" V=^ * = «' 

.•.---=- 2t« ; henoe u = Cfer-««. 
da 

To detennine C7, let a = o, and, by the preceding example, 
u becomes '^^. 



Consequently 



i: 



-«9-^ _ y^ 



e ^'dx = ^^^er'«. (37) 



2 

Agfidn, to find 

(B) u = 6r»***oo8 ihxdof. 

Here 

— = -21 c^'^'cos 2hxxdx. 
db Jo 

But, integrating by parts, we have 
2 [ er-*-' sin 2 Jor^efo = - ^"""'^^^^^ + ^ j ^-..oos 25a:efe ; 

.-. e-^'*"sin ibxxdx = -^ e"^'*" cos ihxdx. 
Jo a*Jo 

Hence 

du ihu du ihdb 



or — = - 



db a^^ u a 

Hence u=Ce «'; 
Also, when 5 = o, t# becomes • 



2 



2a ' 



.-. e-«'''cos26iPefe = '5L-e«». (38) 

Jo 2a 
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Again, if we differentiate n times, with respect to a, the 
equation 

Jo 2 4/ a 

and afterwards make a » i, we get 

(C) fVv«(& = LlAiI^iA?!^A y-;. 

Jo 2 

Next, to find 

/TIN ['^ oo&mxdx 

^^^ JoTT^- 

We obviously have 



j;„^-(-)*.=-^; 



''•'[\y^' 



i^*'"") 00s mxdx da = ' 



JO 

But, by (38), we have 

2 I er^^'^'ooBmxdx = — — e'4a« ' 

a 



I +0*' 



I. 

y- f .-^ , f * cos w^refo 



Hence, by (37), we have 



Again, differentiating with respect to m, we obtain 

f* x^mxdx TT ^ ^ , 

, 5— = — «^. (40) 

Jo I + a?'* 2 ^^ ' 
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Examples. 



'■ I 



0-09 + f-am 



^' — trv 



xdx. 



Ans, -sec^-. 
4 a 



. 

3 I + X X 

when a>oand< i. 






logs* 



dx 

006 27* 



4. I ' log (i + COS cosd;) 
Jo • 

5. J^"oo8*log(5±|)&r. 



„ log f tan ^j, 



f * a*'log«<f:; 
Jo I + «* ' 



>» 






^ sm — 
yg 2 

^ cos' — 

2 

I ^- r 



»» "* • 

4#a+ 1 



'• 1: 

118. The values of some important definite integrals oan 
be easily deduced from formula (31), Art. 32. 
For example,* to find 

tr 

plog(sinfl)rfe. 

Jo 

V tr 

Here [' log (sin 9) d6 = [* log (00s fl) dB. 

Hence, denoting either integral by u^ we have 

2u = {log (sin 0) + log (cos fl) ) dO 



* These examples are taken from a Paper, signed *'H. G./* in the Cambridge 
Mathematieal Journal, Vol. 3. 
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IT 



« log (sin 20)d& - - log 2. 

Jo 2 

Again, if 2 = 20, we have 

IT 

log (sin 20)dO = - log (sin «)& 

Jo 2 J 

IT 

= - log (sin z)& + - log (sin z)dz ; 

2 J 2 J IT 

a 

but, since sin (tt - s) = sin r, 

log (sin z)dz = log (sin z) dz. 

Oonsequentlj 

P log (sin 20)^0 = ['log(sinfl)rffl; 

Jo Jo 

w 

.-. \'log{ava9)de ' --log {2). (41) 

Jo 2 

Again, to find 

['eiog(sine)rffl. 

Here 

[' e log (sin e)rffl = [' (ir - 0) log (sin fl)rfe ; 

.-. f eiog(sin e)rfe = - flog (sinfl)rfe = - -log (2). 

Jo 2 J 2 

119. Tbeorem of FmUami. — To prove that 

f ff>(ax) -6(&r) ^ , ,, fb\ 
^^ ^J^^ ^ cfo = »(o)logU . 

JO "^ \*/ 



>. I 
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Let w = I ^^ — ^^ dz ; substitute ax for a, and we get 

Jo 2 



K 



Jo ^ 



(£r. 



If we substitute 5 for a^ we get 



Jo X 



h h 



.-. p*^^!^ - P *i*^ = ^(o) r ^ = «(o) log 5. (42) 
Jo a? Jo a? ^^ ^ J* a? ^^ ' ^ a ^ ' 



h 



Hence J /^ ^ /^ ^^-J^V- = »(^) l^^a) ^^^^ 

a a 

If we suppose A = oo, we get 

<b(ax) - 6(bx) - w \ 1 /'^N / \ 

^^^^—^ — ^^^^-^ dx = 0(o) log - , (44) 



X \<i, 

h 



provided ^ — - dx = o when A = oo. 



h X 

h 



For example, let ^{x) = cos a?, and, sinee the integral 



: 



h 

» cos hx , 
dx 



X 
a 



evidently vanishes when A = oe, we have 

f" QO&ax - QO%hx . - h 
I dx ts log -, 

In X ^ a 
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SVnllani's theorem plainly fails when ^(<Kr) tends to a 
definite limit when x beoomes infinitely ^leat. The f onnube 
can be exhibited, however, in this case m a simple shape, as 
was shown by Mr. E. B. Elliott.* 

For, in (42) let h = ab^ and it beoomes 

Again, if ^( 00) denote the definite value to which ^{ax) 
tends when x increases indefinitely, then when h becomes 
infinite we may substitute 0(oo) instead of 0(&r) in the 
integral 



J* X 



in which case it becomes 

h 



*(oo)[^=#(oo)log(3). 

a 

On maMng this substitution in (43), we get 

p-^^^^^^-{«(«)-«(o))log(?). (46) 

For example, let ^{ax) » tan^^(a^) then we have 0(o) = o, 
and 0( 00) = -. 

Accordingly we have 

r* tan"^flw? - tan"' hx ir f* rfa? _^ ir - /a\ 

Jo X "2)**^ "2 ^^W 



* Educational Times, 1875. The student will find some remarkable exten- 
sions of tibe formuls, given above, to Multiple Definite Intejpals, by Mr. Elliott^ 
in the Froeeedings of the London Mathematical Society, 1876, 1877. Also by 
Mr. Lendesdorf, in the same Journal, 1878. 
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119 a. Remainder in liagrange's Series. — ^We next 
prooeed to show that the remainder in Lagrange's series 
(Diff. Calo., Art. 125) admits of being represented by a 
definite integral. This result, I believe, was first given by 
M. PopofE OOomptes Bendus, 1861, pp. 795-8). 

The foUowinj? proof, which at tne same time affords a 
demonstration of the series, of a simple character, is due to 
M. Zolotareff : — 

Let z - X + t/ <ii{z) ; and consider the definite integral 

^n = {y0(w) + X - u]'*F\u)du. 

Differentiating this with respect to Xy we get, by (33), 
Art. 114, 

dx 

g = «««-:-y»{«(^)ri^(*). (47) 

If in this we make n = i, we get 

«o = y«(«) ■?'(«) +^; 

but «o = -P'W - F{x) ; 

.■.F{z)=F{x)+i,4,ix)P{x) + ^. (48) 

In like manner, making n = 2, we have 

2s, = f{i>{x)rF'{x) + ^i 



1 d'- 

+ 



1 . 2 dx*' 



Substituting in (48) it becomes 

F{.) =i^(.)-.f *(.)iP'(.) . ^ £ [mvrix)] . ±.^ g. 

Again, 
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I cPb2 



1 ,2 da? 



= r^3£H''H^TTh^'- 






^ I . 2 .. .»(fa"-*L J 



I . 2 ... n - I daf*^^ 

1.2 . . . n flte" ' 
Hence we get finally 

F{z)^F{x)^\^{x)F{x)+^^±\^\{x)YF'[x)^ + &o. 

^ rT77:7;(i)"rt^*w+-«]-^(«)e?«. (49) 

Consequently the remainder in Lagrange's series is always 
represented by a definite inte^al. 

We next proceed to consider a general class of Definite 
Integrals first introduced into analysis by Euler. 

I20. Gamina Fnnctloiis. — It may be observed that 
there is no branch of analysis which has occupied the atten- 
tion of mathematicians more than that which treats of 
Definite Integrals, both single and multiple ; nor in which 
the results arrived at are of greater elegance and interest. 
It would be manifestly impossible in the limits of an 
elementary treatise to give more than a sketch of the results 
arrived at. At the same time the Gamma or Eulerian 
Integrals hold so fundamental a place, that no treatise, 
however elementary, would be complete without giving at 
least an outline of their properties. With such an outline 
we propose to conclude this Chapter. 

The definitions of the Eulerian Litegrals, both First and 
Second, have been given already in Art. 95. 

The First Eulerian Integral, viz., 



a;*^-i(i - x) 



n-\ 



dx^ 



is evidently a function of its two parameters, m and n ; it is 
usually represented by the notation £(m, n). 
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Thus, we have by definition 

af^^ (i - x)'*^^dx = B{mj n). 

.1 



jo I 



(50) 



The constants m, n, are supposed j>OMYu?e in all cases. 
It is evident that the result inequation (14), Art. 95, still 
holds when piaoi fractional form. 
Hence, we have in all cases 

r(i>+i)=/>r(i?). (51) 

This may be regarded as the fundamental property of 
Gttmma Functions, and by aid of it the calculations of all 
such functions can be reduced to those for which the para- 
meter |> is comprised between any two consecutive integers. 
For this purpose the values of r(^), or rather of log r[p\ 
have been tabulated by Legendre* to 12 decimal places, for 
all values of p (between i and 2) to 3 decimal places. The 
student will find Tables to 6 decimal places at the end of this 
chapter. By aid of such Tables we can readily calculate the 
approximate values of all definite integrals which are re- 
ducible to Ghamma Functions. 

It may be remarked that we have 

r(i) = i, r(o)=oc, r(-i>)=a>, 

p being any integer. For negative values of p which are 
not integ^er the function has a miite value. 

Again, if we substitute zx instead of or, where 2 is a con- 
stant with respect to x^ we obviously have 

|"e-a^'e&=l^. (52) 



See Traits d$8 FanetUms EUiptiqu$8, Tome 2, Int. Euler, chap. i6. 
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With respect to the First Eulexian Integral, we have 
already seen (Art. 92) that 

.'. B (w, n) = B («, wj. 

Hence, the interchange of the constants m and n does not 
alter the value of the integral. 

Again, if we substitute -^— for a?, we get 

Jo ^ ^^ «^ J, (, +y)-^- 

We now proceed to express £ (m, n) in terms of Gamma 
Functions. 

121. To prove tliat 

n(^ «\ r(w)r(n) 

From equation (52) we have 

r(w) = | e-'^z'^sf'-^dx. 
Hence 



' ' [11]' 
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But, if 2 (i + a?; = y, w6 get 

Accordingly, by (53), we have 






±f(my n) = —7 r-. 



(54) 



Again, if »* = i - w, we get, by (24), 

r(/Or(i-n)=f"^^ = -:-^. (55) 

^ ^ ^ ' Jo I +a? flinwTT 
If in this w = -, we get 

Ki) ■ ^'- 

This agrees with (36), for if we make aj* = 2, we get 

rfl) 

e-^'dx = ' I C-' 2-i dz = -12Z. (56) 

2 Jo 2 

Again, if we suppose in the doable integral 



\\ 



^m-1 



X and y extended to all positive values, subject to the condi- 
tion that a; + y is not greater than unity ; then, integrating 
with respect to y, between the limits o and i - w^ the 
integral becomes 

U -xYdx - - ^^^"(^+0 bv («;4) • 
(I X) ax- ^^ p(^^^^j) ,^7 154;, 

a:-» y-^ dxdt/ = J](^>^(^) ; (57) 

in which x and ^ are always positive, and subject to the con- 
dition x + y < I. 
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122. By aid of the relaticm in (54) a number of definite 
integrals are reducible to Gamma Functions. 
[For instance, we have 



f y'^-^dy r r"'dy f iT 



y) 



mHi 



Now, substituting - for ^ in the last integral, we get 

•2/ 



y^-^dy f^ af*^^dx 



Ji(l +y)"'*"""Jo(l + 



Hence 



I 



' a^' + jE"-^ r(m)r(n) 

„ (i + ar)-*-'** ~ r(m.+ «) * ^^S^ 

Next, if we make a; = -j-, we get 

Jo(i +«?)*»+" Jo(ay + ft)"**"' 

r y^'-^e/y r(m) r(n) 

' Jo (fly + b)^*^ a*^b'^r{m + w)' 

Again,* let x = sin'0, and we get 

IT 

I a?*"-* ( I - a?)~-» e& = 2 [' sin"'"-^ (? cos**^* Odd ; 

IT 

.-. f'sin«-^e cos^^^flrfe = IMi>) (60) 

Jo 2r(m+») ^ ^ 

This result may also be written as follows : 



1 






,pP + 9' 



(59) 



smP-'flooBg-'grfO = ^/ W (61) 



* These lesulta nay !« legurded as generaluaUoQs of the formuhe siTen ia 
■™8- 93, 94, lo ■jrHch the student can readfly tee that they are reducible when 
the indices axe integers. 
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If we make q= ly-we get 

\/7r 



J. ^ i:^ 



r 

Again, if ^ = ^ in (6i) it becomes 



2r(i)) Jo z'-'Jo 

Let 20 = z, and we have 

W IT 

I sinP-* 26e?9 = - flin^*2cfe = Tsin^'zcfe 

Jo 2 Jo Jo 

a/it \2y 

If we substitute 2m iovpy this becomes 

rwr(m-i)=-^,r(2m). (63) 

Again, make y = tan'0 in (59), and we get 
sin'^'^-^ecos'^-^drfe r{m)r(n) 



1; 



(a sin* + 6 cos' 0)^*^ la^ 6" r(m + n)* 
123. To And «he Talae* of 

n being any integer. 



(64) 



« This impOTtant theorem is due to Euler, by whom, as already noticedi the 
Gamma Functions were first inyestigated. 



r*^r(l)r(£)r(l)...r(l^\ 
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Multiply the expression by itself, reversing the order of 
the factors, and we get its square under the form 

that is, by (55), 



IT 



sm — sin — sin — ... sin -^ — 

n n n n 

To oaloulate this expression, we have by the theory of 
equations 

I - a^ 



2n A / 
n J \ 



=1 I - 2X006- +x^ I -2iPcos — -\-ar ... I -2a?cos^ ^+ar 

n l\ n J \ n 



Making successively in this, a; = i, and ^ = - i, and re- 
placing the first member by its true value w, we get 



. ttV/ . 27rV / . (w- i)t' 
w=i2sm— 2 8in — ...2sm 



2«/ \ 2nJ \ 2n 



)• ■ 



TrXy 27rV / (w- OttV 

W = I 2 cos 2 cos — ... 2 COS ^ — , 

2nJ\ 2nJ \ 2n J 

whence, multiplying and extracting the square root, 

„ , . TT , 2Tr . (n - i)7r 

n = 2""^sin — sm — . . . ism -^^ . 

n n n 

Hence, it follows that 



n-l 



jiJ \nj \ n 



r(z]r(,)...r('i^] = i^. (65) 
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124. To find the Talaes of 



e"^ cos &r ;p"*"^ dx^ and e"^ sin hx af^^ dx. 

If in (52) a - J v^- I be substituted* for z the equation 
/becomes 

[" e--^-^'^^'dx = ^H_ = r(m)(a-f6y^)--> 

Let fl= (a^ + 6»)^ cos 0, then 6 = (a^ + J')^ sin 0, and the 
preceding result becomes 



/•• 



e-"*(oo8 bx + v/- I sin bx)(>f*'^clx 



^^""^ (cos fl + y- I sin 6) 



7» 



[a} + J*)'^ 

= — ^— ~ (cos mO + v^- I sin mB) . 
{a^ + by 

Hence, equating real and imaginary parts, we have 



r ,..1-1 rim) ^-\ 

c^^cos bxof^'^dx = ^— ^ cos mO 



[ 

(a' + 6') 



I e-^wa.bxa^^dx = ^— ^ sin wd | 



> , (66) 



in which B = tan"'f - j. 

If we make a = o, becomes -, and these f ormulsB become 

2 



* For a rigorous proof of the validity of this transformation the student is 
referred to Serrett's Cale. Int., p. 194. 
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cos hxaf^'^ dx = , ' cos — , 1 

Jo h"" 2 ' I 

rim) mir ''' ^^^^ 

sin hxaf^^ dx = , ■ sin — 
Jo 6"» 2 J 

It may be observed that these latter integrals can be ar- 
rived at in another manner, as follows : — 
From (52) we have 

„, . cos 6s I " ,^ « , , , 
r(n) ^^ = e"-«*a:«-» oo^bzdx] 

2 Jo 



.-. r 



W n — = e-"-' ooBbzsf-^dxdz. 

Jo 2 Jo Jo 



But, by (32), we have 



1: 
- 1: 



X 



• 


"6' + 


a»' 


008 bz dz 

8" 


I •• 

r(«)J« 


a^dte 

J' + a:' 


J^' jr 







2 / 






in which n must be positive and < i. 
In like manner we find 



/» OD • 



sin 62 dz 6**"^ 



** Tin) . ^^fl" 



X I re I 

2 Sin 

2 



The results in (67) follow from these by aid of the relation 
contained in equation (55). 
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Examples. 

I. I :^{i-a^)Pdx. Am, ^^ — ~ — ^ 



p + ^^-ir) 

fi a^i(i , x)^^dx T(m)T{n) 

Jo (« + «)"•♦" ' " a"(i+a)"»r(«+fi)' 

3. FroToihat 

Jo(i _ a;4)j Jo(i + a4)j~ ay^-' 

4. j^ cofl(jo^«. „ jr-^^-^- 

5. / 



»» 



• ' (i*;) 



). I «r. 

Jo » 






123. Haineiical Calcnlatton of Qamma Fonc- 
tions. — The following Table gives the values of log r(^), 
to six decimal places, for all values of p between i and 2 
(taken to three decimal places). 

It may be observed that we have r(i) = T{2) = i, and 
that for all values of j9 between i and 2, T{p) is positive and 
less than unity ; and hence the values of log F {p) are negative 
for all such values. Consequently, as in ordinary trigono- 
metrical logarithmic Tables, the Tabular logarithm is obtained 
by adding 10 to the natural logarithm. The method of 
calculating these Tables is too complicated for insertion in 
an elementary Treatise. 



Jjogr{p). 



p 



I.OO 
1. 01 
1.02 
1.03 
1.04 

; 1.05 
I 1.06 
I 1.07 
1.08 
1.09 

1. 10 

1. 11 
1.12 

1.13 
1. 14 

I-I5 
1. 16 

1.17 
1. 18 
1.19 

1.20 
i 1.21 
1.22 

1.23 
1.24 

125 
1.26 
1.27 
1.28 
1.29 

1.30 
I-3I 

1-32 

1-33 

1.34 

1-35 
1.36 

1-37 
1.38 

1-39 

1.40 
1.41 
1.42 

1-43 

1 1-44 

1-45 
1.46 

1-47 
1.48 

1.49 






1 

9750 




9997529 


7285 


5128 


4892 


2796 


2567 


0533 


031 1 


9.988338 


8122 


6209 


6000 


4145 


3943 


2147 


1951 


0212 


0022 


9978341 


8157 


6531 

4783 


6354 


4612 


3096 


2931 


1469 


1309 


9.969901 


9747 


8390 


8243 


6939 


6797 


5544 


5408 


4205 


4075 


2922 


2797 


1695 


1575 


0521 


0407 


9.959401 


9292 


8335 


8231 


7321 


7223 


6359 


6267 


5449 
4589 


5360 


4506 


3780 


3702 


3020 


2947 


2310 


2242 


1648 


1585 


103s 


0977 


0470 


0416 


9.949951 
9480 


9902 


9435 


S^54 
8676 


9015 


8640 


8342 


8311 


8053 


8026 


7808 


7786 


7608 


7590 


7451 


7438 


7338 


7329 


7262 


7263 


7240 


7239 


7254 


7258 


7310 


7317 


7407 


7419 



9500 

7043 
4656 

2338 

0089 

7907 
5791 
3741 
1755 
9833 

7974 
6177 
4441 

2766 
1 150 

9594 
8096 

6655 
5272 

3944 

2672 

1456 
0293 
9i8d 
8128 
7125 

6173 

5273 

4423 
3624 

2874 
2174 

1522 

0918 

0362 

9853 

9391 

8975 
8605 

8280 

8000 

7765 
7573 
7425 
7321 
7259 

7239 
7262 

7326 

7431 



9251 
6801 

4421 

21 10 
9868 
7692 

5583 

3539 
1560 

9644 

7791 
6000 

4271 

2602 

0992 

9442 

7949 
6514 

5137 
3815 

2548 

1337 
0180 

9076 

8025 

7027 

6081 

5185 
4341 
3547 

2802 
2106 

1459 
0861 

0309 

9805 

9348 

8936 

8571 
8250 

7975 
7744 
7556 

7413 
7312 

7255 
7240 

7266 

7334 
7444 



9003 
6560 

4187 
1883 

9647 
7478 
5378 
3338 
1365 
9456 

7610 

5825 
4101 

2438 

0835 
9290 

7803 

6374 
5002 

3686 

2425 
1219 

0067 

8968 

7923 
6930 

5989 
5099 
4259 
3470 

2730 
2040 

1397 
0803 

0257 

9757 

9304 
8898 

8537 
8221 

7950 
7723 
7540 
7401 

7305 

7251 
7240 

7271 

7343 
7457 



6 



8 



8755 
6320 

3953 
1656 

9427 
7265 

5169 

3138 
1172 
9269 

7428 

5650 

3932 

2275 
0677 

9139 
7658 

6234 
4868 

3557 
2302 

IIOI 

9955 
8861 

7821 

683d 

5898 

5013 
4178 

3394 

2659 
1973 
1336 

0747 
0205 

9710 

9262 

8859 
8503 
8192 

7925 
7703 
7524 
7389 
7298 
7248 

7242 
7277 
7353 
7471 



8509 
6080 

3721 
1430 
9208 

7052 
4963 
2939 
0978 
9082 

7248 

5475 
3764 
2113 
0521 
8988 

7513 
6095 
4734 
3429 

2179 
0984 

9843 

8755 
7720 

6738 

5807 
4927 

4097 
3318 

2588 
1907 

1275 
0690 

0153 
9663 

9219 

8822 

8470 
8163 

7901 
7683 

7509 
7378 
7291 
7246 

7243 
7282 

7363 
7485 



8263 
5841 

3489 
1205 

8989 

6841 

4758 
27AO 
0786 
8900 

7068 
5301 
3596 

1951 
0365 
8838 

7369 

5957 
4601 

3302 

2057 
0867 

9732 

8649 
7620 
6642 
5716 
4842 
4017 

3243 

2Cl8 

1842 
I2I4 

0634 

0102 

9617 
9178 

8785 
8437 
8135 

7877 
7664 

7494 
7368 
7284 

7244 
7245 
7289 

7373 
7499 



8017 
5602 

3257 
0981 
8772 
6629 

4553 

2541 

0594 
8710 

6888 
5128 

3429 
1790 

0210 

8688 

7225 
5818 
4469 

3175 

1936 

0751 
9621 

8544 
7520 

6547 
5627 

4757 
3938 
3168 

2448 

1777 

"54 

0579 
0051 

9571 
9136 
8748 
8405 
8107 

7854 
7645 
7479 
7357 
7278 

7242 
7248 
7295 
7384 
75H 



9 



7773 

5365 
3026 

0775 

8554 
6419 

4349 

2344 
0403 

8525 

6709 ' 

4955 : 
3262 ' 

1629 ! 
0055 

8539 
7082 

5681 

4337 
3048 

1815 
0636 

95" 

8439 
7420 

6453 
5537 
4673 
3858 
3094 

2379 
1712 

1094 

0524 
0001 • 

9525 

9095 
8711 , 

8373 
8080 



7831 
7626 

7465 

7348 

7273 
7241 ; 

7251 ; 

7302 : 

7395 , 
7529 
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Log r(p). 



p 





1 


2 


3 4 5 6 


7 


8 




1 


1.50 


9-947545 i 7S6i 


7577 


7594 


7612 


7629 


7647 


7666 


7685 


I 

7704 


I.5J 


7724 


7744 


7764 


7785 


7806 


7828 


7850 


7873 


7896 


7919 ' 


1.52 


7943 


7967 


7991 


8016 


8041 


8067 


8093 


8120 


8146 


8174 


1.53 


8201 


8229 


8258 


8287 


8316 


8346 


8376 


8406 


8437 


8468; 


1.54 


8500 


2§32 


8564 


8597 


8630 


8664 


8698 


8732 


8767 


8802 ' 


1.55 


8837 


8873 


8910 


8946 


8983 


9021 


9059 


9097 


9135 


9174 


1.56 


9214 


9254 


9294 


9334 


9375 


9417 


9458 


9500 


9543 


9586 ! 


'•57 


9629 


9672 


9716 


8761 


9806 


9851 1 9896 


9942 


9989 


0035 


1.58 


9.950082 


0130 


0177 


0225 


0274 


0323 


0372 


0422 


0472 


0522 , 


1.59 


0573 


0624 


0676 


0728 


0780 


0833 


0886 


0939 


0993 


1047 i 


1.60 


1 102 


.1157 


1212 


1268 


1324 


1380 


1437 


1494 


1552 


1610 


1.61 


1668 


1727 


1786 


1845 


1905 


1965 


2025 


2086 


2147 


2209 


1.62 


2271 


2333 


2396 


2459 


2522 


2586 


2650 


2715 


2780 


2845 


1.63 


291 1 


2977 


3043 


3110 


3177 


3244 


3312 


3380 


3449 


3517 : 


1.64 


3587 


3656 


3726 


3797 


3867 


3938 


4010 


4081 


4154 


4226 1 


1.6s 


4299 


4372 


4446^ 


4519 


4594 


4668 


4743 


4819 


4894 


4970 


1.66 


5047 


5124 


5201 


5278 


5356 


5434 


5513 


5592 


5^7' 


5740 


1.67 


5830 


5911 


5991 


6072 


^'5^ 


6235 


6317 


6400 


6482 


6566 


1.68 


6649 


6733 


6817 


6901 


6986 


7072 


7157 


7243 


7322 


7416 


1.69 


7503 


7590 


7678 


7766 


7854 


7943 


8032 


8122 


821 1 


8301 ! 


1.70 


8391 


8482 


8573 


8664 


8756 


8848 


^2i' 


9034 


9127 


9220 


1.71 


9314 


9409 


9502 


9598 


9693 


9788 


9884 


9980 


6077 


0I74 


1.72 


9.960271 


0369 


0467 


0565 


0664 


0763 


0862 


0961 


1061 


1 162 i 


1.73 


1262 


1363 


1464 


1566 


1668 


1770 


1873 


1976 


2079 


218^ 


1.74 


2287 


2391 


2496 


2601 


2706 


2812 


2918 


3024 


3131 


3238 ' 


1.75 


3345 


3453 


3561 


3669 


3778 


3887 


3996 


4105 


4215 


4326 


1.76 


4436 


4547 


4659 


4770 


^882 
6019 


4994 
6i3g 


5107 


5220 


5333 


5447 
6600 


1.77 


5561 


5675 


5789 


5904 


6251 


6367 


6484 


1.78 


6718 


6835 


6953 


7071 


7189 


7308 


7427 
8636 


7547 


7666 


7787 1 


1.79 


7907 


8023 


8149 


8270 


8392 


8514 


8759 


8882 


9005 ; 

1 


1.80 


9129 


9253 


9377 


9501 


9626 


9751 


9877 


0008 


0129 


0255 ' 


1.81 


9970383 


0509 


0637 


0765 


0893 


102 1 


1 150 


1279 


1408 


1538 


1.82 


1668 


1798 


1929 


2060 


2191 


2322 


2454 


2586 


2719 


2852 , 


1.83 


2985 


3"8 


3252 


3386 


3520 


3655 


3790 


3925 


4061 


4197 1 


1.84 


4333 


4470 


4606 


4744 


4881 


5019 


5157 


5295 


5434 
6838 


55-73 , 


1.85 


5712 


5852 


5992 


6132 


6273 


•6414 
7840 


6555 


6697 


6980 j 


1.86 


7123 


7266 


7408 


7552 


7696 


7984 


8128 


8273 


8419 : 


1.87 


8564 


8710 


8856 


9002 


9149 


9296 


9443 


9591 


9739 


9887 . 


1.88 


9.980036 


9184 


0333 


0483 


0633 


0783 


0933 


1084 


1234 


1386 . 


1.89 


1537 


1689 


1841 


1994 


2147 


2299 


2453 


2607 


2761 


2915 ' 

1 


1.90 


3069 


3224 


3379 


3535 


3690 


3846 


4003 


4159 


4316 


4474 f 
6062 • 


1.91 


4631 


4789 


4947 


5105 


5264 


5423 


5582 


5742 


5902 


1.92 


6223 


6383 


6544 


6706 


6867 


7029 


7192 


7354 


7517 


7680 


193 


7844 


8007 


8171 


8336 


8500 


8665 


8830 


8996 


9161 


9327 ' 


1.94 


9494 


9660 


9827 


9995 


5162 


0330 


0498 


0666 


0835 


1004 


1.95 


9.991173 


1343 


1512 


1683 


1853 


2024 


2195 


2366 


2537 


2709 


1.96 


2881 


3054 


3227 


3399 


3573 


3746 


3920 


^004 


4269 
6029 


4443 


'•97 


4618 


4794 


4969 


5145 


5321 


5498 


5<^74 


5«5' 


6206 


1.98 


t^H 


6562 


6740 


6919 


7098 


7277 


7457 


7<>37 


7817 


7997 


1.99 


8178 8359 


8540 


8722 


8903 


9085 9268 


9450 


9633 


9816 
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Examples. 171 

Examples. 

2. If /(a?) =/(a + «) for all values of a?, prore that 

ffM /•a 

/(*)<& = « /(»)rfr, 
Jo 

▼Ikere n is an integer. 



Jo 



2 <& 



>> 



IT. 



fain-' 2? ifar. ,, -- i. 

2 



4V 2 



6. f ^ . 

I* <?a? IT 

— ; — r ^, a<? - b^ being positive. „ , 
., • + 2to + car** ^^ *^ " -v/iTTT* 



8. Prove that 



» ft + 2te« + ci* '^ I/i^' ▼!>«»* = . (v/a« + »). 



'• Io'ft 



<fo 



10. I* 

Jo I + 



cos 9 COB a; 
dx 



cos cos » 



IT 



a* sin'a? + 



a* sin'x + ^* cos'^ic' 



IT 

f i dx 

Jo (»*8in«a? + *» 



cos'ir)^ 



Ana, 


IT 

sin 9* 




9 


» 


sinO* 


n 


tr 




ir(«« + *-) 


9> 


4a3^3 
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+ — . 



, v^«« - x^ cos-ii^*- ^'»'- "76"*' •:^ 

f*i dx . IT 

J-1 (a-ft«)v^i-«* \/«»-48 






15- f =:. ,> ». 



,6 f^*''** _j^^_+J^)y^___ 



„ ira'. 



o, ^, ^ f sin ffa; cob bx . it ,. . , 

17. Snow that J ola? = -, or o, accoramg aa a > or< 0; and 

JO X 2 



IT 



that when a = b the yalue of the integral is -. 

4 



8. I — > — — „ ,g&<i. ufw. — 7=:rlog 7=:. • 



ir 



19. f* tan»4fdip. „ 5(l°?2--j. 

3"" . 
4 emxdx ir . . I 



!4 emxdx it ^ 

—- r-. „ - + tan- 

I + cos* a; 4 



yr 



31. If every infinitesimal element of the side e of any triangle be diyidM 
by its distance from the opposite angle C, and fhe sum taken, show that its 
Talue is 



logf cot— cot — j. 



22. Being given the base of a triangle ; if the sum of every element of the 
base multiplied by the square of the distance from the vertex be constant, show 
that tbe locus of the vertex is a circle. 



IT 



;rcos^0 8in9<f0 . I tan~>tf 



I + *2 cos«e • 



Ans, — - 



e-i ^ 



IT 



!2 cos* a Bmedd -v/ 1 + «2 log (e + y^i + ^*) 
y f) Z "" o • 



Exampks. 17^ 

25. Deduce the ezpansi<m8 for dns and ooba; from BenumUi's series. 

26. Show that the integial 

f 1 



Jo 



can be immediately eralnatedby the method of Art. 1 1 r, when m ia an integer. 

{• tan'^(a4;)d^ ^ », / . 

— . ^ \. Ant. - log (i + a). 



«(i + «■) 
28. Find the Talue of 



flog (I - 2a 008 d? + a*)ds, 




distinguiBhing between the caaes where a is > or < i . 

Ant. a < I, its yalue is o. 
,) a> I, its Talue is 2t log a. 

39. Jif{x) can be expanded in a series of the form 

oo + 01 cos jp + 02 cos 2a: -^ . . , + Oncoenx-i- , . . , 

show that any coefficient after oo can be exhibited in the form of a definite- 
integral. 



2 fir 

Ant. 0»=— I f(x)cioenxdx. 

T Jo 



30. Find the analogous theorem when/(^) can be expanded in a series of' 
sines of multiples of x ; and apply the method to prore the relation 



(sm 24? , sm 3« . \ 
23/' 



when X lies between ± ir. 
31. Prove the relation 

IT 



'\/sinO 
32. Express the definite integral 



fa de [2 



fi" de 
Jo-/i-ic«si 



\/i-ic«sin»d 
in the form of a series, n being < i. 



^-"(-©■■'*(H)'-*(rf^)'-**»)- 
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IT 



(2 log(i + cosa(iOBx)d:c i /ir* «\ 
. Ans. - I o' J . 
b cosa? 2 \ 4 / 

34. I xera^coB hxdXy where a > o. 



a«-d2 



Jo *« " Z^'^^l «a^ ]• 



35 



TT 



36. j "* log (o*cos2d + /3« sin' «)<?«. „ ^ log 



+ 3 



IT 

Jo (i-a^)* 3 



■ i: 



39- 



n 



cos ra;d!r ira'' 



(«• cos rxdx 
— . . 
I — 2acosa; + a^ " i_<ja 

4 1 . Find fhe fium of the series 

^^ n n n 

w2 + i2 + „« + 22 "*■ «2 + 32 ■*■•••• "^ i;^- 

when » is increased indefinitely. 

This is eyidently represented by the definite integral 



[^ dx V 



42. Find the limit of the sum 






y„2_i. -v/«2-2^ v^n»-32 '*' v<w» - (« - I)*' 

when » = 00. ^^^ !: 

2 
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43. ProTethat 

V rr 

fir J *»(*»* - ^) fir - 

I cotf»aj COS >m: «te a= —5 ^ \ co8"»-' a; 008 n«efj: ; 

Jo m' — «* J 

and lieiioe, deduce the values of the integrals 

IT IT 

fcoe'««cos(2«+ i)xdx, and 1 cobI^^^ x cob 2nx dx, 
Jo 

when m and n are integers. 



44. I log(i - 2a cos + a^) cos n0 d$, when a* < r. 
Jo 



ira* 
f» 



>« » 



f" vx^ 

45. I cos — dx. 

J -QD 2 

♦*• J» n-s* '^- •• iil<«'' 

47. Prove the following equation : 

(^ d$ I fir 

(I - 2« cos a + a*)» (i - a»)»-i Jo 

4S. Prove the more general equation 

fv BJa'^ede I fir Bm'^ede 
(i - 2a cos <> + a')* ~ (1 - a«)»» »-i J o (i - 2a cos© + a») !♦*-»' 

in which m -I- I is positive. 
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CHAPTER VII. 



AREAS OF PLANE CURVES. 



126. Areas of Carves. — The simplest method of regarding 
the area of a curve is to suppose it referred to reotangular 
axes of co-ordinates; then, the area included between the 
curve, the axis of a?, and the two ordinates corresponding to the 
values Xo and Xi of Xy is represented by the definite integral 



r 



t/dx. 



For, let the area in question be represented by the space 
ABVTy and suppose 5 F divided into n equal intervals, and 
the corresponding ordinates drawn, 
as in the accompanying figure. 

Then the area of the portion 
PMNQ is less than the rectangle 
pMWQ, and greater than PMNq. 

Hence the entire area AB FT is 
less than the sum of the rectangles 
represented hjpMNQ^ and greater 
than the sum of the rectangles 
PMNq ; but the difference be- 
tween these latter sums is the sum 
of the rectangles Pp Qq, or (since the rectangles have equal 
bases) the rectangle under MN and the difference between 
jTFand AB, Now, by supposing the number n increased 
indefinitely, MN can be made indefinitely small, and hence 
the rectangle MN {TV - AB) also becomes infinitely small. 
Consequently the difference between the area ABVT and 
the sum of the rectangles PMNq becomes evanescent at the 
same time. 




Fig. I. 
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If now the oo-ordinates of P be denoted by x and y, and Mlf 
by AXy it follows that the area AB VT is the limiting valne* 
of 2(^ ^x) when the increment Aa; becomes infinitely small ; 

or area ABVT= ydx; where Xi » OF, aro » 0-B. 

It should be observed that this result requires that y 
continue finite, and of the same sign, between the limits 
of integration. 

If y change its sign between the limits, i.e. if the curve 
cut the axis of x^ the preceding definite integral represents 
the difference of the areas at opposite sides of the axis of x. 

In such cases it is preferable to consider each area sepa- 
rately, by dividing the integral into two parts, separated by 
the value of x for which y vanishes. 

The preceding mode of proof obviously applies also to 
the case where the co-ordinate axes are oblique ; in which 
case the area is represented by 

siuui I ^yefo, 



where oi represents the angle between the axes. 

In applying these formulae the value of ^ is found in 
terms of x by means of the equation of the curve : thus, 
if y =f{x) be this equation, the area is represented by 



f/(^)«to, 



taken between suitable limits. 

Conversely, the value of any definite integral, such as 



I 



/{x)dx, 

may be represented geometrically by the area of a definite 
portion of the curve represented by the equation 

y =/(^)' 

* This demonfltration is substantially that giyen by Newton (see Frineipia^ 
lib. I., Sect. I., Lemma 2) ; and is the geometrical representation of the result 
establi^ed in Art. 90. ^ 

The modification in the proof when the elements <A BV are considered 
unequal, but each infinitely small, is easily seen. It may be remarked that the 
result here given is but a particular case of the general principle laid down in 
Arts. 38, 39, Diff, Cale, 

[18] 



178 



Areas of Plane Curves. 



On aooount of this property the process of integration was 
called, by Newton and the early writers on the Calculus, 
the method of quadratures. 

Again, it is plain that the area between the curve, the 
axis of y, and two ordinates to that axis, is represented by 



I 



Xdt/y 



taken between the proper limits : the co-ordinate axes being 
Btip pos ed rectangular. 

We proceed to illustrate this method of determining 
areas by a few applications, commencing with the simplest 
examples. 

127. The Circle. — Taking the equation of a circle in 
the form 



ic* + y* = a*, we get y = y^fl* - a?*, 
and the area is represented by 



J va^ - x^dx, 



taken between proper limits. 

For instance, to find the area of 
the portion represented by APDE 
in the accompanying figure. Let 
tr = a cos 0, then the area in ques- 
tion plainly is represented by 




Fig. 2. 



sin*6fl?9 *= — (a - sin o cos a) ; where 0=1^ BOA. 

This result is also evident from geometry ; for the area 
DP All is the difference between DP AC and DCE, or is 



a^a flf'sinaCOSa 



The area of the quadrant ACB is got by making a = - ; 



ira' 



and accordingly is — : hence the entire area of the circle 

4 



is ira*. 
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128. The Ellipse. — From the equation of the ellipse 

and the element of axea is 

h . 

h 
but this is - times the area of the corresponding element of 

the circle whose radius is a : consequently the area of any 

portion of the ellipse is - times that of the corresponding part 

of the circle. This is also evident from geometry. 
The area of the entire ellipse is irah. 
Again, if the equation of an ellipse be given in the form 

Ax^ + By^ = C, its area is evidently 

As an application of oblique axes, let it be proposed 
to find the area of the segment 
of an ellipse cut off by any chord 

Diy. 

Draw the diameter AA\ con- 
jugate to the chord, and BB^ 
parallel to it. Then, C being 
the centre, let 

CA^a\CBr = h\ACB'w, 

and the equation of the ellipse is -75 + ^tj = i ; hence the area 
DA If is represented by 

2 — sin 0) I »/ cC^ - n^dx - dV sin w (o - sin o cos o), 
a J CE 

, CE 

where cos a = -p^,. 

Again, a' J' sin w = ab, by an elementary property of the 
ellipse, a and b being the semiaxes. 

Hence the area of the segment in question is 

ai (a - sin a cos a). 

[laa] 
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This result can also be deduced immediately from the 
circle by the method of orthogonal projection. 

It may be observed that if we denote the area of an elliptic 
sector, measured from the axis major to a point whose co- 
ordinates are a?, y^ by S, we may write 

28 



X 

- = cos -T- = COS a, 

a ab 



y . 28 . 
7- = sm — 1- = sm a. 
ah 



129. Tlie Parabola. — Taking the 
equation of the parabola in the form 

y^ = px, we get y = \/px. 
Hence the area of the portion APN is 

r 2,2 

Consequently, the area of the seg- 
ment FAF^i cut off by a chord perpen- 
dicular to the axis, is f of the rectangle 
PMM'F. 

It is easily seen that a similar relation holds for the seg- 
ment cut off by any chord. 

More generally, let the equation of the curve be y = aaf^y 
where n is positive. 




Fig 4. 



Here 



ydx = a 



QiS^dx = + const. 

n + I 



If the area be counted from the origin, the constant 
vanishes, and the expression for the area becomes 

aaf**^ ocy 

, or . 

n + I n + I 

Hence, the area is in a constant ratio to the rectangle 

under the co-ordinates. A corresponding result holds for 

oblique axes. The discussion, when n is negative, is left to 

the student. 

Example. 

Express the area of a segment of a parabola cut o£E by any focal chord in 
terms of /; the length of the chord, and p^ the parameter of the parabola. 

Ana. -T-. 



— Tit 1 1 na w ■ i -i 



TJie Hyperbola. 
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130. The Hyperbola. — The siinplest form of the 
equation of a hyperbola is where the asymptotes are taken 
for co-ordinate axes ; in this case its equation is of the form 

Hence, denoting the angle between the asymptotes by o), 
the area between the curve and an asymptote is denoted by 

c* sin 01 — , or c' sin w log f — ], 

where x^ and x^ are the abscissse of the limiting points. 
If the curve be referred to its axes, its equation is 

a?' y^ 



a' 



- =rr = I : 



and the element of area ydx becomes 

- v^ - a^dx. 
a 

Hence the area is represented by 

- v^o?' - a^dxy 
a] 

taken between proper limits. 

Again, ^/a^ - a^dx = , -a^\ _ 

Also, integrating by parts, we have 

v^ic* - c^dx = X y/x^ - «* - — . 

J J ^x" - a" 

Adding, and dividing by 2, we get 

x^x^ - a^ a^C dx 




I y^^"^ 



dx = 



-11 



-v/iT^-a* 



x^/x^ - a^ a' 



--\pg{x + ^x'-a'). 
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Accordingly, if we suppose the area counted from the 
summit A^ we have 

• ^Pi\r = A ^ v^^rr^ - f^ log f^±^^IE«') 

2a 2 \ a / 

2 2 ^\a bj 
Again, since the triangle CPN = jO^, it follows that 

sector ACP -- — log [- + H- 

For a geometrical method of finding the area of a hyper- 
bolic sector, see Salmon's Conies^ Art. 395. 

130 (a). Hyperbolic ifine and Cosine. — If S repre- 
sent the sector ACP^ the final equation of the preceding 
Article becomes 

which may also be written 

- + ^ = e' 

iatrodaoing a single letter v to denote the quantity 

, (x y\ 28 

Hence, by the equation of the hyperbola, we get 

X 1/ 
a 

Thus, in analogy with the last result of Art. 128, calling the 
following functions the hyperbolic cosine and hyperoolic 
sine of t?, and for brevity writing them cosh Vy and sinh «?, 

e*' + e"^ = 2 coshr, e^ -e"" = 2 sinht?, (2) 

the co-ordinates of any point on the curve are 

X 28' V 2S 

- = cosht? = cosh-^, Y = sinh v = sinh -7-. 
a ah b ab 
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"We might have treated the matter differently by intro- 
ducing the angle defined by the equation a; » a see 0, and 
therefore y ^ b tan 6 (for the geometric meaning of this 
transformation, see Salmon's ConicSy Art. 232) ; whence (i) 
may be written^ 



-7- " ^ = loR tan ( - + — 1 : 
ab ^ \4 2J 



and we see that the hyperbolic cosine of a real quantity is the 
secant, and the hyperbolic sine the tangent of the same real 
angle. Also, since 



sin0 = 



sinh V 
cosh V 



I , I cosh V 

cos 6 = z , cot <h = —z—z , COSeC <b = -r-: , 

^ cosh V smh v ^ smh v 



we can obviously extend the names of the other trigono metri cal 

functions likewise. Again, putting in (2) for r, uv - i, or 
tw, they become, by Art. 8, 

cos u = cosh iUj i sin u = sinh iu. 

131. The Catenary. — ^If an inelastic string of uniform 
density be allowed to hang freely from two fixed points, the 
curve which it assumes is called the Catenary. 

Its equation can be easily arrived 
at from elementary mechanics, as fol- A^ 
lows : — 

Let Fbe the lowest point on the 
curve; then any portion VP of the 
string must be in equilibrium under 
the action of the tensions at its ex- 
tremities, and its own weight, W. p. 5 

Let A be the tension at V; T that 
at P, which acts along PjB, the tangent at P; z. PBM = 0. 
Then, by the property of the triangle of force, we have 

Tr:A = PM:Rir; 
.*. JF^AtB,n<p. 




♦ When (f> IB related to v hj this equation, tp ia what Professor Cayley 
{MHptic Functions, p. 56) calls the gudermannian of Vy after Professor Guder- 
mann, and writes tie inverse equation <i>=iffdv» 
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Again, if a be the length of VPy and a that of the portion 
of the string whose weight is A^ we have, since the string is 
uniform, 

a 
.*• 8- a tan ^. 

This is the intrinsic equation of the catenary. (DifE. 
Calc, Art. 242(a).) 

Its equation in Cartesian co- . 
ordinates can be easily arrived at. ^ 

For, on the vertical through V 
take VO = rt, and draw OX in the 
horizontal direction, and assume 
OX and OF as axes of co-ordi- 
nates. Let 



then 



PN=y, ON^Xy 

-r = tan 0, 

ax ^ 




Fig. 7. 



as 



dx 

-r- = cos ; 

as 



dy dy ds sin ^ dx a 
dip ds d<p cos'0* dip QOS<p 

Hence ^ = a sec 0, x = a log (sec <p + tan <p) . 

No constant is added to either integral, since y = 
iP « o, when ^ = o. 

Ftom the latter equation we get 



(3) 

a, and 



also 



sec <p + tiin <p = e^; 



sec - tan = 



sec + tan <p 



9 



Hence, we have 

2 sec = ^ + e ", 2 tan = &^ - e^. 
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Consequently, 



Also 8 



= J (^ + «"')• (4) 

= f(^-^'') (5) 

In the notation of last Article these equations may be 
written 

- = cosh - and - = sinh -. 
a a a a 

Again, if NL be drawn perpendicular to the tangent at 
P, we have 

NL = PJVoos ; /. NL = a. (6) 

Also Pi = iyZtan0; .-. Pi = « = Pr- (7) 

The area of any portion VPNO is 

^ r(J + e'Adx --(^- e'^\^a{y' - a^. (8) 

Accordingly, the area VPNO is double that of the triangle 
PNL. 

Examples. 

1. To find the area of the oval of the parabola of the third degree with a 
double point 

Cy8=(a;-fl)(a;- *)«. 

The area in question is represented by q 

7^1. (* - ') V^^^-**- Fig. 8. 

Let x — a^^, and we easily find the area* to be -^ r . 

3-5^ 

2. Find the whole area of the curve a^y^ = «' (2a - x), Ans. Ta\ 

3. Find the whole area between the cissoid x^ ^ p^{a - x) and its asymptote. 

2*/ 2 

* The student will find little difficulty in proving that this area is — — 

times the rectangle which circumscribes the oyal, having its sides parallel to the 
co-ordinate axes. 
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Since ^ — a » o is the equation of the asymptote, the area in question is re- 
presented hy 



j: 



(a-x)' 



Let « = a Bin^0, and this becomes 



2 



I> 



2aM an^ede: 



hence, the area in question is | ira^. 

4. Find the area of the loop of the ciirve 

This curve has been considered in Art. 262, DifP. 
Calc. Its form is exhibited in the annexed figure ; and 
the area of the loop is plainly 



3 



I ^arV* + 



xdx. 



Let b ■\- x^ z^y and it is easily seen that the area 
in question is represented by 

S,bi 




Fig. 9. 



5. Find the area between the witch of Agnesi 

jFy2 = 4a2(2a-ar) 
and its asymptote. Ans. 4ira^, 

132. In finding the whole area of a closed cnrve, such as 
that represented in the figure, we 
suppose lines, PM, Qlfj &o., drawn 
parallel to the axis of y ; then, as- 
suming each of these lines to meet 
the curve in but two points, and 
making PM = ^2, P'-Sf = t/n the 
elementary area PQQfP' is repre- 
sented by (^2 - 1/1) dXf and the en- 
tire* area by 

OB* 

{y2'-yi)dx\ 

OB 



r 




MNf 



B'X 



Fig. 10. 

in which 05, OJff are the limiting values of x. 

♦ This form stiU holds when the axis of x intersects the curve, for the ordi- 
nates below that sLxis have a negative sign, and (^2 — ^1) dx will still represent 
the element of the area between two parallel ordinates. 
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For example, let it be proposed to find the whole area of 
an ellipse given by the general equation 

aa? + ihory + hy^ ■¥ zgx + 2fy + c = o. 

Here, solving for y, we easily find 

ya " yi = I yiK' -ah)x'-¥2 [hf- bg) x +P - he. 

Also, the limiting values of ^ are the roots of the quadratio 
expression imder the radical sign. 

Accordingly, denoting these roots by a and /3, and observ- 
ing that h^ - ab is negative for an ellipse, the entire area is 
represented by 

i^ab-h^i^ .- —r ^ 

— ^-7 */ {x - a){p - x)dx. 

To find this, assume a? - o = (j3 - a) sin* 6 ; 
then /3 - a? = (j3 - a) oos'O, 

and we get 



I y{x - a)(/3 - x)dx = 2(j3 - ay jsin^e cos* 

J a Jo 



OdB 



= ^ O - «)'• 



Again. 0-ar = 4. ^^-^-^--^';iC;y(-^-^-'^ 

^b{ap + bg^ + ch^ - 2fgh - abc) 

Hence the area of the ellipse is represented by 

Tr{qP + bg'* + ch^ - zfgh - abc) 
Jab - A*)S * 

This result can be verified without difficulty, by deter- 
mining the value of the rectangle under the semiaxes of an 
ellipse, in terms of the coefficients of its general equation. 

It is worthy of observation that if we suppose a closed 
curve to be described by the motion of a point round its en- 
tire perimeter, the whole inclosed area is represented by j ydx, 
taken for every point around the entire curve. 
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Thus, in the preceding figure, if we proceed from Ato A^ 
along the upper portion of the curve, the corresponding part 
of the integral I ydx represents the area AJPA!HB. Again, 
in returning from A to A along the lower part of the curve, 
the increment dx is negative, and the corresponding part 
<A\ydx\& also negative (assuming that the curve does not 
intersect the axis of a?), and represents the area A'P'ABB^y 
taken with a negative sign. Consequently, the whole area of 
the closed curve is represented by the integral J y^fe, taken 
for all points on the curve. 

The student will find no difficulty in showing that this 
proof is general, whatever be the form of the curve, and 
whatever the number of points in which it is met by the 
parallel ordinates. 

To avoid ambiguity, the preceding result may be stated as 
follows : — The area of any closed curve is represented by 



\ 



dx , 



taken through the entire perimeter of the curve, the element of the 

curve being regarded as positive throughout. 

The preceding is on the hypothesis that the curve has no 

double point. Ii the curve cut itseK, so as to form two loops, 

f dx 
it is easily seen that y-j-dsy when taken round the entire 

perimeter, represents the difference between the areas of the 
two loops. The corresponding result in the case of three or 
more loops can be readily determined. 

133. In many cases, instead of determining y in terms of 
a^y we can express them both in terms of a smgle variable, 
and thus determine the area by expressing its element in 
terms of that variable. 

For instance, in the ellipse, if we make a? = a sin ^, we 
get y = b cos 0, and ydx becomes ab cos'*^ d<py the integral of 
which gives the same result as before. 

In like manner, to find the area of the curve 

Let a? = a sin'^, then y = b cos^^, and ydx becomes 

sab sin'0 cos^tpdtp : 



The Cycloid. 
henoe the entire area of the curve is represented by 

(1 . 3 

izab sin'0 cos^^e/^ = -nab. 

Jo o 

Examples. 
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I. Find the whole area of the evolute of the ellipse 



Ant, 



3ir(a' - b^y 
Sab 



wab. 



2. Find the whole area of the curve 

Ant, ' '3-5 ... (2m+ i ).T.3.5 ...(2»-f I) 
'2.4.6 2 {m + fi + I) 

134. The Cycloid. — In the cycloid, we have (DifP. 
Calc, Art. 272), 

a? = a (0 - sin 6), y = a (i - cos 0) ; 
.-. [ydx^^a^ [(i - cos 6>)»c^0 = 4a' [sin*-^0. 

Taking B between o and tt, we get ^ira^ for the entire 
area between the cycloid and its base. 

The area of the cycloid admits also of an elementary 
geometrical deduction, as follows : — 




It is obviously sufficient to find the area between the 
semicircle BPD and the semi-cycloid BpA. To determine 
this, let points P and P' be taken on the semicircle such that 
arc BF = arc DP' : draw MPp and M'P^p' perpendicular to 
BD. Take MN and M'N' of equal length, and draw Nq 
and N'^i also perpendicular to BD : then, by the fundamen- 
tal property of the cycloid, the line Pp = arc BP, and Pp' 
« arc BP : .'. Pp + Pp' = semicircle = na. 
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Now, if the interval MN be regarded as indefinitely small, 
the sum of the elementary areas PpqQ and I^p'gfQ' is equal 
to the rectangle imder MN and the sum of Pp and P'p', or to 
ira X MN. 

Again, if the entire figure be supposed divided in like 
manner, it is obvious that the whole area between the semi- 
oircle and the cycloid is equal to ita multiplied by the sum of 
the elements MNy taken from B to the centre (7, i.e. equal to 7ra'. 

Consequently the whole area of the cycloid is ^ira\ as 
before. 

The area of a prolate or curtate cycloid can be obtained 
in like manner. 

135. Areas in Polar Co-ordinates. — Suppose the 
curve APB to be referred to polar co-ordinates, being the 
pole, and let OP^ OQf Oi2 represent consecutive radii veotores, 
and PLy QM, arcs of circles described with as centre. Then 
the area OPQ = OPL + PLQ ; but 
PLQ becomes evanescent in com- 
parison with OPL when P and Q 
are infinitely near points; conse- 
quently, in the limit the elemen- 

r^dO 
tary area OPQ = area OPL = — ; 

r and being the polar co-ordi- 
nates of P. 

Hence the sectorial area AOB 
is represented by 

I 




Fig. 12. 



/3 



r^dO, 



where a and (i are the values of corresponding to the limit- 
ing points A and B. 

136. Area of Pedals of Ellipse and Hyperbola. — 

For example, let it be proposed to find the area of the locus 
of the foot of the perpendicular from the centre on a tangent 
to an ellipse. 

Writing the equation of the ellipse in the form-, + -jr= i, 

the equation of the locus in question is obviously 

r^ = a'cos*0 + &'sin^9. 
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Hence its area is 

- f cos^erfe + - ( sin'flrffl = ^^e + ?^'sineoos e. 

2j 2] 4 4 

The entire area of the locus is 

- (d' + J*). 

The equation of the eorresponding locus for the hyperbola 
is 

r' = a'cos'e- J^sin'e. 

In finding its area, since r must be real, we must have 
a® cos' 6 - 6' sin' positive : accordingly, the limits for are o 

and tan"^Y. 



Integrating between these limits, and multiplying by 4, 
we get for the entire area 

ah + (a' - ¥) tan"* 7 . 

In this case, if we had at once integrated between = o 

and = 27r, we should have found for the furea (a' - J') -. 

2 

This anomaly would arise from our having integrated 

through an interval for which r^ is negative, and for which, 

thereK>re, the corresponding part of the curve is imaginary. 

The expression for the £u:ea of the pedal of an ellipse with 

respect to any origin will be given in a subsequent Article. 

Examples. 

1. Show that the entire area of the Lenmiflcate 

r* = a« cos 2$ 
is fl2. 

2. In the hyperholic spiral 

r$ = a, 

prove that the area hounded hy any two radii vectores is proportional to the 
difference hetween their lengths. 

3. Find the area of a loop of the curve 

9*3 = a' 008 ittf. An8^ 



a« 



n 
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4. Find the area of the loop of the Folium of Descartes, whose equatioii is 

Transforming to polar co-ordinates, we have 

3<i cos sin a 



r = 



fiin'0 + cos^d* 



Again, the limiting yalues of 9 are o and - ; 

2 



gg^p sin'^gcos^etfe 
""F Jq (sin'd + cos'd)*' 



Let tan d = m, and this expression becomes 

9a« f* u^du 



2f_ f ^ If. 

"TJo (i+i«8)a'" 2 • 



5. To find the area of the Lima^on 

r = fl cos d + 3. 

Here we must distinguish between two cases. 

(i). Let b> a. In this case the curve consists of one loop, and its area is 



-I (acose + *p<fe= (*2 + -jw. 

Wben & s 0, the curve becomes a Cardioid, and the area 

(2). Let h <a. The curve in this case 
has two loops, as in the figure (see Diff . 
Calc, Art. 269), the outer loop correspond- 
ing to 

r E= cos 9 + ^y 
the inner to 

r = fl cos $ — ^. 

To find the area of the inner loop, we q 
take 9 between the limits o and a, where 

a s cocr^ ( - j ; and the entire area is 

(aco^e 'bYd9 

(a* cos'd - lab cos B + b^) de 



3»«' 





a 



i 
■1 

(a* \ a' 
— + i' j a + — sin a cos a - 2ab sin 01 




Fig. 13. 



, b , , 
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It 13 easily seen that tl^e sum of the areas of the two loops is obtained by in- 
tegrating between the limits o and ^ir, and accordingly is 



(?-)• 



as in the former case. 




137. Area of a Closed Carre by Polar Co-ordI-. 
nates. — In finding the whole area of a closed curve by 
polar co-ordinates we distinguish between two oases. When 
the origin is outside, we sup- 
pose tangents OTj 0T% drawn 
from 0, and vectors OP^ OQ^ &o., 
drawn to cut the curve ; then, if 
these lines intersect it in but two 
points each, the element of area 
PpqQ is the difference between 
the areas POQ and pOq ; or, in 
the limit, is ^ {r* - r^) dO, where 
OP = ri, Op = ra. 

Hence, the expression 

^J(ri'-r8^)fl?0, Fig. 14. 

taken between the limits corresponding to the tangents OT 
and OT^f represents the entire included area. 

If the origin lie inside the curve, its whole area is in ge- 
neral represented by -J- /(n* •* r^)dQj taken between the limits 
6 = 0^ and = TT. 

We shall illustrate these results by applying them to the 
circle 

r* - 2r<? cos 6 + c* = a'. 

If the origin be outside, we have c>a, and ri + ra = 20 cos 6, 
and nra = <? - a^\ .'. ri - ra = 2^0 ? - c'sin'O. 

Hence (n* - r^)d9 = 4c cos fly^a* - c* sin'flrffl; and the 

limiting values of fl are ± sin"^-. 
° c 

Hence the whole area is 



.-!• 



20 



I cosflya'-c^sin'flrffl. 

[18] 
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Let c Bind = a Bin^f and this integral transforms into 



»2 



l: 



2 a* I 008^^ d(fi = Tra*. 



Again, if the origin be inside, we have <? < a, and 

- (n' + ra') = a' + c* cos 20 ; 

2 

.-. ['(ri* + ra') tfO = ["(a^ + c" cos 26) d9 = va\ 

The method given above may be applied to find the area 
included between two branches of the same spiral curve. As 
an example, let us consider the spiral of Archimedes. 

138. The Spiral of Archimedes. — The equation of 
this curve is r = aOj 
and its form, for 
positive* values of 0, 
is represented in 
the accompanving 
figure, in which 
is the pole and OA 
the line from which 
is measured. Let 
any line drawn 
through meet the 
different branches 
of the spiral in 
points P, Q,B,&o.: 
then, if OP==r^ and 
ilP 0^ = 0, we have, 
fi:om the equation 
of the curve, ^Js» ^S« 

OP = afl, OQ = a (0 + 27r), OR^a{0^ 4ir), &c. 




* It flhould be noted that wlien negative values of 9 are taken, we get for 
the remaining half of the spiral a curve symmetrically situated with respect to 
the prime vector OA^ 
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Henoe PQ = QR = &o., = 2flj7r = c (suppose) ; i. e. the 
intercepts between any two consecutive branches of the spiral 
are of constant length. 

Again, let OQ = n, OE = ra = n + c, and the area between 
the two corresponding branches is 

- [(r.' - ri') dO = c [r^dB + j[d9. 

Now, suppose MN and mn represent the limiting lines, 
and let J3 and a be the corresponding values of B ; then the 
area nNMm will be equal to 

c a9d9 + -\ rf0 = -(/3-a)(aa + aj3 + c) 

Ja 2j, 2 

= ^0-«)(OJf+0«). (9) 

If j3 - a = TT, this gives for the area of the portion 
between two consecutive branches QE^Qf and RFRy inter- 
cepted by any right line RR drawn through the pole, 

-RQ. QRj i.e. half the area of the ellipse whose semi-axes 

are RQ and KQ. 

139. Another Expression for Area. — The formula 
in Article 137 still holds, obviously, when AB and ah repre- 
sent portions of different curves. 

It is also easily seen, as in Art. 132, that if a point be 
supposed to move round any closed boundary, the included 

area is in all cases represented by - r^dB^ taken round the 

entire boundary, whatever be its form ; the elementary angle 
dB being taken with its proper sign throughout. 

Again, if we transform to rectangular axes by the rela- 
tions a; = r cos 6, y = r sin 0, we get 

X OOB^O or 

Hence r^dB = xdy - ydx ; 

[13 a] 
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and the area swept out by the radius vector is represented by 
the integral 



i I {xdy - ydx), 



taken between suitable limits ; a result which can also be 
easily arrived at geometrically. 

140. Area of Elliptic Sector. Iiambert's Tbeo- 
rem. — ^It is of importance in 
Astronomy to be able to express 
the area AFP swept out by the 
focal radius vector of an ellipse. 
This can be arrived at by inte- 
gration from the polar equation 
of the curve; it is, however, a 
more easily obtained geometri- 
cally. 

For, if the ordinate PN be produced to meet the auxiliary 
circle in Q, we have 




N A 



Fig. 16. 



axea, AFP = - x area AFQ = ^{ACQ - CFQ) 



ah . . . 

— iu - e sm«), 



(io> 

where w = Z.-4C7Q. 

By aid of this result, the area of any elliptic sector can be 
expressed in terms of the focal distances of its extremities^ 
and of the chord joining them. 

For (Fig. 17), let Qi^P re- 
present the sector, and let 
jy = p,jPQ = /o',PQ = 8; then, 
denoting by u and u^ the eccen- 
tric angles corresponding to a 
P and Q, the area of the sector 
QJIP, by ( I o) , is represented by 

ahi 




F M ir A 



Fig. 17. 



— Jfi - f/ - ^(sinw - Binfi')|. 
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We proceed to show that this result can be written in 
the form 

— {^ - 0' - (sin^ - sin^')). (11) 

where ^ and 0' are given by the equations 

ri^* = i£IZB, sin .1' = i /eIZZ« 

2 2S a 22\a 

For, assume that and ^' are determined by the equations 

u - 1/ = ijt - ^% ^(sinfi - sin«') = sin^ - sin^'. (a) 

The latter gives 

. w - w' « + t«' .0-0' 0-^-0' 

e sm cos = sm - — ^ cos-^^ — -- , 

2 2 2 2 

.... « + w' + 0' 

or by the former, e cos = cos - — ^. 

Again, since the co-ordinates of P and Q are a cos u^ 
£ sin ti, and a cos t/, i sin t^', respectively, we have 

8* = a*(cos« - cost*')' + 6'(sin« - sine*')* 



./ / / 



= 4sm" — -^ — (a*sm*— ^;^ — + ^*cos' ] 



= 4a' sm* I - r cos 



,uj^\ 



« 4a' sm'^- — ^ sm'-=- — - ; 
2 2 

.'. S « 2a sin ^ — — sin ^ — ^ = a (cos 0' - cos 0). (i) 

Again, from the ellipse, we have 

p = a(i - ecoBujy /o' = a(i - ^cosw'), 

, / /v f* + w' w - n' 
•*. p + p = 2a-ae{cosw + coswj = 2a-2a^cos cos 

2 2 

f= 2a - 2acos? — -- cos^ — - = 2a'- a(co80 + cos0'). (c) 
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Henoe, adding and subtracting {h) and (c), we get 

- — ' =» 2 (I - OOB0) = 4 sin'-, 

- — = 2 (i - cos ) = 4 sin' — , 

a 2 

which proves the theorem in question. 

Consequently, the area* of anf/ focal sector of an ellipse can 
be expressed in terms of the focal distances of its extremities^ of 
the chord which Joins them^ and of the axes of the curve, 

141, We next proceed to an elementJary principle which 
is sometimes useful in determining areas, viz. : — 

The area of any portion of the curve represented by the 
equation 



<i- f ) ■ 



is ab times the area of the corresponding portion of the curve 

F{x,y) =c. 
This result is obvious, for the former equation is trans* 

X 1/ 

formed into the latter, by the assumption '- = a^, r = y' ; and 
hence ydx becomes abxfdx ; 

.'. ydx = ab i/d/y 

the integrals being taken through corresponding limits — a 
result which is also easily shown by projection. 

Thus, for example, the area of the ellipse -^ + ^ = i 

* This remarkable result is an extension, by Lambert (in bis treatise entitled : 
Insigniorea orbita cometarum proprietateSj published in 1761), of the correspond- 
ing formula for a parabola given by Euler in Miscell, Beroliny 1743. It 
fujniishes an expression for tiie time of describing any arc of a planet's orbit, in 
terms of its chord, the distances of its extremities from the sun, and tlie major 
axis of the orbit ; neglecting the disturbing action of the other bodies of the 
Bolar system. 
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reduces to that of the cirole ; and the area of the hyperhola 






to that of the equilateral hyperbola aJ» - y* = i. 

Again, let it be proposed to find the area of the curve 






The transformed equation is 






or, in polaz co-ordinates, 



^ o^cof'fl J'sin^e 
^ = — 7i — + — r-« 



IT ((f V \ 

But the whole area of this (Art. 136) is - f — + — j. 
Consequently the whole area of the proposed curve is 

It may be remarked that the equations 

represent similar curves, and their correaponding linear 
dimensions are as a\ i. Consequently the areas of similar 
curves are as the squares of their dimensions ; as is also 
obvious from geometry. 

142. Area of a Pedal Carre. — If from any point 
perpendiculars be drawn to the tangents to any curve, the 
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loouB of their feet is a new curve, oalled the pedal of the 



original (DifE. Cale., Art. 187). 

If p and w be the polar co- 
ordinates of Ify the foot of the 
perpendicular from the origin 0, ^y 
then the polar element of area of 
the locus described by iV is plainly ^j 

- — J and the sectorial area of any 

portion isaccordinglyrepresentedby 



N T 




ij;?'rfw, 



taken between proper limits. 

There is another expression for the area of a closed pedal 
curve which is sometimes useful. 

Let 81 denote the whole area of the pedal, and 8 that of 
the original curve ; then the area included between the two 
curves is ultiniately equal to the sum of the elements repre- 
sented by NTN' in the figure. 

Hence 8,^8-^ ^NTN' = 8^^ {pN'da,. (12) 

Again, by the preceding, 

8i = ~ {0N*dw. 

Accordingly, by addition, 

28i = 8-¥-{0P'd(jj. (13) 

It is easily seen that equation (12) admits of being stated 
in the following form : — 

The ft/hole area of the pedal of any closed curve is equal to 
the sum of the areas of the curve and of the pedal of its evolute: 
both pedals having the same origin. 

For, PN is equal in length to the perpendicular from O 

on the normal at P: and hence -PN^dia represents the ele- 
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ment of area of the locus described by the foot of this perpen- 
dicular, i.e. of the pedal of the evolute of the original curve. 
For example, it follows from Art. 136 that the area 0/ 



IT 



the pedal of the evolute of an ellipse is - (a - b)\ the centre 

being origin. 

143. Area of Pedal of Ellipse for any Origin. — 

Suppose to be the pedal , ^ v.n 

origin, and OJf, OJf' perpen- 
diculars on two parallel tan- 
gents to the ellipse ; draw CN a{ 
the perpendicular from the V 
centre C; let OM ^ pu OW 
=P2y CN = ;?, 0(7 = c, L OCA 
= a, lACN ^ w ; then ^, 

Fig. 19. 

Pi = MD - OD ^p - c cos (cii - a), 

P2 =p + CC0s(w - a). 

Again, the whole area of the pedal is 

- (jpi^ + p2^)dw « fi?' + c'cos'(w - a)]du> 

^d(o + c' I cos' (w - a) rfto* = - (a' + 6' + c*). (14) 




= p^d(o + c' 



That is, the area of the pedal with respect to as origin 
exceeds the area of its pedal with respect to C by half the 
area of the circle whose radius is OC. 

If the origin lie outside the ellipse, the pedal consists 
of two loops intersecting at and lying one inside the other; 
and in that case the expression in (14) represents the sum of 
the areas of the two loops, as can be easily seen. 

The result established above is a particular case of a 
general theorem of Steiner, which we next proceed to 
consider. 

144. Stelner's Theorem on Areas of Pedal Curves. 
Suppose A to be the whole area of the pedal of any closed 
curve with respect to any internal origin 0, and A' the area 



/ 



/ 



/ 
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of its pedal with respect to another origin ff ; then, if p and 
p' be the lengths of the perpendiculars from and (X on a 
tangent to the curve, we have 

I r^» I f' 

^ = - p'dioy ^' = - p'^dio. 

2 Jo 2 Jo 

Also, adopting the notation of the last article, 

p' -p - (?cos(ci> - a) =p - aroosw - ^^sinw; 

where a?, y represent the co-ordinates of (/ with respect to 
rectangular axes drawn through 0. Hence we get 

-4' - -4 = - (a?cosci> + ysinw)'rfai 

2 Jo 

-a? 7?coswrfci>-y p6inci>(/(u. 

r2ir r2ir ^ ran- 

But cos^oitfcu- TT, I sin^((i)c/(i> = 7r, sin(iicos(ii£?ai = o. 

Jo Jo Jo 

r2ir rzjr 

Also, for a given curve, poostjjdto and jt? sin oiefoi are 

Jo ^ .Jo 

constants when is given. Denoting their values by g and 
A, we have 

A'-A^'^{ji^ + f)-gx-hf/, (15) 

2 

This equation shows that if be fixed, the locus of the 
origin (/, for which the area of the pedal of a closed curve is 
constant J is a circle* The centre of this circle is the same, 
whatever be the given area, and all the circles got by varying 

the pedal area are concentric. 

* 

* It can be seen, without difficulty, from the demonstration given aboye, 
that when the curve is not closed, the locus of the origin for pedals of equal area 
is a conic: a theorem due to Prof. Kaabe, of Zurich. See CreUe*a Journal^ 
vol. 1., p. 193. 

The student will find a discussion of these theorems by Prof. Hirst in the 
Tranmetiofm of the Royal Society, '363, in which he has invejsfipjated the corre- 
sponding relations connecting the volumes of the pedals of suifaces. 



area 
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If the origin be supposed taken at the centre of this 
circle, the constants g and h will disappear ; and, in this case, 
the pedal area is a minimum, and the difference between the 
areas of the pedals is equal to half the area of the circle whose 
radius is the distance between the pedal origins. 

For example, if we take the origin at the centre, the 
pedal of a circle, whose radius is a^ is the circle itself. For 
any other origin the pedal is a lima^on; hence the whole 

of a lima9on is 7r[ a* + — j, as found in Art. 136, Ex. 5. 

145. Areas of Roulettes on Reetilinear Bases. 

The connexion between the areas of roulettes and of pedals 
is contained in a very elegant theorem,* also due to Steiner, 
which may be stated as follows : — 

WJien a closed curve rolls on a right linCy the area between 
the right line and the roulette generated in a complete revolution 
by any point invariably connected with the rolling curve is double 
the area of the pedal of the rolling curve, this pedal being taken 
with respect to the generating point as origin. 

To prove this, suppose to be the describing point in any 




Fig 10. 

position of the rolling curve, and P the corresponding point 
of contact. Let (/ represent an infinitely near position of the 
describing point, Q' the corresponding point of contact, and Q 



* See Crelle*a Journal^ vol. nsX. The correspondinp: theorem of Steiner 
connecting the lengths of roulettes and pedals will be given in tlie next Chapter. 

By the area of a roulette we understand the area between the roulette, the 
base, and the normals drawn at the extremities of one segment of the roulette. 
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a point on the curve suoh that PQ = PQ^ ; then Q is the point 
which coincides with Q in the new position of the rolling 
curve ; and, denoting the angle between the tangents at P 
and Q (the angle of contingence) by cfw, we have OPO' = ffw, 
since we may regard the curve as turning round P at the in- 
stant (DiflP. Calc, Art. 275). 

Moreover, QQ' ultimately is infinitely small in comparison 
with QP, and consequently the elementary area OPQ^Cf is 
ultimately the sum of the areas POCf and Q^OP^ neglecting 
an area which is infinitely small in comparison with either of 
these areas. 

Again, if OP = r, we have POCf = , and area QffP 

= QOP in the Umit. 

Also the sum of the elements QOP in an entire revolu- 
tion is equal to the axes, (S) of the rolling curve. Conse- 
quently the entire area of the roulette described by is 

But we have already seen (13) that this is double the area of 
the pedal of the curve with respect to the point ; which 
establishes our proposition. 

Again, from Art. 144, it follows that there is one point in 
any closed curve for which the entire area of the correspond- 
ing roulette is a minimum. Also, the area of the roulette 
described by any other point exceeds that of the minimum 
roulette by the area of the circle whose radius is the distance 
between the points. 

For instance, if a circle roll on a right line, its centre de- 
scribes a parallel line, and the area between these lines after 
a complete revolution is equal to the rectangle under the 
radius of the circle and its circumference ; i.e. is zwa^ ; denot- 
ing the radius by a. 

Consequently, for a point on the circumference, the area 
generated is 2ira* -h Tra*, or 37ra' ; which agrees with the area 
found already for the cycloid. 

In like manner, by Steiner's theorem, the area of the or- 
dinary cycloid is the same as that of the cardioid : and the 
area of a prolate or curtate cycloid the same as that of a 
limacon. 
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Again, if an ellipse roll on a right line, the area of the 
path described by any point can be immediately obtained. 

For example, the pedal of an ellipse with respect to a focuB 
is the circle described on its axis major. Hence, if an ellipse 
roll upon a right line^ the area of the roulette described hy its 
focus in a complete revolution is double the area of the auxiliary 
circle. Also, the area of the roulette described by the centre 
of the ellipse is equal to the sum of the circles described on 
the axes of the ellipse as diameters, and is less than the area 
of the roulette described by any other point. 

146. Cfeneral Case of Area of Roulette. — If the 
curve, instead of rolling on a right line, roll on another 
curve, it is easily seen that the method of proof given in the 
last article still holds ; provided we take, instead of c?w, the 
sum of the angles of contingence of the two curves at the 
point P. 

Hence the element of area OPO" is in this case 

' 0]^du> (i + ^\ or - OP^da, (i + ^\ 

2 V dwj 2 \ pj 

where p and p^ are the radii of curvature at P of the rolling 
and fixed curves, respectively. 

Hence it follows that the area between the roulette, the 
fixed curve, and the two extreme normals, after a complete 
revolution, is represented by 




If a closed curve roll on a curve identical with itself, 
having corresponding points always in contact, the formula 
for the area generated becomes 

8 + jr'dw. 

In this case the area generated is four times that of the 
corresponding pedal ; a result which appears at once geome* 
trically by drawing a figure. 
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Examples. 

I. If ^ be the area of a loop of the curve r*» = a"* cos mO, and Ai the area 
of its pedal with respect to the polar origin, prove that 



-(-") 



It is easily seen, as in Diff. Calc, Art. 190, that the angle between the radius 
vector and the perpendicular on the tangent is mS ; and .*. w s (m+ i)0 
Hence, by Art. 142, 

2A1 -A± jr^de = (m + 7) A, 



2. If a circle of radius b roll on a circle of radius a, and if A denote the 
area, after a complete revolution, between the fixed circle, the roulette described 
l)y any point, and the extreme normals ; and if A* be the area of the pedal of 
the circle witii respect to the generating point, prove that 

■ 

' Aa + Bb^ 2{a+ b)A\ 

wbere B is the area of the rolling circle. 

3. Apply this result to find the area included between the fixed circle and the 
Arc of an epicycloid extending from one cusp to the next. 

147. Holditch's Theorem.* — If a line CC of a given 
length move with its extre- 
mities on two fixed closed 
curves, to find, in terms of 
the areas of the two fixed 
ourves, an expression for the 
whole area of the curve gene- 
rated, in a complete revolu- 
tion, by any given point P 
situated on the moving line. 

Let CP = c, PC^ = c\ and suppose (^Ti, yO, (a?, y), and 
(^2> 3/2) to be the co-ordinates of the points C, P, and C\ re- 
spectively, with reference to any rectangular axes. 




Fig. 21. 



* This simple and elegant theorem appeared, in a modified form, as the 
Prize Question, by Mr. Holditch, under the name of "Petrarch," in the Lady's 
and Gentleman's Diary for the year 1858. The first proof given above is due to 
Mr. Woolhouse, and contains his extension of Mr. Holditch s theorem. 
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Then, if be the angle made by CO' with the axis of y, 
we have evidently 

a?i = a? - c sin ©, yi = y - c cos ©, 

iTa = a? + c' sin ©, y-i-y -^ c' cos ©. 
Hence we have 

yxdxi = y tfoj - c cos © (efo + ydf[) + c^co&^OdO ; 
yattez = y^ + c' cos (da? + yrfO) + (j'' oo&^OdO. 

Multiplying the former equation by c\ and the latter by c, 
and adding, we get 

c'yidxi + cy^dxi = (c + c') ydx + (c + c') cc' cos' 0dfl ; 

.'. c' lyidxx + cjyidxz = (c + c')jydx + {c + c')cc jcos^OdO. 

If we suppose the rod to make a complete revolution, so 
as to return to its original position, and if wo denote by (0), 
((/'), (P), the areas of the curves described by the points 
Cy C\ and P, respectively, we shall have (since in this case 
the angle revolves through 2ir) 

c'{C) + c{C') = (c + c')[P) + ^(c + c')cc\ 

d(C) + c{C') .^^ , , ^^ 

or ' / = (P) + Tree . (i6) 

This determines the area (P) in terms of the areas (<7), 
((/') and of the segments c, c\ 

When the extremities C, C" move on the same identical 
curve we have [C) = (C), and hence {C) - (P) = Trcc\ 

Consequently, if a chord of given length move inside any 
closed curve, having a tracing point P at the distances c and 
o' from its ends, the area comprised between the two curves is 
equal to irccf. 

More generally, if the extremities C, C move on curves 
of equal area, we have, as before, 

(C) - (P) = ^c<f. (17) 

Should the extremities, instead of revolving, oscillate 
back to their former positions, then {C) = o, (C) = o, and 
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.-. (P) = - ircc. The negative sign implies that the area is 
described in a direction contrary to that in which the rod re- 
volves. 

Again, if the rod returns to its original position after 
n revolutions, the limits for become o and 2nny and equa- 
tion (i 6) becomes 

^^7y = (P) + nncc . (i8) 

If (C) = (C), this gives 

(C) - (P) = nirc/. (19) 

If the line oscillate back to its former position, without 
making a revolution, we have n = o, and (19) becomes 

(C) = (P). 

Hence, in this case, if two points describe curves of equal 
area, then any point on the line joining these points describes 
a curve of the same area. 

The theorem in (16) can also be proved simply in another 
manner, as follows : — 

Let denote the point of intersection of the moving line 
CC^ with its infinitely near position ; that is to say, the point 
of contact with its envelope ; and let OP = r. Adopting the 
same notation as before, let (0) represent the area of the en« 
velope, and it is easily seen that 

((7) - (0) = i {'locyde^i r {c - rydo, 

Jo Jo 

(C) - (0) = i nocfde=^r(c'+ryde, 

Jo Jo 



(P) -(O) = ij(OP)'rf0 = i[i^rf0; 



hence 



r(O)+c((70-(c + c0(P)=^['{cXc-r)»+<(^+r)^--(c+c')r'}rf» 



as before. 
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A remarkable eztensioii of Holditoh's theorem was giyen 
by Mr. E. B. Elliott, in the Messenger of MathetnaticSf 
Pebruaiy, 1878. 

Mr. Elliott supposed the length of the moving line C'C to 
vary, but that it is in all positions divided in the constant 
ratio m : n in a point P. 

Then, if C travel round the perimeter of any closed area 
(C), and (7' move simultaneously round another area (C), the 
two motions being quite independent and subject to no re- 
strictions whatever, except that both are continuous, having 
no abrupt passage from one position to another finitely differ- 
ing from it, then P will ixavel simultaneously round the 
perimeter of another closed area {P). 

Adopting the same notation as oefore, we have 

(m + n)a? = mxi + noP2i (»» + n)y = myi + nyi ; 
.*. (w + nYydx = (wyi + ny^{mdxi + ndx^ 

= m^yxdxi + n^yzdx^ + mn {yidx^ + yidx^ 

= (m + n)(myi(&i + nya(&2) -mn(y2-yi)rf(ara-a?i). 

Integrating for a complete circuit, and dividing by (m + n), 
we have 

(m + «)(P)=«»(C) +«((?-) -^|(y,-y.)rf(^,-«0- (20) 

This result is stated as follows by Mr. Elliott : — 
Through any fixed point in the plane of a closed area S 
let radii vectores be drawn to all points in its perimeter, and let 
chords ABy parallel and equal to the radii vectores, be placed 
with one extremity A in each case in the perimeter of a closed 
area (^), and the other B on that of another {B) ; then, if 
the points Ay By travel respectively all roimd the perimeters, 
and do not in either case return to their first positions from 
the same sides as that towards which they left them ; and, if 

[14] 
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(C) represent the area describedby a point always dividing JB-4 
in the constant ratio m : w, then the areas (-4), {£), ((7), (S) 
are connected by the following relation : 

mM)^->,(^) _ mn 
^ ' m + n {m+ ny^ ^ ^ ' 

This follows immediately from (20) by altering the nota- 
tion. 

Areas described in opposite directions of rotation must be 
taken with opposite signs. 

For particular modifications in this result, as also for its 
extension to surfaces, the student is referred to Mr. Elliott's 
paper ; as also to Mr. Leudesdorf's papers in the «(ame 
Journal. 

147(a). Kempe's Theorem. — We next proceed to the 
consideration of a singularly elegant theorem* discovered by 
Mr. Kempe, and which may be stated as follows : — 

If one plane sliding upon another start from any position, 
move in any manner, and return to its original position after 
making one or more complete revolutions ; then every point 
in the moving area describes a closed curve, and the hcus^ in 
the moving plane^ of points which describe equal areas is a circle ; 
and by varying the area we get a system of concentric cit^cles for 
loci. 

This result can be readily de- 
duced from Holditch's theorem, for 
if we suppose A, B, C, to be three 
points which generate equal areas; it 
can easily be seen that any fourth 
point, 2>, which generates the same 
area, lies on the circle circum- 
scribing ABC. 

Let AB and CB intersect in P, 
then, let (P) represent the area 
described by the point P, as before ; ^^* ^^' 

and n the number of revolutions made before AB returns 
to its original position: then we have, by (19), denoting by 
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{0) the oommon area described by each of the points 

A By C, 2>, 

(C)-(P) = n7r-4P.P5, 

and^ by same theorem, 

((7)-(P) = nn-CP.PD; 

hence 

AF.FB^ CP.PD] 

oonsequently -4, P, (7, D, lie on the circumference of the 
same circle. 

Again, let be the centre of this circle, and join OP and 
OAf then the preceding equation gives 

A 

{C) - {P) = mr{OA^ - OP'). 

Hence all points which describe an area equal to that of 
(P) lie on a circle, having for centre, and OP iov radius, 
which establishes the second part of the theorem. 

For the effect of two or more loops in the area described 
by a moving point see Art. 132. 

148. Areas by Approximation. — In many cases it is 
necessary to approximate to the value of the area included 
within a closed contour. The usual method is by drawing a 
convenient number of parallel ordinates at equal intervals ; 
then, when a rough approximation is sufficient, we may 
regard the area of the curve as that of the polygon got by 
joining the points of intersection of the parallel ordinates 
with the curve. Hence, if A be the common distance between 
the ordinates, and if 

!/oy t/iy ^2, &0., yn, 

represent the system of parallel ordinates, the area of the 
polygon, since it consists of a number of trapeziums of equal 
breadth, is plainly represented by 



[14 a] 
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Hence the rule : add together the halves of the extreme 
ordinates, and the whole of the intermediate ordinatesy and 
multiply the result hy the common interval. 

When a nearer approximation is required, the method 
next in simplicity supposes the curve to consist of a number 
of parabolic arcs ; each parabola having its axis parallel to 
the equidistant ordinates, and being determined by three of 
those ordinates. 

To find the area of the parabola passing through the 
points whose ordinates are y^^ y^ y^) let y = a + jSa? + 7a?* be 
the equation of the parabola, and, for simplicity, assume the 
origin at the foot of the intermediate ordinate yi^ then we 
have 

^0 = a - /3A + yh^y yy = a, 2^2 = a + /3A + yh^. 

Again, the area between the first and third ordinate is 
(a + /3a; + 70;*) dx =2^(0 + 7 — ). 
But y^-yy^^ 2yi + lyh^ : hence the area in question is 

- Wo + 4^1 + y2] 

Now, if we suppose the number of intervals n to be even, 
and add the different parabolic areas, we get, as an approxi- 
mation to the area, the expression 

- {yo+2^» + 4(yi + ^3+ &0.+y«_l) + 2(y8 + y4+&0. +2^«-3)}. 

o 

Hence the rule : add together the first and last ordinates^ 
twice every second intermediate ordinate, and four times each 
remaining ordinate ; and multiply by one-third of the common 
interval. 

We get a closer approsdmation by supposing the number 
of equal intervals a multiple of 3, and regarding the curve 
as a series of parabolae of the third degree, each being 
determined by four equidistant ordinates. To find the area 
corresponding to one of these parabolic curves, let ^0,^1,^2, ys 
be four equidistant ordinates, and for convenience assume 
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the origin midway between yi and ^2 ; then if the equation 
of the parabolic curve be 

y = a + fix + ya^ -^ Sit^y 

and the common interval on the axis of x be denoted by 2/1, 
we have 

yo = a - 3j3A + gyh'^ - 278/*^ 

yi = a - /3A + 7A* - 8AS 

2/2 = a + jSA + 7/i* + Sh\ 

ys = a + 3/3A + 97A* + 278^^ 

Hence yo + ys = 2 (a + 97A*), yi + ya - 2 (a + 7^'). 
Again, the parabolic area between yo and ys is 

(a + /3;2? + y^iJ^ + &j')tte = 3^ (2a + 67 A*). 

Substituting in this the values of a and 7 obtained from 
the two preee£ng equations, the expression for the area 
becomes 

^li/o + yz-^ 3{yi-^t/2)]> 
4 ' 

If the corresponding expressions be added together, we 
easily arrive at the following rule :* — Add together the first 
and last ordinates, twice every third intermediate ordinate, and 
thrice each remaininjg ordinate ; and multiply by -g^ths of the 
common interval. 

It is readily seen that these rules also apply to the ap- 
proximation to any closed area, by drawing a system of lines, 
parallel and equidistant, and adopting the intercepts made by 
the curve instead of the ordinates, in each rule. 

Since every definite integral may be represented by a 

* This and the preceding are commonly called ** Simpson's rules " for cal- 
culating areas ; they were however previously noticed by Newton (see Opuscula, 
Method, Biff., Prop. 6, scholium) as a particular application of the method of 
interpolation. By taUng seven equidistant ordinates, Mr. Weddle (Camb. and 
Bub, Math, Jour,, 1854), obtained the following simple and important rule for 
finding the area: — To Jive times the sum of the even ordinates add the middle ordi' 
nate and all the odd ordinates, multiply the sum by three-tenths of the common 
interval, and the product will be the required area, approximately. The proof, 
which is too long for insertion here, will be found in Mr. Weddle's memoir : 
and also, with applications, in Boole's Calculus of Finite Bifferences. The student 
is referred to Bertrand's Calc. Int., 1. i, ch. xii., fur more general and accurate 
methods of approximation by Cotes and Gauss. 
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ourvilinear area, the methods given above are applicable to 
the approximate determination of any suoh integral. 

In practice the accuracy of these methods is increased by 
increasing the number of intervals. 

149. Planimeters. — Several mechanical contrivances 
have been introduced for the purpose of practically estimating 
the area inclosed within any curved boundary. Such instru- 
ments are called Flanimeters. The simplest and most elegant 
is that of Professor Amsler of Schaff hausen. It consists of 
two arms jointed together so as to move in perfect freedom in 
one plane. A point at the extremity of one arm is made a 
fixed centre round which the instrument turns ; and a wheel 
is fixed to, and turns on the other arm as an axis, and records 
by its revolution the area of the figure traced out by a point 
on this arm. From its construction it is plain that the re- 
volving wheel registers only the motion which is perpendi- 
cular to the moving arm on which it revolves. 

In the practical application of the instrument it is neces- 
sary that the two arms, CA and AB^ should return to their 
original position after the tracing point B has been moved 
round the entire boundary of the required area. 

We shall commence by showing that the length registered 
by the wheel in a complete revolution is independent of its 
position on the moving arm ; i.e. is the same as if the wheel 
be supposed placed at the joint. 

To prove this, suppose P to represent the point on the 
arm at which the centre of the 
revolving wheel is situated. Let 
A'B^ represent a new position of 
AB very near to ABj and P' the 
corresponding position of the 
point P. Draw PiVperpendicular 
to A'B^ ; then PN represents the 
length registered by the wheel 
whUe the arm moves from AB to 
the infinitely near position AB^. 

Next, draw AN perpendicular, 
and AL parallel, to A'B. 

JjetPN^ds^AN'^ds.AP^c, ^ «« ., 

PAL ^d(t>; then PN^^' PL + AN\ ^* ^* 

or (U = ds -\- c rf0. 
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Now, if we suppose AB after a complete oirouit of the 
curve to return to its original position, we have obviously 
S (fl^^) = o ; and therefore S {diT} = 2 (dn) , i.e. the whole length 
registered by the revolving wheel at P is the same as if it 
were placed at A. 

Next, let X and y be the co-ordinates of B with respect to 
rectangular axes dravni through C, and let AC = at, AB = b, 
L ACX = ; and suppose ^ tne angle which BA produced 
makes with the axis of x ; then we shall have 

X '^ a oosO + i cos ^, y « a sin d + 6 sin ^. 

Hence xdt/ - ydx = a^dO + Vd^ + ab cos (fl - 0) fl?(fl + 0). 

Also d8 = -4i\r' - ^^' sin-4^'JV^ ^ add 00^(6- i>). 

But e + = 2© - (0 - 0) ; 

/. ab GOB {6 - <l>)d{0 + 0) 

= 2ab cos(© - 0)fl?0 - ab cos(fl - 0) d{0 - 0) 

= 26tfe - ab cos (6 - 0) rf(0 - 0). 

Consequently 

iP^y - ydxi^a^dQ -vb^d^-^-ibda-ab cos(0 - 0) (/(0 - 0). 

But, by Art. 139, the area traced out by £ in a complete 
revolution is represented by -J- (a;rfy - ydx) taken around the 

entire curve. 

Also, since AC and AB return to their original positions, 
the integrals of the terms a^dBy Vdtp and ab cos ((^ - 0) rf(fl - 0) 
disappear ; and hence the area in question is equal to bS^ where 
8 denotes the entire length registered by the revolving wheel. 

On account of the importance of the principle of this in- 
strument, the following proof, for b 
which I am indebted to Prof. Ball, 
based on elementary geometrical 
principles, is also added. 

Let (7, Ay 5 represent, as before, 
the positions of the fixed centre, the 
joint, and the tracing point, respec- 
tively ; and suppose R to represent 
the position of the roller, or revolv- 
ing wheel ; then draw CP and B8 
perpendicular to AB. 




Fig. 24. 
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Areas of Plane Cut^vea. 



Let 



AC = a, AB^by AR^l, BC^r. 



Now, if the instrument be rotated about C througb an 
angle Q without altering the angle CAB^ it is easily seen 
that the eiroumf erenoe of the roller is rotated through an arc 
represented by 

Again, if the instrument be rotated about 8 through a 
small angle the roller does not revolve. 
Hence a curve can be drawn through By 
such that, if the tracing point B be 
moved along it, the roller will not 
revolve. 

Now, let X/x, XV ^® the two adjacent 
circles described with C as centre, and 
suppose aa and /3j3' two adjacent non^ 
rolling curves, such as just stated : and 
suppose the tracing point B to move 
round the indefinitely small area aafiji : then the arc through 
which the roller has turned is represented by 




Fig. 25. 



(- 



fl' + P - r^' 



2b 



8«.(,,fll*^-(--S'')' 



2b 



se 



— ; — = area of — V-^, 



since afi = rSO; and.8r = aa sin j3. 

Now suppose the instrument works correctly for the area 
WWay then it will work correctly for the area XX'j3'/3 ; for, 
start from a to X, X', a', then the area aXX'a' must be regis- 
tered, since the roller does not turn in moving from a^ to a ; 
proceed then from a' to (i\ /3, a, then, by what has been just 
proved, the area a'/373a will be added. Hence the instrument 
will work correctly for the strip XX'/xV« 

Again, suppose the instrument works correctly for the 
area X/u/o, then it will work correctly for X'/uV ; for suppose 
we start from X to p, ju, and back to X : then start from A to 
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/u, ju^ X' a^d A ; the two journeys from X to /tx and /u to X 
will neutralize each other, and it follows that if the instrument 
works correotly for the area X/u/o, it will work correctly for 
the area Xj/p : hence, if the instrument works correctly for 
any portion of the area, however small, it works correctly for 
the entire area. 

The student will find a description of Amsler's Planimeter, 
with another mode of demonstration, in a communication by 
Mr. F. J. Bramwell, O.E., to the British Association. — See 
Eeport, 1872, pp. 401-412. 
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Examples. 
I. Find the whole area between the curre 



and its asymptotes. 




.ilfM. 2ira5 


3. Find the whole area of the curve 






fl2y* = «* (a* 


-«»). 


8a> 



3. Find the whole area of the curve 



©'*(!)'=•• 



,, -irab. 
4 



4. Find the whole area included between the folium of Descartes 

and its asymptote. Ans. ^—. 

5. In the logarithmic curve y « a*, prove that the area between the axis of 
X and any two ordinates is proportional to the difference between the ordinates. 

6. Find the area of a loop of the curve 

r = acoBn0. Ans, — • 

n 

7. Find the area of a loop of the curve 

r = aco8»d + ^sinnd. „ (a«+i*) -. 

The equation of the curve may be written in the form 

r = \/a^ + *2 cog ^„0 ^ ^)^ 

where tan a = ; and consequently its area can be found from the preceding 

example. 

S. Find the area of a loop of the curve 

r* = a' cos «d + ** sin nO. Ans. ^ . 
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9. Find the area of fhe tractrix. 

The chATacterifltic property of the tiactrix is that tiie intercept on a tang^ent 
to the ciure between its point of contact and a fixed right line is constant. 

Denoting the constant by a, and taking the origin at the point for which 
the tangent OA is perpendicular 

to the axis, we have, P being ^^ 

any point on the curve 



^=-tanPTiV=- 



-/«--!/«* 




Fig. 26. 



.-. ydx =s — v^a* — y'<?y. 

Hence tiie element of the area of 
the tiactrix is equal to that of 
a circle of radius a. 

It follows immediately that the whole area between the four infinite branches 
of the trac'trix is equal to ira'. This example furnishes an instance of our being 
able to determine tne area of a curve from a geometrical property of the curve, 
without a previous determination of its equation. 

If'the equation of the tiactrix be required, it can be derived from its differ- 
ential equation 



ete s=- 



^a« -y'^'dy 



from which we get 



X + \/ a* - ya = a log 



a + \/a2 _ yi 



That the equation of the tiactrix depends on logarithms was noticed by 
Newton. See his Second Epistle to Oldenburg (Oct. 1676). This was, I 
believe, the first example of the determination of the equation of a curve by 
integration ; or, what at the time was called the inverse method of tangents, 

10. If each focal radius vector of an ellipse be produced a constant length <r, 
show that the area between the curve so formed and the ellipse is ire (2b + e)y 
b being the semi-axis minor of the ellipse. 

1 1. Find the area of a loop of the curve r" = <i* cos »9. 



Ane, 






1 2. If a right line carryuip^ three tracing points A, B, (7, move in any manner 
ia a plane, returning to its original position after making a complete revolution ; 
and if M), {B)j (C) represent the entire areas of the closed curves described by 
the poiQts A, JS, Cy respectively, prove that 

£Cx {A) + CAx {B)+ABx (C) ■\-t.AB.BC. CA^o, 

in which the lines AB, BC, &c., are taken with their proper signs ; i.e., 
AB SB — BA, &c. 



220 ExampUa. 

13. Af B^ Cy DtWQ four points rigidly connected together, and moving in 
any way in a plane ; if they describe closed curves, of areas {A), {B), (C)^ (D), 
respectively ; and if x, y^ z, be the areolar co-ordinates of J) referred to the 
triangle ABC, prove that 

(2)) = xU)+y(^)+a((7)-ir«S 

where t is the length of the tangent from i> to the circle circumscribed to the 
tnajigle ABC. Mr. laGudesdoiit Measenffer of MathematieSy iZyZ, 

This follows immediately : for let P be the point of intersection of the lines 
AB and CD, then, by (18), we get a relation between (A), (J?), and {P) ; and 
also between ((7), (D), and (P). If P be eliminated between these equations we 
get the required result. 

14. Show that a corresponding equation connects the areas of the pedals of 
any given closed curve witii respect to four points A, B, C, D, taken respectively 
as pedal origin. Mr. Leudesdorf. 

15. If a curve be referred to its radius vector r and the perpendicular p on 
the taagent, prove that its area is represented by 



■II 



prdr 



v/r2- 



nH 



16. A chord of constant length (e) moves about within a parabola, and 
tangents are drawn at its extremities ; find tiie total area between the parabola 
and the locus of intersection of the tangents. 



Ant, — . 

2 



17. ^From the centre of an ellipse a tangent is drawn to a semicircle 
described on an ordinate to the axis major ; prove that the polar equation of the 
locus of the point of contact is 



r« = 



fl2*» 



ft2+(a^+a»)tan»d' 
and that the whole area of the locus is 

IT aH 



18. Apply the three methods of approximation of Art. 148 to the calculation 

1'^ dx I 
, adopting — as the common 
I +ic 12 

interval in each case. Atu. (i), .69^669. (2], .693266. (3], .693224. 

The r'ial value of the integral being log 2, or .693147, to the same number 

of decimal places. 

1,9. Prove that the sectorial area bounded by two focal vectors r and r* of a 
parabola is represented by 

f(('-^')'-r-^')'i' 

where c is the chord of the arc, and a the semiparameter of the parabola. 
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20. Show that the whole area of the inyerso of the ellipee — + t;; = i is- 
represented by 



( 






where a, /9) are the co-ordinates of the origin of inyersion, and k is the radius of 
the circle 6i inversion. 

2 1. A given arc of a plane cnrve turns through a given angle round a fixed 
point in its plane ; what is the area described ? 

22. Given the base of a triangle, prove that the polar equation of the locus 
of its vertex, when the vertical angle is double one of its base angles is 

all cos 29 + f ) 

r=-i . 

2 CO6 

Hence show that the entire area of the loop of the curve is 3^m/_3 

4 

23. is a point within a closed oval curve, F any point on the curve, QPQ^ 
a strtught line drawn in a given direction such that QF = FQ^ = FO ; prove that 
as F moves round the curve, Q, (^, trace out two closed loops the sum of whose- 
areas is twice the area of the original curve. Camb, Trip. Exam., 1^74* 

24. Prove that the area of the pedal of the cardioid r = a (i - cos 9) taken 
with respect to an internal point at the distance e from the pole is 

^ (5fli - 2ae + 2<P). (Ibid. ,1876.) 



25. The co-ordinates of a point are expressed as follows : 

36 3«» . 



* = :srT-.» y = 



$3+1* ^ ^ + r 

find the equation of the curve described by the point, and the area of the portion 
of the plane inclosed thereby. 
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CHAPTER VIII. 

LENGTHS OF CURVES. 

1 50. liengtb of Carves referred to Rectangular Axes. 

The usual mode of considering the length of a curve is by 
treating it as the limit of a polygon when each of its sides is 
infinitely small. If the curve be referred to rectangular axes 
of co-ordinates, the length of the chord joining the points 

{xy y) and {x-\-dx^y-¥ dy) is v^fl^* + dy^^ and, consequently, if 
s represent the length of the curve measured from a fixed 

point on it, we shall have ds = ^dos^ + dy'^y or, integrating, 



8 = 



J' *(l)"^- ■ (■) 



taken between suitable limits. 

dij 
The value of -^ in terms of x is to be got from the equa- 

CvX 

tion of the curve, and thus the finding of s is reducible to a 
question of integration. 

The determination of the length of an arc of a curve is 
oalled its rectification. 

It is evident that if y be taken for the independent variable 
we shall have 



"if^,)"'- 



:)' 



Again, when x and y are given functions of a single va- 
riable ^, we have 



s 



I(?J^(||>* 



In each case the form of the equation of the curve deter- 
mines which of these formulae should be employed. 



The Catenary. 
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The curves whose lengths can be obtained in finite terms 
(oompare Art. 2) are very limited in number. "We proceed to 
consider some of the simplest cases. 

151. Tbe Parabola. — ^Writing the equation of the 

parabola in the form y* = 2mx. we get -— = — . 
^ ^ ay m 



Hence 



s 



4K 



•{-m^dy. 



The value of this integral can be obtained from that of 
the area of a hyperbola (Art. 130), by substituting y for x, 
and m' for - a*. 

Thus we have 



8 = 



yv/y 



+ - log ' — ^^-^ 

2m 2 ° V m 






(2) 



the arc being measured from the vertex of the curve. 

152. Tbe Catenary. — The equation of the catenary 
(Art. 131), is 



y 



Hence 



-lif-^e'^y 



dy I / ? '^ 
dx 2 



" ' '*:)•- K*-'-"^- 




dx y^"" da?) 2 V^ ■ " y Fig. 27. 

if- if-- a f - --\ 

.-. 8 =-\€f*dx->f-\e ""dx = -f e* -e *j + const. 

If 8 be measured from the vertex K, we have 

the same result as already arrived at in Art. 131. 

Again, since PL = P F, and NL is constant, it follows that 
the catenary is the evolute of the tractrix (see Ex. 9, p. 219). 
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153. Semi-eableal Parabola. — ^The equation of this 
curve is of the form ay^ = or*. 

hence ,.5; .-. | = l(?Y, | = (.-^gY; 

ax 2 \aj ax \ ^aj 

oa?\i , Saf Qx\i ,. 

i+^-]dx=—[i+^-]+ const. 
^aj 27 V 4«/ 



.*. s = 

If the arc be measured from the vertex, we get 

s 



27 (\ w ) 



The semi-cubical parabola is the first curve whose length 
was determined. Tms result was discovered by William 
Neil, in 1660. 

154. Rectlficatloii of ETolates. — ^It may be noted 
that the rectification of the semi-cubical p&rabola is an 
immediate consequence of its being the evolute of the ordinary 
parabola (see Difi. Calc, Art. 239). In like manner the 
length of any curve can be f oimd if it be the evolute of a 
known curve, from the property that any portion of the arc 
of the evolute is the diflEerence between the two corresponding 
radii of curvature of the curve of which it is the evolute. 

For example, we get by this means the lengths of the 
oydoid, the epicycloid and the hypocycloid. 

Again, since the equation of the evolute of an ellipse is 

{ax)l + {by)l = {a" - b% 

the length of any arc of this curve can be at once found. 

This can also be readily got otherwise ; for, writing the 
equation in the form 

and making x = a sin'^, we get y = (i cos'^, and 

d^ = {da^ + dp^)^ = 3 sin ^ cos^(a' sin'^ + /3' oos'^)W^ 
3(a' sin'0 + /3'cos*0)i . „ • 2. . 02 3^\ 



Exan^ks in RectifieatUm. * 225 

Hence 

8 = a V>a ^^ + const. 

If the arc be measured from the point x = Ojf/ ^ fi, we 
get the constant 



s 



-ffl ,, (a'8in'»-f<3>coB'»)>-^ 
" ^i— ^2> and 8 = ^5— jg5 . 

If a = /3, the expression for ds becomes 3a sin ^ cos 0e2^ ; 
hence we get « = - a sin^^, the arc being measured from the 
same point as above. 

EZAMPUSS. 
I. Find the length of the logarithmic curve y = of. 

dx h I 

Here logy = «loga + log0; .•.—- = -, where *= , — . 

rfy y log a 



Hence ,_f (y + y)«^ _f 9dy t l^i. 

J y J (*» + >»)»* J y(«» + 

2* Find the length of the tractrix. 

Here, by definition (see fig. 26), we have FT= a ; 

, __,-_ y , ds a 

.'. BmPI!y = -, hence -7- = — ; 
a' dy y 



l^dy_ 



.♦. « ss - a I -^ 3s - a log y + const. . 

If the arc he measured from the yertex A^ we get 

aro-4P=alog f-j. 

3. Find in what cases the curves represented by 0*»y«* s jt"*^ are rectifiable. 
Here we have 



[16] 
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Substituting b for j~, and making i ■\- bx ** = z^, this 1)ecome8 



«2a* 






""^JV b I 



This expression is immediately integrahle when — is a positive integer. 

2ffl 

Hence, if — = r, we see that curves of the form ay^ = a^^ are rectifiable. 
2m 

Again, if — be a negative integer, the expression under the integral sign 
am 

becomes rational, and can accordingly be integrated. This leads to the form 

j/ir = oa;2r-i. Accordingly, all curves comprised in the equation ay*" s=.a;«*i are 

rectifiable, m being any integer. (Compare Art. 6a). 

155. Tbe Ellipse. — The simplest expressioii for the arc 
of an ellipse is obtained bj taking ;r = a sin 0, whenoe 

y = S cos 0, and ds = {a^ cos'0 + 6' sin'^)i d^ ; 

.'. 5 = (a* cos'0 + J' sin'0)4ej?0. 
It is often more convenient to write this in the form 

a = fl (i - e* sin'^)4cf0, (3) 

e being the eccentricity of the ellipse. 

It may be observed that is the complement of the eccen- 
tric angle belonging to the point (a;, y). 

The length of an elliptic quaiLrant is represented by the 
definite integral 



n 

a\ [i - ^ sin'*^)irf0. 



We postpone the further consideration of elliptic arcs to 
a subsequent part of the Chapter. 

156. Reetificatloii in Polar Co-ordinates. — ^If the 

curve be referred to polar co-ordinates we plainly have (Diff . 
Calc, Art. i8o) efe* = rfr* + r*rf0* ; hence we get 

i+-:7:t-W^. (4) 



s = 






r* + ^ ) rffl, or « = 



^rV 
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For example, the length of the spiral of Arohimedes, r = aO, 
is given by the equation 



8 



= - (r* + el»)i dr. 



Comparing this with the formula (2) for the parabola, it 
follows that the length of any arc of the spiral, measured 
from its pole, is equal to th^t of a parabola measured from its 
vertex. 

Examples. 

1. Cardioid, r = a(i + 008 $), 

dr 
Here -r: = - a sin d, and hence 

de 



« = a J {(I + cos 0)' + an^O}^dO = 2ajeoB-d0 B4asm- + conBtaat. 

2 2 

The constant becomes zero if we measure a from the point for which 0~o, 

2. Logarithmic, spiral, r^afi. 

Here, if A = \ , we get 

log a' 

^ » d ; .-. * = C' (I + i2)»rfr = (I + A«)» (n - ro). 
dr Jro 

Accordingly, the len^ of any arc is proportional to the difference between 
the Tectors (3 its extremities ; a result which also follows immediately from the 
property that the curve cuts its radius vector at a constant angle. 

3. im-^ a^ cos wl0. 

dr 
Taldng the logarithmic differentials, we get —jr = - tan m0 ; 

.'. —zz = secm^. 

f i-» 

Hence < s a I (cos mB) d0. 

Or, writing ^ for m0y 

"^ -1 

»=-J (cos^) dip. 
This is readily integrated when - is an integer (see Art. 56). 



[16 a] 
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Wliateyer be the yaloe ol m, we can express the complete lengUi of a loop of 

the curve iu Gamma Functions. For if we integrate between o and -, we ob- 

z 

yiously get the length of half the loop. 

Hence the length of the loop (Art. 122) is 



a\/ir 



\a»t/ 



*" r 



(=^) 



157. Fommla of liegendre on Rectlficatloii. — 

Another formula* of considerable utility in reotifioation fol- 
lows immediately from the result obtained in Art. 192, Diff. 
Calo. For, if this result be written in the form 

^ =1?, we get s - ^ = lpdf»). (5) 

Consequently, the total increment of 8 - ^ between any two 
points on a curve is equal to Ipdia teiken between the same 
two points. 

For example, in the parabola we have p = , and 

^ '^ cosw 

hence 

s-t-a\ — — = a log tan (- + -) + const. 
Joosw ° \4 2 J 

If we measure the arc from the vertex of the curve, and 

dt) 
observe that ^ = j-> ttifi gives 



a smcu 

8 = - 

COS 



mw - 1 fv w\ 
-r— +« log tan - I- - . 



The student can without difBiculty identify this result with 
that given in Art. 151. 



* This theorem is due to Legendre. See l^aitS det Fonctions EUiptiqueSy 
tome ii., p. 588. 
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It fihould be observed tbat when the ourve is closed, its 
whole length is, in general, represented by * 



t 



pdia. 



Equation (5) furnishes a simple method of expressing the 
intrinsic equation of a ourve, when we are given its equation 
in terms of ^ and to. 

For, if ^ =/(w) we have 



8 



= £+[i,</«=/(«) + j/Mrf«, 



(6) 



taken between suitable limits. 

158. Application to Ellipse. Fagnani's Tbeorem. 

In the ellipse we have 

p^ = fl* cos'oi'+ V sin^oi. 

Hence, measuring the arc 
from the vertex Ay and observ- 
ing that in this case P-ZV is to be 
taken with a negative sign, we 
have 




Fig. 38. 



arc AP + PN = T (a' cos' w + V sin' w)^ rfw, 

where a = lACN. 

But, in Art. 155, we have found that if ^ be measured 
from the vertex £, the arc is represented by 



I 



(a* cob'0 + h^ sin'0)irf0. 



Consequently, if we make L BCQ = a = L ACN^ and draw 
Qif perpendicular to the axis major meeting the curve inP^, 
we shall have 

arc PP' = arc ^P + Pi^, 



or, taking away the common arc PP^^ 

BP-AF^ PN. 



(7) 
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This remarkable result is known as Fagnani's Theorem*, 
and shows that we can in an indefinite number of ways find 
two arcs of an elUpse whose difference is expressible by a right 
line. 

We add a few properties connecting the points P and P' 
in this construction. 

Examples. 

1. 11 {Xt y) and {of, y') be the co-ordinates of P and F\ respectiyely ; prove 
the following : — 

(i). FN=^ , (a). PiV= F'N', (3). CN . CN' = CA . CB, 

a 

(4). cpa + CN'^ = 042+^^=0^^+ cm. 

2. Divide an elliptic quadrant into two parts whose difference shall be equal 
to the difference of die semiaxes. 

This takes place when P and P' coincide ; in which case CN- v ad, and 
FN=^ a-b. 

We shall designate the point so determined on the elliptic quadrant as Fag- 
nani's point. 

3. Show that if a tangent be drawn at Fagnani's point, the intercepts 
between its point of contact and its points of intersection with the axes are 
respectively equal in length to the semi-axes of the ellipse. 

4. If the lines PiV and P'N be produced to meet, show that they intersect 
on the confocal hyperbola which passes through the points of intersection of l^e 
tangents to the ellipse at its vertices. Show also that this hyperbola cuts the 
ellipse in Fagnani's point. 

* Fagnani, Giomale d$\Zetterati tP Italia , 17 16, reprinted in his Froduzioni 
Matematichey 1750. It may be noted that if we integrate the equation of Art. 
116, Diff. Cale.y taking the angle C as obtuse, and adopting zero for the lowest 
limit in each integral, we obtam 

I \/i — k^ sia*fl dla + I ^ \ ~ k^ sin^i dh 

~ 1 \/ 1 — A-2 ^asi^cdc + A;' sin a sin 6 sin c, 

J 

where Jt is defined by the equation sin C' = A; sin r, and a, b, care connected by 
the relation 

cos c = cos a cos b - tana sinby i - k* sin^c. 

This equation furnishes a relation between three elliptic arcs, from which 
Fagnani's theorem can be readily deduced, as well as many other theorems con- 
nected with such arcs. See Legendre, Fone. ElHp, , tome i., ch. 9. 



. f •»■ - ' -^ _ — ^ 



The Hyperbola, 

The equation of FN is 

r sm + y cos = v^a« siii*^ + 6* cos-0, 
and that of P'2V' is 
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a; cos 9 v sia 
+ . = I. 







If we eliminate 0, we get 






which represents the hyperhola in question. 

159: Tlie Hyperbola. — In the hyperbola we have 

^2 = a'oos*w - J'sin'w. 

Henoe, measuring the arc from the vertex A of the ourYe, 
we find, since (o is measured below the axis, 



PIf- AP = ["(a'cos'o) - J*sin»w)4rfw, 



(8) 



where a * z^ ACN". 

As we proceed along the hyperbola 
the perpendicular p diminishes, and 
vanidies when the tangent becomes 
the asymptote. 

Moreover, as the limit of to in this 

case becomes tan~^ r 9 it follows that the 



difference between the asymptote and 

the infinite hyperbolic arc, measured 

from the vertex, is represented by the 

definite integral 




1 



A. « 

tan-i— 




(a' cos' 01 - 6'^sin*ci>)irftoi. 
Examples. 



1. Jia>iy proTe that 

/(a + b cos ip)^d<i> 

is represented by an elliptic arc, and that the semiaxes of the ellipse are the 
greatest and least values of (a + ^ cos ^)K 

2. li a<b, prove that 

/ (a + d cos 0)i d^ 

is represented by the difference between a right line and a hypeibolic are. 
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1 60. lianden's Tbeorem on a Hyperliolic Arc. — 

We next proceed to establish an important theorem, due to 
Landen;* namely, that any arc of a hyperbola can be expressed 
in terms of the arcs of two ellipses. 

This can be easily seen as follows: — ^In any triangle, 
adopting the usual notation, we have 

c = aoosB + boo^A. 

Now, representing by C the external angle at the vertex 
(7, we have C ** A -^B, and hence 

cdO= {aoosB + biX)&A)dA + (acos5 + booBA)dB. 

Oonsequently, supposing the sides a and b constant, and 
the remaining paxts variable, we have 



\cdC^\a 



00s Bd A + 
or 



b ooB AdB + 2a sinB + const., 



jv^fl' + J' + 2abooB CdC^ L/W^^W^A dA^WV-a^mi^B dB 

+ 2asin-B + const. (9) 

Now, if we suppose o > S, a/«* - J' sin '-4 dA represents 
(Art. 155) the arc of an ellipse, of axis major 2a and eooen- 

T p 

tridty -. Also ^V - o^wfBdB represents (Art. 159) the 

difference between a right line and the arc of a hyperbola, 

a 
whose axis major is b and eccentricity 7. 

Again, ^^c^ + i^ + 206 cosC = J{a- J)'sin'^-+ (a + J)^cos'*— , 

^ ^ ^ 



* Landen, Philosophieal Transactions^ ^11 Si also* Mathematical Memoirs, 
1780. 



^ 
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and oonsequenily the integral 



H 



* + ^* + zaboo&CdO 



represents an arc of the ellipse whose semiaxes are a + 6 and 
a - b. 

Hence, Landen's theorem follows immediately. 

It. should be noted that the limiting values of Ay B and 
C are connected by the relations 

a sin-B = J sin-4, and C = A-k- B. 

Again, if we suppose the angled to increase from o to ?r, 
the external angle C will increase at the same time from 
o to TT, while B will commence by increasing from o to a, 



a = sm^- . 



and afterwards diminish from a to o f where 

Moreover, in the latter stage 6 cos ^ is negative, and dB also 
negative, consequently the term b oosA dB is positive through- 
out the entire integration ; and the total value of 

y/b^ - c^mi^BdB is represented by 2 ^b^ -d^^ix3?BdB. 

C 
Hence, substituting ^ for — , and integrating between the 

limits indicated, we get, after dividing by 2, 

((a + 6)'sinV + {a - J)'cos*^)i^0 



Jo 



= '(a' - 6^ 8in*^)irf^ + {V - a? mi^B)^ dB. (10) 

Jo Jo 

Accordingly, the difference between the length of the asy^np- 
tote and of the infinite arc of a hyperbola is equal to the differ- 
ence between two elliptic quadrants. This result is also due to 
Landen. 

"We next proceed to two important theorems, which may 
be regarded as extensions of Fagnani's theorem. 
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i6i. Tbeorem* of Dr. CtraTes. — If from any point 
P on the exterior of two confooal ellipses, tangents PT and 
PT be drawn to the in- 
terior, then the difference 
{PT + Pr - IT) between 
the sum of the tangents 
and the arc between their 
points of contact is con- 
stant. 

For, draw the tangents 
Q8 and Q8' from a point 
Q, regarded as infinitely 
near to P, and drop the 
perpendiculars PN and Fig. 30. 

QiV'; then, siQce the conies are confocal, we have 

L PQN=L QPN'; .'. PN'' = QN. 
Also, Pr-ri2 + iJiV^-TJ2 + iiS+SJ\r-rS+SiV^ 

= rS + /SQ - QK 
In like manner 

Pr = PN' + 8'Q-r8'; 
. py ^ py/ = QS + Q8' +T8-' rS\ 

or PT +Pr- TT = QS + QS' - 88\ 

Hence, PT + PT - TT' does not change in passing to 
the consecutive point Q ; which proves that PT + PT - TT 
has a constant value. 



* This elegant theorem was arriyed at by Dr. Grayes, now Bishop of limerick, 
for the more ^^eral case of spherical conies, from the reciprocal theorem, yiz. : — 
If two sphencal conies haye the same cydio arcs, then any arc touching the 
inner will cut from the outer a segment of constant area. (See Grayes' tnmsla- 
tion of Chasles on Cones and Spherical Qmieey p. 77, Dublin, 1841.) 

It should be remarked that the theorems of tlus and of the following article 
were inyestigated independently by M. Chasles. The student will find in the 
Comptea Bendus, 1843, 1844, a number of beautiful applications by that great 
geometrician of these theorems, as well to properties of confocal conies, as also 
to the addition of elliptic functions of the first species. 



Theorem of Br. Gfraves. 
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This value can be readily expressed by taking the point 
at 5', one of the extremities 
of the minor axis of the 
exterior ellipse. Let 2) be 
the point of oontaot of the 
tangent drawn from 5', and 
drop DMy and DN perpen- 
dicidar to CA and CB, 
respectively. 

Let CA = a, CB -^ 6, 
CA=a\ CB^^Vy e the eccen- 
tricity of interior ellipse. 
Then, by Art. 155, the length of arc 




Fig. 31. 



where 



52) = «[*(! -^^sinV)*^0, 



cos a = 



Again, 



BM^CN CB b 
CB " CB' CB U 



B^B^ = B^IP + DN^ = (&' - 6 cos «)- + a' sin'a 



-(''-r)--(-^.)^ 



hence 



5'2) = ^V^&'*«6* = a'sina. 



Consequently we have 

ffD "BB-'C^Biaa-^a p(i - 6!*sinV)*rf0, 
Hence, in general, 
FT + Pr - rr = 2^^ sin a - 2a f" (i - e' sin^^)icr^, 



(II) 



where 



« = 008- (|,). 
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Fig. 3*» 



The analogous theorem, due to Professor Mao CuUagh, 
may be stated as follows : — 

162. Theorem.— If tangents FT, FT be drawn to an 
ellipse from any point on a eon- 
focal hyperbola, then the differ- 
ence of the tangents is equal to 
the difference of the arcs 2!£^and 
KT. 

The proof isleft to the student, 
and is nearly identical with that a I 
given for the previous theorem. * 

This result still holds when 
the tangents are drawn from a 
point on an ellipse to a confocal 
hyperbola, provided that the tan- 
gents both touch the same branch 
of the hyperbola; as can be seen 
without difficulty. 

As an application* we shall prove another theorem of 
Landen; viz., that the difference bettoeefi the length of the 
asymptote and of the infinite branch of 
a hyperbola can be expressed in terms 
of an arc of Lhe hyperbola. 

For, let the tangent at A meet 
the asymptote in D, and suppose a 
oonfocal ellipse drawn through D. 
Then, regarding BT as a tangent to 
the hyperbola, it follows, by the 
theorem just established, that the 
difference between BT and KT is 
equal to the difference between DA 
and AK. 

Consequently the difference be- 
tween the asymptote CT and the 
hyperbolic branch AT va equal to 
Da + DC - 2EA. Consequently the 
required difference is expressible in 
terms of given lines and of the hyperbolic arc AE. 




Fig. 33- 



* I am indebted to Dr. Ingram for this application of Professor M'Gulkgh's 
theorem. 
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We next prcxJeed to consider two important curves whose 
rectification depends on that of the ellipse. 

163. The Idmaffon. — From the equation of the lima9on^ 

dv 
r = a COS + J, we get -z^ = - a^mO, 

and hence 

(fe = (a' + 6^ + lab cos 9)^d9 ; 

/. a = [ {{a + hy cos' I + (« - by sin*|j*e?0. 

Accordingly, the rectification of the lima9on depends on 
that of the ellipse whose semiaxes are a + 6 and a - b. 

164. The Epitrochoid and Hypotrochoid. — The 

epitrochoid is represented by the equations (see Diff. Oalc.^ 
Art. 284) 

a? = (a + J) cos 6 - c cos —, — 0, 



y = (a + 6) sin 6 - c sin — — 0. 



Hence 



Squaring and adding we get 

/. « = — r— {0 + <r - 20c COS -rr\ dO. 



W 



f>i 



Henoe, sabstitating — - for 6, we get 

2 (« + 6) 



^ [ {(J + c)' sin'0 + (6 - c)' cos'^jitf^. 
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Consequently the length of an arc of the epitroohoid is equal 
to that of an ellipse. 

The corresponding form for the hypotrochoid is obtained 
hy changing the sign of b. 

165. Stelner's Theorem on Reetlflcation of 
Roulettes. — If any curve roll on a right line, the length 
of the arc of the roulette described by any point is equal 
to that of the corresponding arc of the pedal, taken with 
respect tq the generating point as origin. 

For (see fig. 20, Art. 145), the element Offoi the roulette 
is equal to OPdw. 

Again, to find the element of the pedal. Since the angles 
at N and IT are right, the 
quadrilateral NN'TO is inscri- 
bable in a circle, and consequently 
NN' = OT sin NON\ But, in 
the limit, NN' becomes the ele- 
ment of the pedal, and OTbecomes It J 
OP : hence the element of pedal 
is OPdti) ; consequently the ele- 
ment of the pedal is equal to the 
corresponding element of the Fig. 34. 

roulette; .*. &c. 

We proceed to point out a few elementary examples of this 
principle. In the first place it follows that the length of an 
arc of the cycloid is the same as that of the cardioid ; and 
the length of the trochoid as that of the lima9on. Again, if 
an ellipse roll on a right line, the length of the roulette 
described by either focus is equal to the corresponding arc of 
the auxiliary circle. 

Moreover, it is easily seen, as in Art. 146, that, if one 
curve roll on another, the elements ds and ds\ of the roulette, 
and of the corresponding pedal are connected by the relation 

P 




ds = ml I + -, 



In the case of one circle rolling on another, this relation 
shows that the arcs of epicycloids and of epitrochoids are 
proportional to the arcs 01 cardioids and of lima9ons, which 
agrees with the results established already. 



Oval of Descartes. 
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1 66. Oval of Deseartes. — ^We next proceed to the 
reotifioatioii of the Ovals of Desoaxtes, some properties of 
which curves we have given in chapter xx., Diff. Oalo. 

The curve is de- 
fined as the locus of 
a point whose dis- 
tances, rand r',from 
two fixed points are 
connected by the 
equation 

tnr + 1/ = rf, 

where /, w, d are 
constants. 

For convenience 
we shall write the 
equation in the form 

mr + 1/ = nCj (12) 

where c is the dis- 
tance between the 
fixed points. 




Fig. 35. 



The polar equation of the curve is easily got. For, let F 
and Fi be the fixed points, and L FiFP = (9, flien we have 

/' = r^ + c* - zrc cos ; 
also from (12), 

/V* = {nc - mrYy 

hence the polar equation of the locus is readily seen to be 



r - 2rc 



mn - /' cos 6 



-V& 



n'-P 



= o. 



(13) 



For simplicity we shall write this in the form 

r' - 2rQ, + 0=0. (14) 

Solving this equation for r, we get 

It can be seen without difficulty that, so long as /, m, n are 
real and unequal, the curve consists of two ovals, one lying 
inside the other, as in the figure. 



240 Lengths of Curves. 

Again we get from (14), by differentiation 

(r - Q)dr= rQ'dOy where Q' = -^ ; 



dr Q' Q' , (fe yQ* + Q'*-0 

— = = — ==. : hence — =•/> = == — . 

rdO r - Q ^q^^ C ^^^ y^Q' - C 



Or efe = Q^^Q'J;^ Jl^^g j. yQ» + Q-», grfg, (15) 

the upper sign corresponding to the outer oval, and the lower 
to the inner. 

Hence the difference between the two corresponding 
elementary arcs is equal to 

2v^Q'+Q''- Cd0y or, 2^0" + 2ab cos + 6* - C7rf6l, 

(writing Q in the form a + 6 cos 0) ; this plainly represents 
the element of an ellipse. Consequently, the difference 
between two oorrespondmg arcs of the ovals can be repre- 
sented by the arc of an ellipse. This remarkable theorem is 
due to Mr. W. Eoberts (liouville, 1847, P« i95)« Some years 
after its publication it was shown by Professor Genocohi 
(Tortolini, 1864, p. 97), that the arc* of a Cartesian is ex- 
pressible in terms of three elliptic arcs. 

In order to establish this result we commence by proving 
one or two elementary properties of the curve. 

Suppose a cirde descrioed through Fj Fiy and P ; and let 

PQ be the normal at P to the oval, meeting the circle in Q, 

and join FQ and PiQ ; then let z FPQ = 01, and PiPQ = w ; 

, . dr jd/ X. 7 ' f 

and smce w -7- + ^ "T" = o, we nave l sin w = w» sm u) ; 
08 as 

.'. FQ :FiQ=^l : m. 



* For the proof of this Hieorem giren in the text I am indehted to Mr. 
Fanton. 



The Cartesian Oval. 241 

Also, fiinoe mr + 1/ = nc ; and (by Ptolemy's theorem) 

FP.F.Q + FJ? .FQ = FFi.PQy 
we have 

J^Q .FiQ PQ 

I m n ' 

Henoe, denoting the common value of these fractions by 
«f, we have 

FQ = luy FxQ = muy PQ = tit#. 

Again 

dr Q' a/Q'-C7 

tancii=— ^= — J .'. cosw= -y- 



Hence the first term in the expression for da in (15) is 
equal to 

QdO c mn - P00& 6 j^ 

— as — - — au. 

COS w nr - r cos cu 

Again, let Z 2^PJ\ = 1/^, lPF^C^ 0, 

and we have the two following relations between the angles 
0, «, ^ : 

= + ^, /sin0 + m sin^ « nsini/'. (16) 

Hence 

d^- dO ^ d\p, /cos 0(^0 + mcos^(^ -n ooBxI/dxp; 

/. («^n - /' cos 0)dO = «» (w + looB<f)d<p - n (w + / cos i/')rf^, 
or 

iwn-/*cos0,^ n + /cosA- m + /oos;L., , . 
d0 = m ■!-d6-n ^d\L, (17) 

cos 01 cos 01 cos 01 T \ if 

Again, from the triangle FPQ^ we have 

r cos 01 » PQ + FQ cos ^ = (n + / cos <p)u; 

fi + /cosA r y7= 5 7 -- 

cos 01 u ^ 

[16] 



242 Lengths of Curves. 

In the same manner it can be shown ihat 

w+/cosi/^ c /- T- 

= - =v//* + 7w'*+ 2lm COS yp. 



COSco u 

Ilenoe we have 



{adB 



ntO f y-r 3 ; , 

- = — r ;: y/ C^ + n' + Zln 008 6 (16 

01 nr-Pj ^ 



cos 

nc 



m» 



ic r J — 

— Ja V ^' + IW* + 2lm COS l/»rfl/^. (i8) 



Each of those latter integrals is represented by the arc of an 
ellipse, and, accordingly, the arc of a Cartesian Oval is 
expressible in the required manner. 

It should be noted that the limiting Talues of 0, 0, and^ 
are connected by the relations given in (i6). 

Again, it can be shown without difficulty that the axes of 
the ellipses are the lines {AB;CD), {ACy BD), and{ADj BC)y 
respectively : a result also given by Signer Grenocchi. First, 

with respect to the ellipse whose element is a/q? + Q'* - 049 ^ 
it is plain that its axes are the greatest and least values of 

2 y/Q'-f Q^'-P, or o f 2 y/g' -i- y +"2flft cos e - C ; but these 

are 2 ^{a + by - C and 2 ^(a - by - (7, which are plainly 
the same as the greatest and least values of PPi ; and, con- 
sequently, are AB and CD. 

Again, jfrom the equation wr + // = nc, we get 

mFB + l(FB + c) = nc\ /. FB = %li)f. 
In like manner, 

1 + m 

Again, since we get the points on the outer oval by 
changing the sign of /, we have 

m-l m- 1 
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and, oonsequentljy 



AB^^, BC= "'' 



^^ 2mc(n-\-l) ^^ 2mc{n'' l) 

but these are readily seen to be the values for the axes of the 
ellipses in(i8). 

It should be noted that if we substitute in (15) the values 
for a and b, the expression for the element ds becomes of the 
following symmetrical form : 



fnc /— — r : , nc 



^*= "1 — 71 ^/P-\-n^+2lncoB6d6 — 5 — r„ v^/*^+»i'+ 2lm ooB\Ld\L 

± — T — r„ A/m^ + «* - 2nin cos Odd. (lo) 

We shall conclude the Chapter with a brief account of 
the rectification of curves of double curvature. 

167. Rectlficatioii of Curves of Double Carvatiire. 

If the points in a curve be not situated in the same plane, the 
curve is said to be one of double curvature. The expression 
for its length is obtained in an analogous, manner to that 
adopted for plane curves ; for, if we refer the curve to a 
system of rectangular axes in space, and denote the co-ordi- 
nates of two consecutive points by (a?, y, «), (a?+efe, y+%, z + dz), 
we get for the element of length, rf«, the value 



ds = ^dai^ + %* + (fe*. 

The curve is commonly supposed to be determined by the 
intersection of two cylindrical surfaces, whose equations are 
of the form 

f{x,y) =0, 0(a?, «)=o. 

From these equations, if -f aiid — be determined, the formula 

^ dx dx 

of rectification is 

-ji-(i)"^(fr- <»> 

[16 a] 
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When z is taken as the independent variable, this fonnula 
becomes 



8 



■\Hi)<^\'-- 



the limits being in eaoh ease determined by the conditions of 
theqnestion. 

The simplest example is that of the helix, or the curve 
formed by the thread of a screw. From its mode of generation 
it is easily seen that the helix is represented by two equations 
of the form 



'z 



a? = a COS! r I, y = flsm(7j. 



Hence 



dx a . fz\ dy a 

•••*=(i + jy*, ora = ^i+^Js; 

the arc being measured from the point in which the helix 
meets the plane of xy. 

This result can aliK) be readily established geometrically- 

EXAXPLES. 

I. Find the length of the curre whose equations are 

^ = 55' '"67»- 

Here ' = J(i + J + J,)*^* = j(i + 5) ^ = ' + 5==' + '' 

the are being measured from the origin. 

This is a case of a system of curres which are readily rectified ; for, in ge- 
neral, whenever 

wehaye J. + _+_)=(.+ _J, 

and therefore thssdx -^ dz, or «a:jr-)-s + const 
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Thus, if p ^f{x) be one of the equations of a curve, we get -j- »/*(«), and 
hence, if a second equation be detennined from the equation 

the length of the curve is represented by d; 4- s + const. ; the value of the con- 
stant b&Lg determined by the conditions of the problem. 
For instance, iiy = a sin jt, ire get /'(a;) ^acwx, and 

dz a* a' 

-—=— cos'*; .•.«= — (« + cosap sma;). 

dx % 4 ^ 

Hence the length of the curve of intersection of the cylindrical surfaces 

y s a sin ^, « = — (a: + cos « sina?) 

4 

is z + 4P ; the length being measured from the origin. 

2. y = 2 v aa; — a?, « = a? — A — . Ant. « = « + y - «. 

-J. -- _ ?L -= I a? = - (^ + /"), the length being measured from thepoint 
of intersection of the curve with the plane of xy. 

'( a» + y)* , , ^. 
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Examples. . 

1. Find the length of any arc of the catenary 

y = - f «a + e « j, 

and show that the area between the curve, the axis of x^ and the ordinates at 
two points on the curve, is equal to a times the length of the arc terminated by 
those points. 

f T dT 

2. In any curve prove that s =» I , and hence find the length of a 

parabolic arc. 

Ixdx 
— — may be represented by an arc of 

a circle, and find the limiting values of x for its possibility. 

4. Show that the length of an elliptic arc is represented by I ^ — ^ ^ dx^ 

where a is the semiazis major, and e the eccentricity. . 

5. Express the length of an elliptic quadrant in a series of ascending powers 
of its eccentricity. 

-?i■-(v)■^(H)'^(^)■^-l■ 

6. Prove that the integral of 

x^dx 



can be represented by an arc of the ellipse wliose semiaxes are a and j3. 

7. Sh,ow that the rectification of the sinusoid y=zb trnxla the same as that 
of an ellipse. 

8. Prove that the whole length of the^r«^ negative pedal of an eUipee, taken 
with respect to a focus, is equal to the circumference of the circle described on 
the axis minor as diameter. 

9. Show that the length of an arc of the curve r = a sin n9 is equal to that 
of an arc of the ellipse whose semiaxes are a and na, 

10. If, from the equation of a curve referred to rectangular co-ordinates, w& 
form an equation in polar co-ordinates, by taking r = y and rdd — dx, then tho 
lengths of the corresponding arcs of the two curves are equal, and the area / ydx 
of the former curve is equal to the corresponding sectorial area of the latter. 

11. Prove that the difPerence between the lengHis of the two loops of the 
lima9on r » a cos 9 + 6 is equal to 86 : a being greater than b. 

12. Being given three points Ay JS, C on the circumference of an ellipse, 
show that we can always find, at either side of (7, a fourth point i) such that the 
difference between AJS and CI) shall be equal to a right line. 
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13. If a circle be described touching two tangents to an ellipse and also 
touclung the ellipse, prove that the point of contact with the ellipse divides the 
elliptic arc between the points of contact of the tangents into two parts, whose 
difference is equal to the difPerence of the lengths of the tangents (Chasles, 
Gomptes Sendua, 1 843). 

14. Prove that the entire length of any closed curve is represented by 

pd$ 

— taken round the entire curve ; p being the radius of curvature at any 
.P 
point, and j9 the length of the perpendicular from any fixed point on the tangent. 

- T^ ^ ^* + ' V XT. X- M ^. ^ ds e^* + 1 

1$. If ^ = be the equation of a curve, prove that ~ = , and 

€^ — I dx $*' — I 

hence rectify the curve. 

16. Calculate approximately, by the tables of Art 125, the whole length of 

ft 4 
a loop of the curve r ^a cos - 0. 

5 

Here, by Ex. 3, Art. 156, the required length is 



1 



^ay/rr -;--f , or 2a-/ ir -l--i 

* ' (1) ' © 



1-7 g 

Hence, taking logarithms, and observing that -^ »= i<625, and -= 1.125, we 

get as the required approximation a x 3.29488. The figure of this curve is 
exhibited in Art. 268, Diff. Calc. 

17. In a Cartesian Oval whose two internal foci coincide, prove that the 
difference of the two arcs, ii^tercepted by any two transversals from the exter- 
nal focus, is equal to a straight line which may be found. [The above curve 
is the inverse of an ellipse from a focus.] — rrofessor Crofton, Edue. Times, 
June, 1874. 

From (13) Art 166, it follows, making n = m, that the equation of the 
limaqon, in this case, is 

P COB0' f»* 

r* + 2re — -r r — + c* = o, 

which is of the form 

r» + 2r (a cos d - )8) + (a - i8)* = o. 

Hence, by (15), the difference between two corresponding elementary arcs is 

/— 
4V a)8 cos -dd, 

2 

Consequently, if $1 and $2 be the values of for the two transversals in 
question, we get the diJfference of the corresponding arcs 



^ Sy/ afiism sm— j. 



Also, it can be readily seen that the distance between the vertices of the 
lima^on is 4 V a)3 ; .*. &c. 
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i8. Sliow that the length of an arc of the ellipse ^ + |^ « i is represented 
by the integral 

anA £? 

This result is easily seen, for we have da^pdB, and p = -^ ; . '. &c. 

19. Show, in like manner, that the length of a hyperbolic arc is represented 
by 

a-A '1 

J (a«coe»e-*«sin«e)* 

30. Hence prore that the integral 

!dx 



(a - *««)»(a'-6'«8)* 



is represented by an elliptic arc when ab* > hof^ and by a hyperbolic arc when 
aV < ba\ 

21. Prove that the differential of the arc of the curre found by cutting in 
the ratio n : i the normals to the cycloid 

ysa + dcosM, a^Bati+^sintf, 



^(a + nhY + 



is \/ (« + ^Y + 4»«* sin' -du. 

^ 2 

32. Each element of the periphery of an ellipse is divided by the diameter 
I>arallel to it : find the sum of all the elementary quotients extended to liie entire 
ellipse. Am. tt. 

23. In the figure of Art. 158, if a = Z ACN\ and /5 = Z BCN^ prove that 

tana tanjS 
a h 

24. Find the length, measured from the origin, of the curve 






(a^ x\ 
I — X, 



25. Find the length, measured from = o, of the curve which is represented 
by the equations 

X ^ {2a— b) sin ^ - (a — i) sin'^, 

y as (26 — a) cos - (* - «) cos'0. 

Ana. « = ^ (a + d)0 + f (0 -- ^) sin cos ^. 

26. Prove that the sides of a polygon of maximum perimeter inscribed in a 
conic are tangents to a confocal conic. — Chasles, Comptea Itendua, 1845. 

27. To two arcs of an equilateral hyperbola, whose difference is rectifiable, 
correspond equal arcs of the lemniscate which is the pedal of the hyperbola. 
Jbid. 
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28. The tangents at the eztremitieB of two arcs of a conic, whose difference 
ifl lectifiable, forma quadrilateral, whose sides are tangents to the same circle. — 
Jbid. 

29. In an equilateral hyperbola prove that 

and hence show that [rda taken between any two points on the curve is equal to 
the rectangle under me chord joining the points and the line connecting the 
middle point of the chord with the centre of the hyperbola. Mr. W. S. M*Cay. 

30. If 

he any point on a curve, show that the arc is the integral of 

a v/2 -7==. (^- Seiret 

"What curve do the equations represent ? 

31. Through any point in a plane two conies of a conf ocal system can be 
drawn. If the distance between the foci be iCy and the transverse semi-axes of 
these conies be /», r, prove the following expression for any arc of a curve 






32. Prove that the following relation is satisfied by the ;a and v of any point 
on a tangent to the ellipse for which /i has the value /ii : 

du, dv 

' =0. 



33. The arc of the envelope of the right line a; sin a - y cos a =/(a) is the 
integpral of (/(a) + /" (a)) da. (Hermite, Cours d' Analyse.) 

34. The arc of the curve in which y* + a' a?* — lax = o and «•-**«* + 2*4? = 
intersect, if a* = 1 + 6*, is 

V 2(a - b)dx 



1 



-v/ a? (2 — ax) (2 — bx) 



(Ibid). 



35. Show that the arc of the curve — + f- «= i depends on an integral of 



thefonn 



Idz \/ a- U + «)* + *-(! - z)*, where k^ 2. 
m 



36. Show that rectification may, in general, be reduced, to quadratures as 
follows : — 

Produce each ordinate of the curve to be rectified until the whole length is in 
a constant ratio to the corresponding normal divided by the old ordinate, then 
the locus of the extremity of the ordinate so produced is a curve whose area is in 
a constant ratio to the length of the given curve. 

By this theorem Van Huraet rectified the semi-cubical parabola nearly simul- 
taneously with Wm. Neil. 



( 250 ) 



CHAPTER rX. 



VOLUMES AND SURFACES OF SOLIDS. 

1 68. Solids. — The Prism and Cylinder. — The most 
simple solid is the cube, which is accordingly the measure of 
all soUds, as the square is that of all areas. Hence the 
finding the volume of a solid is called its cubafure. Before 
proceeding to the application of the Integral Calculus to 
finding the volumes and surfaces of solids we propose to show 
how, in certain cases, such volumes and surfaces can be found 
from geometrical considerations. In the first place, the 
volume of a rectangular parallelepiped is measured by the 
continued product of the three adjacent edges ; and that of 
any parallelepiped by the area of a face multiplied by its 
distance from the opposite face. 

Again, the volimie of a right prism is measured by the 
product of its altitude into the area of its 
base. For example, the volume of the right 
prism represented in the figure is mea- 
sured by the area of the polygon ABCDE^ 
mxdtiplied by the altitude AA\ Again, 
since each lateral face, AB BfA for ex- 
ample, is a rectangle, it follows that the 
sum of the areas of all the faces (exclusive 
of the two bases), i.e. the area of the sur- 
face of the prism, is equal to the rectangle 
under the altitude and the perimeter of 
the polygon which forms its base. 

This and the preceding result still hold 
in the limit, when the base, instead of a polygon, is a closed 
curve of any form, in which case the surface generated is 
called a cylinder. Hence, if V denote the volume of the por- 
tion of a cylinder bounded by two planes drawn perpendi- 
cular to its edges, h its height, and A the area of its base, we 
get V = Ah, 





Fig. 36. 



The Pyramid and Cone. 261 

Again, if S denote the superficial area of a cylinder, 
bounded as before, and S the length of the curve which forms 
its base, we have S = 8h, 

169. The Pyramid and Cone. — If the angular points 
of a polygon be joined to any external point, the solid so 
formed is called b, pyramid. Any section of a pyramid by a 
plane parallel to its base is a polygon similar to that 
which forms the base, and the ratio of their homologous 
sides is the same as that of the distances of the planes from 
the vertex of the pyramid. Hence it follows that pyramids 
standing on the same base, and whose vertices lie in a plane 
parallel to the base, are equal in volume. For, the sections 
made by any plane parallel to the base are equal in every 
respect ; and, consequently, if we suppose the pyramids 
divided into an indefinite number of sKces by planes parallel 
to the base, the volumes of the corresponding slices will be 
the same for all the pyramids ; and hence the entire volumes 
are equal. 

Also, if two pyramids have equal altitudes, but stand on 
different polygonal bases, the volumes of the pyramids will 
be to each other in the same proportion as the areas of the 
polygonal bases. For, this proportion holds between the 
areas of the sections made by any plane parallel to the base ; 
and consequently between the slices made by two infinitely 
near planes. 

Again, the pyramid whose base is one of the faces of a 

cube, and whose vertex is at the centre of the cube, is 

the one-sixth part of the cube ; for the entire cube can bo 

divided into six equal pyramids, one for each face. Hence^ 

denoting the side of a cube by a, the volimie of the pyramid 

^3 

in question is represented by -^ ; i. e. by the product of the 

area of its base into one-third of its height. 

Now, if we vary the base, without altering the height, 
from what has been established above it follows that the 
volume of any pyramid is the area of its base multiplied by 
one-third of its height.* 



^ 

* This demonstration is taken from Clairaut's Elemena de Oeomitrie, The 
student is supposed familiar with the more ancient proof, from the property that 
a triangubr prism can he divided into three pyramids of equal yolume. 
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If the base of the pyramid be any closed curve, the solid 
fio formed is called a cone ; and we infer that the volume of a 
€one is equal to one-third of the product of the area of its base 
into its height. 

If the base of a pyramid be a regular polygon, and the 
vertex be equidistant from the angular points of the polygon, 
the pyramid is called a right pyramid. 

In this case QQXi\iface of the pyramid is an isosceles triangle, 
whose area is the rectangle under the side of the polygon 
and haK the perpendicular of the triangle. Hence the 
«urf ace of the pyramid is equal to the rectangle under the 
semi-perimeter of the regular polygon and the perpendicular 
<jommon to each face of the pyramid. 

Again, if we suppose the number of sides of the regular 
polygon to become infinite, the pyramid becomes a right 
oone ; and we infer that the entire surface of a right cone is 
equal to the rectangle under the semi-circumference of its 
circular base and the length of an edge of the cone. 

Hence, if a be the semi-angle of the cone, / the length of 
an edge, and r the radius of its base, wo have r = / sin a, and 
the surface of the cone is represented by irP sin a. 

If a right cone be divided by two planes ABCf DEFy 
perpendicular to its axis, as in figure, the o 

part intercepted by the planes is called a 
truncated cone. 

The surface of a truncated cone is 
easily expressed ; for if OA = /, OD = /', 
the required surface is it sin a {P - P), ^/~~\P^^^'\ 
or7r(/-r)(/+r)sina. ^ / \ 

Now, if the circular section LMN be ^ A- '3? 

drawn bisecting the distance between j m" 

ABCkhA DEFy the circumference of the /.. 

<}ircle LMN is tt (/ + /') sin «. Hence the -^C^^ ^^^ 

surface of the truncated cone is equal to b 

the rectangle under the edge AD and the Fig. 37. 

oircumference of LMN ita mean section. 

1 70. Slurface and ITolume of a SIphere. — To find the 
superficial area of a sphere ; suppose a regular polygon in- 
scribed in a semicircle, and let the figure revolve around the 
diameter AB ; then each side of the polygon, PQ for 
example, wiU describe a truncated cone. 




Surface and Volume of a Sphere. 
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Fig. 38. 



Now, from the centre C draw CD perpendicular to PQ, 
and construct, as in figure ; then, by the preceding Article, 
the surface generated hy PQ is 
equal to iir PQ . DI. 

Again, by similar triangles, 
we have DC:DI-^PQ: MN] 
.'. PQ.DI=DC .MN. 

Accordingly, since the per- 
pendicular CD is of same length 
for each side of the polygon, the 
surface generated by the entire 
polygon in a complete revo- 

It 
lution is equal to 2ir CD . AB = 4ir JB* cos - ; where n repre- 
sents the number of sides of the polygon, and R the radius of 
the circle. 

If we suppose n to become infinite, the solid generated 
by the polygon becomes a sphere ; and we get ^vR^ for the 
entire surface of the sphere. Hence, the surface of a sphere 
is equal to four times the area of one of its great circles. 

Again, it is easy to find the surface venerated by any 
numwr of sides of the polygon. Thus, for example, that 
generated by all the sides lying between the points A and Q 
is plainly equal to 27r CD . AN. 

Hence, in the limit, the surface generated in a complete 
revolution by the arc -4 Q is equal io 2ir .AC . AN. Such a 
portion of a sphere is called a spherical cap. 

Again, suppose the points A and Q connected ; then, since 
-4Q* = AB . ANy it follows that the area of the spherical cap 
generated by the arc ^Q is equal to the area of the circle 
whose radius is the chord AQ. 

The volume of a sphere is readily found from its surface ; 
for we may regard the volume as consisting of an infinitely 
great number of pyramids, having their common vertex at 
the centre, and whose bases form the entire surface. But the 
volume of ea,ch pyramid is represented by the product of one- 
third of its height (i. e. the radius) by its base. Hence the 
entire volume of the sphere is one-third of its radius multi-* 

plied by its surface, i. e. — JK*. 

3 
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EXAHPLES. 

I. If a Bphere and its circumscri'bing cylinder he cut by planes perpendi- 
<cular to the axis of the cylinder, prove tiiat the intercepted portions of the 
surfaces are equal in area. 

3. Prove that the volume of a sphere is to that of its circumscrihing cylinder 
in the proportion of 2 to 3 : and that their surfaces also are in the same propor- 
tion. These results were discovered by Archimedes. 

171. liurfaces of ReTolutlon. — In the preceding we 
liave regarded a sphere as generated by the revolution of a 
circle around a diameter. In general, if any plane be sup- 
posed to revolve around a fixed line situated in it, every point 
in the plane will describe a circle, and any curve lying in the 
plane will generate a surface. 

Such a surface is called a surface of revolution ; and the 
fixed line, round which the revolution takes place, is called 
the axis of revolution. 

It is obvious that the section of a surface of revolution 
made by any plane drawn perpendicular to its axis is a 
circle. 

If we suppose any solid of revolution to be cut by a series 
of planes perpendicular to its axis, the volume of the solid 
intercepted between any two such sections may be regarded 
as the limit of the sum of an indefinite number of thin cylin- 
drical plates. 

Now, if we suppose the generating curve to be referred to 
rectangular axes, the axis of revolution being that of a?, the 
area of the circle generated by a point (a?, y) is plainly equal 
to Try*, and the cylindrical plate stajiding on it, whose thick- 
ness is dx, is represented by iry'^dx. 

Hence, the element of volume of the surface of revolution 
is try'^dxy and the entire volume comprised between two sec- 
tions, corresponding to the absoissse a and /3, is obviously 
represented by the definite integral 






in which the value of y in terms of x is to be got from the 
equation of the generating curve. 
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In like manner, the volume of the surface generated by 
the revolution of a curve around the axis of y is represented 
by TTJa^dt/, taken between suitable limits. 

Again, we may regard the surface generated by any 
element ds of the curve as being ultimately a portion of the 
surface of a truncated cone, as in Art. 1 70 ; and hence the 
surface generated by cfe in a complete revolution round the 
axis of a; is represented hj 2Tryd8; and accordingly the entire 
surface generated is represented by 



27r 



{l/(^y 



taken between proper limits. 

"We proceed to apply these formulae to a few elementary 
examples. 

172. The liphere. — ^Let a^ + y' = a' be the equation of 
the venerating circle ; then, substituting a* - x^ for ^% we get 
for the volume 

F= IT (a' - x^)d4c = Tria^x j+ const. 

If we take o and a as limits, we get for the volimie of 

3 

the hemisphere ; .*. the entire volume of the sphere is , 

as in Art. 1 70. 

To find the volume of a spherical cap, let h be the length 
of the portion of the diameter cut off by the bounding plane, 
and we get for the corresponding volume 

TT (a* - ix^)dx = vh^la --), 
i<^h \ 3/ 

Again, to find the superficial area, we have 

\ da^J \ fj y ^ 

Hence, the surface of the zone contained between two 
parallel planes corresponding to the abscissae Xx and x^ is 



27r 



fle& = 2irfl(a?i -aro); 
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that is the product of the olrcumf erence of a great circle by 
the breadth of the zone. This agrees with Art. 1 70. 

173. Right Cone. — If a denote, as before, the an^le 
which the right line which generates a cone ma^es with its 
axis of revolution, we get y = a? tan a, taking the vertex of the 
cone as origin, and the axis of revolution as that of x ; accord- 
ingly, the element of volume is ir tan*a aj'rflr. 

Hence, if A denote the height of the cone, we get its 
volume equal to 



IT tan'a 



a?dx=^ — tan'a; 
3 



i.e. - X area of its base, as in Art. 169. 
3 
Again, to find its surface, we have ds==Beoadx; 

. .'. 2n J yds = 2ir tan a sec a xdx = wh* tan a sec a ; 

J 

which agrees with the result already obtained. 



EXAHFLSS. 

1. The base of a cylinder is a circle whose area is equal to the surface of a 
rohere of radius 5 ft. ; being given that the yolume of the cylinder is equal to 
the sum of the volumes of two spheres of radii 9 ft. and 16 ft., find the neight 
of the cylinder. Ans, 64^ ft. 

2. A solid sector is cut out of a sphere of 10 ft. radius, by a cone the angle 
of which is 1 20^ ; find the radius of the sphere whose solid contents are equal to 

those of the sector. Ans. sv^* 

3. Two cones have a common base, the radius of which is 12 ft. ; the alti- 
tude of one is 9 ft. ; and tiiat of the other is 5 ft. ; find the radius of a sphere 
whose entire surface is equal to the sum of the areas of the cones. 

Ana, 2y/ 11 ft. 

174. Paraboloid of ReTolutlon* — ^Writing the equa- 
tion of a parabola in the form y^ = 2mxj we get for the 
volume of the solid generated by its revolution round the 
axis oix 

TV 

2irm f xdx « irmit^ + const. « - y^x + const. 

2^ 
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Henoe, the volume of the surface generated by the revo- 
lution of the part of a parabola between its vertex and the 

point (iTi, f/i) is represented by - yi^iiJi, i.e. is equal to half the 

yolume of the oircumscribing cylinder. 

Again, to find the surface of the paraboloid, we have 

\ nx J Til 

Hence, the surface of the paraboloid, between the same 
limits as above, is represented by 



2 

in 



{(xf + n^\^ ydy = — \ (vi + w?)^ - mM . 
^-^ '^^3^1''' ) 



175- Spberolds of ReTolutlon. — If we suppose an 
ellipse to revolve round its axis major, the surface generated 
by the revolving curve is called b, prolate spheroid. If it re- 
volve round the axis minor the surface is called an oblate 
spheroid. 

The volume of a spheroid is easily obtained ; for, taking 

-2 + la = I as the equation of the curve, we get, on substitut- 



ing^fi-^jforj/", 



V ^ TV —\[a^ - oi?)dx = —J xia^ ) + const. 

Hence the entire volume is —ah^. In like manner, the vo- 

3 

lume of an oblate spheroid is obviously — ha^. 

176. Suiikce of Spberold* — ^In the case of a prolate 
spheroid we have 

.-. yds - ^2^»+ ^y^&. = ^J» - ^, ^'^)^ = ^(^' "^J^- . 

[17] 
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Hence,, if CiV= afi, CM^ Xqj we get for 5, the zone gene- 
rated in a complete revo- 
lution by the arc PQ, 



a 




Fig. 39- 



Now, if we take CD = - 

e* 

and construct an ellipse 

whose semiaxes are CD 

and CBj it is easily seen 

(Art. 129) that the elementary area between two consecutive 

ordinates of this ellipse is — f ^ - a?' j dx. Hence it foUpws 

that the area of the zone generated by the arc PQ is w times 
the area of the portion P1Q1Q2P2 of this ellipse. 

Again, if AJEi be the tangent at the vertex of the original 
ellipse, we see that the entire surface of the spheroid is 4ir 
X the area BCAEi ; but this is seen, without difficulty, to be 



27ro* + 27r — sm ^e. 
e 



(0 



In like manner, we get for the surface S generated by the 
revolution of an ellipse roxmd its minor axis 

iS = 2ir xd^ = 27r ( a* + -Tj- y* j (fy 



= 23r 



a^e 



6* \i 



y'+^J^y- 



If this be integrated, as in Art. 151, we get, after some 
obvious reductions, 



flf = ^^(aVy» + 6*)4 + 7r-log 



aet/ + {a^e^y^ + 6*)i 



If this be taken between the limits o and i, and doubled, we 
get for the entire surface of the ellipsoid 



27ca* + 



%^^«^(f^) 



(=) 
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It is readily seen, as in the former case, that the surface 
of any zone of this ellipsoid is ir times the area of a corre- 
sponding portion of the hyperbola 

bounded by lines drawn parallel to the axis of x. 

The area of the surface generated by the revolution of a 
hyperbola round either axis admits of a similar investigation. 
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T. Find the yoliune of the suiface generated by the revolution of a cycloid 
round its base. 

Here, referring the cycloid to DA and j j' L B^ 

JDB as co-ordinate axes, we baye (see Di£E. 
Oalc, Art. 272) 

d; = a(^ + sin^), y = a(i + co8^)y 

where lPCL^^, 
Hence 

dV= wy^dx = ira'(i + cos ^fd^ ; 
. '. for the entire volume V, we get 

!ir r^ 

(I + cos ^)»rf^ = i6ira' \ C08« - 
Jo 2 

B 32ira? I ooa^edBf maJdng - = 9. 
Jo a 

Hence V^s^*^- 

2. Find the whole surface generated in the same case. 

Here iS = 2ir fy<& = 4ira« f (i + cos ^) cos | <J^ ; 

hence the entire surface is 

COS'-tff sa . 

* 3 . 

[17 a] 
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3. Find the Tdnine and the Buifoce of the solid generated hy the reyohition 
of me tractiix round its axis. 

(i). Here we haye 

hence the ydmne generated by 
the portion AF is 



Jp 3 

The Toltime generated by the 



2T 



entire tractrix is — efi; L e. half 

3 
the Toliime of the sphere whose 
radius is OA, 

(2). The surface generated by ^P is 




Kg. 41. 



air 



I ffds s 2ira I dy (see Ex. 2, Art. 154) 



= 2ir«(a -y). 

Hence the entire surface generated is 2ira' ; i. e. half the sur&ce of the sphere 
of radius OA. 

4. Find the ydume^ and also the surface, generated by the reyolution of the 
catenary around tiie axis of x. 



(i). Here the Tdume of the solid gene- ^ 
rated by VF is represented by 



f y*dx=— f («« + e • + ijdx 






a\ 


Y 

■-A 


/ 


< 


> 1 


r 



where $ «= FV. 
(^). Again, since 



Fig. 42. 



rft«j(3 + r«W=?~^, 



we haye 



2r 



|y<«»=^|y»<fc. 



Surfaces of devolution. 
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Conseqiieiitly the sniface generated by PF in a complete revolution is - 

a 

X the yoliune generated ; i.e. = ir(^-» + ax). 

5. In the same curve to find the surface generated by its revolution round 
the axis OV, 
Here 



Again 



xe**dx= axe^- a\ e^dxss a{x4^ - ae^-i-a). 
Jo 





Also the value of 




Jo 


X 

"adx 


• 

IS 


obtained by changing the 
Hence 


sign 


of a in 


the last result. 




f* 


ae 




X ae 



Ixe '*dx = a^ - axe « — a'e "; 


.-. 8 = ^120^+ ax («•-«*"«] - a'{c« +«"«) I 
= 2ir («* -^ X8 — ay). 

177. Annular (Solids. — If a y 

closed curve, which is symmetrical 
with respect to a right Kne, be made 
to revolve round a parallel line, then 
the superficial area generated in a 
complete revolution is equal to the 
product of the length of the moving 
curve into the circumference of the 
circle whose radius is the distance 
between the parallel lines. 

This is easily proved: for let 
APBP" be any curve, synametrical with respect to ABy and 
suppose OX to be the azis of revolution ; and draw PN^ QM 
two indefinitely near lines perpendicular to the axis. It is evi- 
dent that PQ = ro:. Again, let PiV^= y, P'N^/, PQ = P'Qf 
= dsy DN = 6 ; then the sum of the elementary zones described 
by PQ and P'Q' in a complete revolution is represented by 

27r (y + y') ds = 4Trb ds. 



r y*"^ 


"^ 


A 




^ 


a) 




£ 

* 


7 


t 





N 


M 


X 



Fig. 43. 
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« 

Consequently the surface generated by the entire curve is 
27r JS, where S denotes the whole length of the curve. 

A similar theorem holds for the volume of the solid ge- 
nerated : viz., the volume generated is equal to the product 
of the area of the revolving curve into the circumference of 
the same circle as before. 

For the volume of this solid is plainly represented by 

^\{y'-y')dx, 

or by TT {t/-t/'){y-^t/')dx= 2716 {t/-t/)dx. 

But the area of the curve is represented by 

{y-!/)dx: 



1 



consequently, denoting this area by -4, and the volume by V, 
we have 

F= 2ir6 X A. 

In these results the axis of revolution is supposed not 
to intersect the curve ; if it does, the expression zirb x A 
represents the difference between the volumes of the surfaces 
generated by the portions of the curve lying at opposite sides 
of the axis of revolution ; as is readily seen. A similar alte- 
ration must be made in the former theorem in this case. 

If a circle revolve round any external axis situated in ita 
plane, the surface generated is called a spherical ring. From 
the preceding it follows that the entire surface of such a ring 
is 47r'fl6 ; where a is the radius of the circle, and b the dis- 
tance of its centre from the axis of revolution. 

In like manner the volume of the ring is zit^a^b. 

It would be easy to add other applications of these 
theorems. 

178. Qoldin's* Tlieorems. — ^The results established in 
the preceding Article are but particular cases of two general 

* Guldin, Centroharyiea, seu de eentro gravitatis trium speeierum guantiiatis 
contintMDy 1635. Guldin. orriyed at his principle by induction from a small nion- 
ber of elementary cases, but his attempt at a general demonstration was an 
eminent failure. See Montucla Hist, dea Math,, tom. ii. p. 34. Montucla has 
shown, torn. ii. p. 92, that Guldin's theorems can be established from geome- 
trical considerations, without recourse to the Calculus. 
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propositions, usually called Ghildin^s Theorems, but originally 
enunciated by Pappus (see Walton's Mechanical Problems^ 
p. 42, third Edition). They may be stated as follows : — 

(i). If a plane curve revolve round any external axis, 
situated in its plane, the area of the surface generated is equal 
to the product of the perimeter of the revolving curve by the 
length of the path described^ during the revolution, by the centre 
of gravity of that perimeter. 

(2). Under the same circumstances, the volume of the solid 
generated is equal to the product of the area of the generating 
curve into the path described by the centre of gravity of the re- 
volving area. 

To prove the former, let s denote the whole length of the 
curve, X, y, the co-ordinates of one of its points, ^, y, those 
of the centre of gravity of the curve ; then, from the defi- 
nition of these latter, we have 

8 

.'. 27rys = 27r j ydSy 

i.e. the surface generated by revolution roimd the axis of a? is 
equal to the product of S, the length of the generating curve, 
into 2iry, the path described by the centre of gravity. 

To prove the second proposition ; let A denote the area 
of the generating curve, and dA the element of area corre- 
sponding to any point x, y. Also let x, y be the co-ordinates 
of the centre of gravity of the area, then 

_ ^ SW^ =/Jl^ (substituting dxdi, iordA) ; 

.•. iiryA^^ 2Tr Sjydxdy = TTJy^dx; 

where the integral is supposed taken for every point roimd the 
perimeter of the curve: but, from Art. 171, the integral at 
the right-hand side represents the volume of the solid gene- 
rated ; hence the proposition in question follows. 

For example, tho volume of the ring generated by the 
revolution of an ellipse aroimd any exterior line situated in 
its plane is at once zir^abcy where a and b are the semiaxea 
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of the ellipse, and c is the distance of its centre from the axis 
of revolution. 

It may be noted that these results still hold if we suppose 
the curve, instead of making a complete revolution, to turn 
round the axis through any angle. For, let 0be the circular 
measure of the angle of rotation, and in the former case we 
have 

0^s = Blyds. 

But 9y is the length of the path described by the centre 
of gravity, and Q^ yds is the area of the surface generated by 
the cuTve ; .'. &c. 

In like manner the second proposition can be shown to 
hold. 

Again, Guldin's theorems are still true if we suppose the 
rotation to take place aroimd a number of different axes in 
succession ; in which case the centre of gravity, instead of 
describing a single circle, would describe a number of arcs of 
circles consecutively ; and the whole area of the surface ge- 
nerated will still be measured by the product of the length of 
the generating curve into the path of its centre of gravity ; 
for this result holds for the part of the surface corresponding 
to each axis of revolution separately, and therefore holds for 
the sum. 

Again, in the limit, when we suppose each separate rota- 
tion indefinitely small, we deduce the following theorem. If 
any plane curve move so that the path of its centre of gravity 
is at each instant perpendicular to the moving plane, then the 
surface generated by the curve is equal to the length of the 
curve into the path described by its centre of gravity. 

The corresponding theorem holds for the volume of the 
surface generated. 

These extensions of Guldin's theorems were given by 
Leibnitz {Act, JErud. lips., 1695). 

179. Expression for ITolume of any liolid. — The 
method given in Art. 1 7 1 of investigating the volume bounded 
by a surface of revolution can be readily extended to a soKd 
bounded in any manner. For, if we suppose the volume 
divided into slices by a system of parallel planes, the entire 
volume may, as before, be regarded as the limit of the sum 
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of a nmnber of infinitely thin oylindrioal plates. Thufl| if we 
suppose a system of rectangular co-ordinate axes taken, and 
the cutting planes drawn parallel to that of xy ; then, if Az 
represent the area of the section made by a plane drawn at 
the distance z from the origin, the entire volume is denoted 

by 

taken between proper limits. 

The area Az is to be determined in each case as a function 
of z from the conditions of the bounding surface. 

For example, to find the volume of the portion of a cone 
out ofi by any plane ; we take the origin at the vertex, and 
the axis of z perpendicular to the cutting plane ; then, if B 
denote the area of the base, and h the height of the cone, it 
is easily seen that wo have 

Bz^ 
Azi B^z^ : A^ or ^« = -n- ; 



5r* 



z^dz ^ - B X h; as in Art. 169. 



* I 



3 



If the cutting planes be parallel to that of t/z, the volume 
is denoted by jA^dx; where A^ denotes the area of the sec- 
tion at the distance x from the origin. 

180. ITolame of Elliptic Paraboloid. — Let it be 

proposed to find the volume of the portion of the elliptic 
paraboloid 

- + — = 2Zy 

P Q 

out off by a plane drawn perpendicular to the axis of the sur- 
face. Here, considering z as constant, the area of the ellipse 

— + — = 22, by Art. 128, is zirz^^/pq. 

Hence, denoting by c the distance of the bounding plane 
from the vertex of the surface, we have 



F=27rv^/>(7 z dz =Tr d^ y^jjq. 
•'0 
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This result admits of being exhibited in another form ; for if 
£ be the area of the elliptic section made by the bounding 
plane, we have 

JB = iTTC^^ypq, 

Hence V- i circumscribing cylinder, as in paraboloid of re- 
volution. 

i8i. Tbe Ellipsoid. — Next, to find the volume of the 
ellipsoid 

a^ V* 2* 
a'^ b'^ c' 

The section of the surface at the distance 2 from the origin 
is the ellipse 

a' b' c'' 

the area of this ellipse is 

7rf I --^ JflJ, i.e. -4a = 7rf I --^jab. 

Hence, denoting the entire volume by F, we have 



= 2Trab\ 



1 -—]dz ^-irabc. 
\ ^ V 3 



182. Case of Oblique Axes. — It is sometimes more 
convenient to refer the surface to a system of oblique axes. 
In this case, if, as before, we take the cutting planes parallel 
to that of xt/, and if w be the angle the axis of z makes with 
the plane of xj/y the expression for the volume becomes 

sin w j Azdzy 

taken between proper limits, where Ag represents the area of 
the section, as in the former case. 

For example, let us seek the volume of the portion of an 
ellipsoid out ofE by any plane. 
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Suppose DEiy E^ io represent the section made by the 
plane, and ABA'B' the parallel central section. Take OAy 
OBy the axes of this section as axes of 
X and y respectively ; and the conju- 
gate diameter 0(7 as axis of z. 

Then the equation of the surface 
is 

a^ y" z^ »'^ 

where OA = a\ OB = b\ 00 = <f. ^'^' ^' 

It will now be convenient to transfer the origin to the 
point C", without altering the directions of the axes, when the 
equation of the surface becomes 




2 



x^ y^ 2z z 



The area Ag of the section, by Art. 128, is 

f2 i-> (3) 



ira 6> 1 — r - 



z^ 



hence, denoting CJV by A, the volume cut off by the plane 
DEiy is represented by 



TTfl'ft' sin (li 
or 



m-^>- 



ira sm w -? 7, . 

But, by a well-known theorem,* we have 

a'JV sin oi = abc, 

where a, 6, c, are the principal semiaxes of the surface. 

Hence the expression for the volume Fin question be- 
comes 

^=T«6c(^,-|.,]; (4) 

* Salmon's Geometry of Three Dimensions^ Art. 96. 



268 Volumes and Surfaces of Solids. 

or, denoting ^7^ by A, 

F= Trahch^ii-^. (5) 

This result shows that the volume cut off is constant for all 

sections for which k has the same value. Again, since 

ON 

jr^^ = I - A;, the locus of iVis a similar ellipsoid ; and we infer 

that if a plane cut a constant volume from an ellipsoid^ the locus 
of the centre of the section is a similar and similarly situated 
ellipsoid. 

183. Elliptic Paraboloid. — The corresponding results 
for the elliptic paraboloid can be deduced from the preceding 
by adopting the usual method of such derivation : viz., by 
taking 

«' =PCy V^ = qCy 

and afterwards maMng c infinite ; observing that in this case 

Q 

the ratio -7 becomes unity. 

Making these substitutions in (4), it becomes 

F = TT ^/pqh^ ( I — -^ j, or ttA' \/i^5'> since c' = 00. 

Hence, if a constant length be measured on any diameter 
of an elliptic paraboloid and a conjugate plane drawn, then 
the volume* of the segment cut from the paraboloid by the 
plane is constant. 

Again, the area of an elliptic section by (3) is 

,,j2h h^\ nahc (ih h^\ 
\c c^j csmwKc c^J 



* For a more direct investigation the student is referred to a memoir " On 
some Properties of the Paraboloid,'' Quarterly Journal of Mathematical June, 
1874, by Professor Allman. 
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On making the same substitutions, this becomes for the 
paraboloid 



sma> 



h. 



Now, if we suppose a cylinder to stand on this section^ 
the volume of the portion cut off by the parallel tangent 
plane to the paraboloid is obtained by multiplying the area 
of the section by A sin o) ; and, consequently, is 



27r 



v^A% 



i. e. is double the corresponding volume of the paraboloid. 
This is an extension of the theorem of Art. i8o. 

Examples. 

1. Froye thai the ydTime of the segment cut from a paraboloid by aay plane^ 
is iths of that of the oircumscribiiig oone standing on the section made by the 
pluie as base. 

2. A cylinder intersects the plane of jEy in an ellipse of semiaxes OA b 0, 
OB = h. and the plane of jps in an ellipse c& semiaxes OA = a, 00 = e; the 
edges of the cylinder being parallel to BC; find the yolume of the portion of th& 
cylinder bounded by the l£roe co-ordinate planes. Atu, i abe, 

3. The axes of two equal right cylinders intersect at right angles ; find th& 
Tolume common to both. Am. ^a\ where a is the radius of either cylinder. 
This surface is called a Groin. 

184. irolume by Double Integration* — ^In the ap- 
plication of the preceding method of finding volumes the 
area represented by Ax, instead of being immediately known,, 
requires in general a previous integration ; so that the deter- 
mination of the volume of a surface involves two suocessdve 
integrations, and consequently V is expressed by a double 
integral. 

Thus, as the area Ax lies in a plane parallel to that of vs^ 
its value, as in Art. 126, may generally be represented by 
/ zdjff taken between proper limits. Hence V may be repre- 
sented by 

flfzdj/]dx; 

or, adopting the usual notation, by 

jjzd^fdXf 

taken between limits determined by the data of the question. 
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The value of z is supposed given by a relation z =/(ir, y), 
hj means of the equation of the bounding surface ; hence 

izdyr.lf{xyy)dy. 

In the determination of this integral we regard x as 
constant (since all the points in the area have the same 
value of x)y and integrate with respect to y between its proper 
limits. 

Thus, if yi and y^ denote the limiting values of y, the 
definite integral 

/(^, y) dy 

becomes a function of x : this function, when integrated 
with respect to x between the proper limits, determines the 
volume in question. 

If Xi and Xq denote the limits of or, Vm&j be represented 
by the double integral 



r 



\ ^A^,y)dydx. 



We shall exemplify this by a figure, in which we suppose 
the volume bounded by the plane of try, by a cylinder 
perpendicular to that plane, and 
also by any surface.* Let 
MPRQ represent the section of 
the cylinder by the plane of xy ; 
and suppose PMNQ to be the 
Bcction of the volume by a plane 
parallel to yz at the distance x 
from the origin. Let PL = yi, 
QJi = t/oy then the area PMNQ 
is represented by the integral 



^zdy. 




Fig. 45. 



* The determination of a yolume of any form is virtually contained in this. 
For, if we suppose the surface circumscribed by a cylinder perpendicular to the 
plane of gy, the required volume will become the difference between two 
cylinders, bounded by the upper and lower portions of the surface, respectively. 
See Bertrand, Calc, Int, § 447. 
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The values* of yi and y^ in terms of x are obtained from 
the equation of the curve BPRQ. 

Again, suppose P^lTN^Qf to represent the parallel section 
at the infinitesimal distance dx from PMNQy then the 
elementary volume between PMNQ and FM'N'^ is repre- 
sented by 



pi 
dx zdy. 

ho 



Now, if ijr and -B'T' be tangents to the bounding curve, 
drawn perpendicular to the axis of a?, and if OT' = a?i, 0T= a?o, 
the entire volume is represented by 



f*i pi 

J a^o J y© 



It should be observed that zdydx represents the volume 
of the parallelepiped whose height is 2, and whose base is the 
infinitesimal rectangle having dxf and dy as sides ; and conse- 
quently the volume may be regarded as the sum of all such 
parallelepipeds corresponding to every point within the area 
BPP^Q. 

It is also plain that we shall arrive at the same result 
whether we integrate first with respect to x^ and afterwards 
with respect to y, or vtce-verad ; i. e. whether we conceive the 
volume divided into slices parallel to the plane of xzy or to 
that of yz. 

We shall illustrate the preceding by an ezample.f 

Suppose RPKQ to be me circle 

{x-ay+[y-by = R\ 

and the bounding surface the hyperbolic paraboloid 

xy ^ cz\ 



* In our inyestigation we Have assumed that the parallels intersect the 
curve in but two points each ; the general case is omitted, as the solutioai in 
such cases can be rarely obtained, and also as the investigation is unsuited for 
an elmnentary treatise. 

t This and the next example are taken from Gauchy's AppUoationi Qiomi- 
triquet du CaleiU InJlnU^timalf p. 109. 
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then we hare 



and 



i'>'^=y 






Again, a?i « a + /J, aro = « - iJ ; 

Ja-u 

Now let a? - a = 22 sin 0, and we get 



F = 



2 JiJ» '-' 



a 



[ oo8'0(a + i2 8in0)(;0. 



But f " cos'0rf0 = -, f ' oos'fl sin Orfl? = o, 

J IT 2 J n- 



a a 

abB' 



.'. F = 



IT 



A^ain, if for the cylindrical surface which has for its 
base the circle we substitute a system of four planes x = Xo, 
« = X, y = yo, y = F, we get 



''■}'. Ix.T*'^ 



i(x-v)(r'-K) 
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in which Ziy Ziy z^y 249 are the ordinates of the four comer 
points of tiie portion of the surface in question. 

Again, from the weU-known properties of the surface, in 
order to construct the hyperbolic paraboloid it is suflBcient 
to trace the gauche quadrilateral whose summits are the 
extremities of the ordinates Zi, 22, 239 24; then a right line 
moving on a pair of opposite sides of this quadrilateral, and 
comprised in a plane parallel to the other pair, will generate 
the paraboloid in question. 

Hence we arrive at the following proposition : — 

Having traced a gauche quadrilateral on the four lateral 
faces of a right prism standing on a rectan^ar base, if a 
right line move on two opposite sides of this quadrilateral 
and be parallel to the planes of the faces which contain the 
otheip two sides, then the volume out from the prism by the 
surface so generated is equal to the product of the area of 
the rectangular base of the prism by one-fourth of the sum 
of the edges of the prism between the vertices of the 
rectangle and those of the quadrilateral. 

185. Double Integration. — From the preceding Article 
it is readily seen that the double integral 



w- 



f{^, y)dydx 



can be represented geometrically by a volume ; and the deter- 
mination of the double integral, when the limits are given, is 
the same as the finding the volume of a solid with correspond- 
ing limits. 

For instance, the example in the preceding page is equi- 
valent to finding the value of the double integral 



If 



xydxdy 
taken for all values of x and y subject to the condition 

and similarly in other cases. 

When tne limits of x and y are constants, as in 

I \Ai^yy)dydx, 
' ' [18] 
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the double integral represents the volume cut by the surface 

s ==/{^, y) 
from the parallelepiped whose base is the rectangle formed 
by the lines 

a? = fl5, X ^a\ y = hy y '=^h\ 

It is plain that in this case the* order of integration is in- 
different, as already seen in Art. 115. 

186. It is sometimes more convenient to refer the curve 
BPRQ to polar co-ordinates, in which case we conceive the 
area divided into infinitesimal rectangles of the type rdrdO. 

The corresponding parallelepiped is represented by 
zrdrdO, and the expression for V becomes 



r= 



zr dr ddj 



taken between proper limits. 

For instance, if the bounding surface be a sphere, whose 
centre is the origin, we have 



z = \/a' - r^ 



and the equation becomes 

r= {{yoF^^rdrdd; 

but Wa^-r'rdr = - ^ (a'' - r*)i. 

Hence, if V denote the volume included between the 
sphere and the exteinor surface of the cylinder, we shall have 

where we suppose each radius of the sphere to cut the 
cylinder in but one point. 

For example, let the base of the cylinder bo the pedal of 
an ellipse whose major axis coincides with a diameter of the 
sphere; then 

r' = a'cos2fl + 6'sin'^0, 

and r=^{a'-h'')^l^'BdO. 
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If this be integrated between the limits o and - we get 
the ^th of the entire volume ; henoe the entire volume 

9 



Examples. 

1. A sphere is cut by a right cylinder, the radius of whose base is half that 
of the sphere, and one of whose edges passes through the centre of the sphere ; 
find the volume common to both surfaces. 

Ana, , a being the radius of the sphere. 

3 9 

2. If the base of the cylinder be the complete curve represented by the 
equation r = a cos n9, where n is any integer, find the volume of the solid be- 
tween the surface of the sphere and tiie external surface of the cylinder. 

187. It is readily seen, as in Art. 141, that the volume in- 
eluded within the surface represented by the equation 

is abc X the volume of the surface 

F{^9 y^ s) = o. 

For, let - = it' r " 2^> - = «', and we shall have 
abc 

zdxdy - abc%' dx' dy\ 
and .*. j j zdxdy = abc jjz^dx'dy; 

which proves the theorem. 

Henoe, for example, the determination of the volume of 
an ellipsoid is reduced to that of a sphere. 

Again, if the point (a?, y, z) move along a plane, the cor- 
responding point (/, y\ z') will describe another plane. From 
this property the expression for the volume of an ellipsoidal 
cap (Art. 182) can be immediately deduced from that of a 
spherical cap (Art. 170). 

[18 al 
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In like manner the volume included between a cone eti' 
velopingan ellipsoid and the surface of the ellipsoid is reducible to 
the corresponding volume for a sphere. 

1 88. Iluadratnre on tbe Sphere. — ^We next propose 
to give a brief disoussion of quadrature on a sphere, and 
oommenoe with the results on the subjeot usually given in 
treatises on Spherical Trigonometry. In the first place, 
since the area of a lune is to that of the entire sphere as the 
angle of the lune to four right angles, the area of a lune of 
angle A is represented by 2IPA ; where R is the radius of 
the sphere, and A is expressed in circular measure. 

Again, the area of a spherical triangle ABG is expressed 
by iJ* (-4 + -B + O - ir) ; for, the sum of the three lunes 
exceeds the hemisphere by twice the area of the triangle, as 
is easily seen from a figure. 

Hence, it readily follows that the area 2 of a spherical 
polygon of n sides is represented by 

S = R^[A + 5 + C + &o. - (n - 2)7r}; 

-4, By Cy &c., being the angles of the polygon. 

This result admits of oeing expressed in terms of the 
sides of the polar polygon ; for, representing these sides by 
€^y b\ (fy &c., we have 

A- v - dy jB = TT - J', &0., 
and consequently 

S = K{2V - (fl' + J' + C' +&C.)}. 

Or, denoting the perimeter of the polar figure by 8y 

S + jB/S = 2TrB\ (6) 

This proof is perfectly general, and holds in the limit, 
when the polygon becomes any curve ; and, accordingly, the 
area bounded by any dosed spherical curve is connected with 
the perimeter of its polar curve by the relation (6). 

Again, the spherical area bounded by a lesser circle 
(Art. 170) admits of a simple expression. If p denote the 
circular radius of the circle, or the arc from its pole to its 
circumference, the area in question is represented by 

27r2J*(i -cos /a); 
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for (see fig. Art. 170) we have 

AN^AC- Clf=B{i - cosp). 

This result also follows immediately as a simple case of 
equation (6). 

> Again, the area bounded by the lesser circle and by two 
arcs drawn to its pole is plainly represented by 

IPa{i - cos/o), 

where a is the circular measure of the angle between the arcs. 

We can now find an expression for the area bounded by 
any closed curve on a sphere ; for 
the position of any point P on the 
surface can be expressed by means 
of the arc OP drawn to a fixed 
pointy and of the angle POX 
between this arc and a fixed arc 
through 0. These are called the 
polar co-ordinates of the point, and 

are analogous to ordinary polar 

co-ordinates on a plane. p£^ 5 

Now,let OP = p, and POX = u> ; 
aien any curve on the sphere may be supposed to be expressed 
by a relation between p and cii. 

Afi^ain, suppose OQ to represent an infinitely near vector, 
and mraw PR perpendicular to OP; then, neglecting in 
the limit the area PQB^ the elementary area OPQ by the 
preceding is represented by 

jB*(i - cos p)cho. 

Hence the area bounded by two vectors from is 

expressed by the integral 2P (i - cosp)fl?(ii, taken between 

suitable limits. 

If the curve be closed, the entire superficial area becomes 




r2ir 
B^ \ (l - COB p)dtM). 
J a 



The value of cos p in terms of w is to be determined in 
each case by means of the equation of the bounding curve. 
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The integral E' \ cos/o dbt obviously represents the area 

included between the closed curve and the great circle which 
has for its pole. 

The length of the curve can also be represented by a 
definite integral ; for, regarding PBQ as ultimately a right- 
angled triangle, we have in the limit, 

PQ" = PjB' + EQ" : also PB = sinpdo). 
Hence ds^ =^ dr^ -^ sin'p c^w*, 



.•.*=! rfa,JrinV+(|j. 



Again, it is manifest from (6) that the determination of 
the length of any spherical curve is reducible to finding the 
area of its polar curve, and vice versd. 



Examples. 

I. Find tlie area of the portion of tlie surface of a sphere which is inter- 
cepted by a right cylinder, one of whose edges passes through the centre of the 
sphere, and the radius of whose base is half that of the sphere. 

Here, the equation of the base may be written in the form r a J2 sin », 
£ being the radius of the sphere, and « being measured from the tangent to the 
circular base. 

Again, from the sphere we have rsJ^sinp; .*. p = c0 is the equation of 
the curve of intersection of the sphere and the cylinder ; hence the area in 
question is 



2iP j (i - cos «)<?« = 2jB* (--i) 



This being doubled gives the whole intercepted area = air JZ* — 4-8*. 

This is the celebrated Florentine enigma, proposed by Vincent TQyiani as a 
challenge to the Mathematicians of his time, in the following form : — " Inter 
venerabilia olim Gneciss monumenta extat adhuc, perpetuo quidem duraturum, 
Templum augustissimimi ichnographia circulari Almee Geometrise .dicatum, quod 
Testudine intus perf ecte hemisphaBrica operitur : sed in hac f enestrarum quatuor 
SBquales ares (circum ac supra basin hemisphsersB ipsius dispositarum) tali con- 
figuratione, amplitudine, tantaque industria, ac ingenii acumine simt exstructsB, 
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ut his detiactis, supeistes curva Testudmis superficies, pretioso opere miisiTo 
omata, Tetragonismiyere geometricisit capax.** — Acta Eruditorum, Leipsic, 1692. 
[See Montucla, Siatoire des Math^matiquet, tome ii., p. 94.] 

In general, if r =/(») be the equation of the base of a cylinder, it is easily 
seen that the equation of the curye of its intersection with the sphere may be 
"written in the form i2 sin p =/(«). 

For example, let the diameter of the right cylinder be less than half that 
of the sphere ; then writing the equation of the base in the form r » sin «, 
where a is the diameter of me section, we get iSsinpsasinw, orsinp = icsin«> 
(where ic is < i), as the equation of the curve of intersection of the sphere and 
the cylinder. 

Hence the intercepted area is denoted by 

2J22j^(l -v/i -K2sin2»)rfa> = irJB2 -aJJ^J ^/i -K^an^otdw. 

Hence the area in question depends on the rectification of an ellipse. 

2. Find the area of the portion of the surface of the cylinder intercepted by 
the sphere, in the preceding. 

Here the area in question is easily seen to be represented hj 2 f zdt, where 
dt denotes the element of the curve which forms the base, corresponding to the 
edges. 

Now (i), when the diameter of the baSe is equal to the radius of the sphere, 
we have ' 

s = J2 cos », and ds » £dw ; 



IT 

.2" 



.*. area in question ^ 2jB^ \ cos udn = ^"B? ; i.e. the square of the diameter of 

Jo 
the sphere. 

2. When the diameter is less than the radius of the sphere, 
2 I zds = 2a I -v/iZ* - d^ sin^»<2» = 2aR v/i — ic'sin*« dw\ .-. &c. 

189. I^uadrature of Surfaces. — ^In seeking the area 
of a portion of any surf aoe we regard it as the limit of a 
number of infinitely small elements, each of which is con- 
sidered as a portion of a plane which is ultimately a tangent 
plane to the surface. Now let dS denote such an element of 
the superficial area, and d<r its projection on a fixed plane 
which makes the angle with the plane of the element; then, 
from elementary geometry, we shall have 

d<r = cos OdSy or dS = sec Oda, 

Hence /S = sec Odtj^ 

taken between suitable limits. 
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The applications of this fonnula usually involye double 
integrationf and are generally very complicated ; there is, 
however, one mode by which the determination of the area of 
a portion of a surface can be reduced to a single integration, 
and by whose aid its value can in some cases be found ; viz., 
by supposing the surface divided into zones by a system* of 
curves along each of which the angle between the tangent 
plane and a fixed plane is constant ; then, if dS denote the 
superficial area of the zone between the two infinitely near 
curves corresponding to the angles and -h dO; and, if dA 
be the projection of this area on the fixed plane, we shall 
have dS = sec OdA, 

If we suppose the surface referred to a rectangular 
system of axes, the fixed plane being that of xt/ ; and 
adopting the usual notation, if we take A, /i, v as the direction 
angles of the normal at any point on the surface, we get 
for dSy the area of the zone between the curves corresponding 
to V and V + dvf the equation 

dS = sec vdAj 

where A denotes the area of the projection on the plane of 
xy of the closed curve defined by the equation v = constant. 

Now whenever we can express the area A in terms of v 
and constants, then the area of a portion of the surface, 
bounded by two curves of the system in question, is reducible 
to a single integration. 

The most important applications of this method are 
furnished by surfaces of the second degree, to which we 
proceed to apply it, commencing with the paraboloid. 

190. Iluadrature of the Paraboloid. — ^Writing the 
equation of the surface in the form 

a?* ^ 
P 9 



* This method has been employed in a more or less modified form by 
M. Catalan, LwuvilUy tome iv., p. 323, by Mr. Jellett, Camb, and Dub, Math. 
Journal, voL i., as also bv other writers. The curves employed are called 
parallel curves by M. Lebesgno, LvouviUe, tome zi., p. 332, and Curven Uokliner 
NormaUny by Dr. Schlomilch. 
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the equation of the tangent plane at the point {x, y, z) is 

•where X, F, Z are the co-ordinates of any point on the plane. 
Comparing this with the equation 

J cos X + F cos /x + Z cos V = P, 

^ X y 

•we ffet cosA = — oobv, cosu = --oosv: 

° p g^ 

substituting in the identical equation 

COS^X + 00S'/[4 + oos'v = I, 

we get - + - = tan»v. (7) 

Consequently the curve along which the tangent plane 
makes the angle v with the tangent plane at the vertex is 
projected on that plane into the ellipse 

-5 + -z = tan'v. 

The area A of this ellipse is Trpgtan^i; ; accordingly, we 
have 

.'. dS = irpq sec vc?(tan*v) = irpq sec i;f?(sec'v) ; 

hence the area of the paraboloidal cap bounded by the curve 
V = a is 

wpq secve?(sec*p) = ^Trpqie/e^o^a - i). 

Also the area of the belt* between the curves 

V = a and V = a' is f 7r^2'(sec'a' - sec'a). (8) 

— ' — I 

* This f oim for the quadrature of a paraholoid is, I helieye. due to Mr. Jellett : 
see Comb, and Dub, Math, Journal^ vol. i. p. 65. The proof given above is in 
a great measure taken from Mr. Alhnan's paper in the Quarterly Journal^ already 
referred to. 
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191. Auadratnre of the Slllipsold. — ^Proceeding in 
like manner to the ellipsoid 

it^ y^ z" 
a c 

the equation of the tangent plane at the point (^, ^, z) is 

Xx Ty ^_ 

a^ -^ b' ^ c' ~ '• 

Hence, comparing with the equation 

X cos A + F cos fi + Z cos 1; = P, 
we get 

COSX = — , - cos V, COS U = -r^'- COS V. 

a^z crz 

Hence, we have 

cosV-r -7 + Ti 1 = cos'^ + cosV = siu'v ; 
s' \a* Ir) 

or, substituting ^ " ;^ - jb ^^r -g, 

~(a' sin'v + & cos%) + fi(^^ sin'i/ + & cos'i;j = sin'v. 

This shows that the projection on the plane of xy of 
a curve along which v = constant is an ellipse. 
Again the area A of this ellipse is 

TTg^ft^sin^i; 

(a* sin-v + & cos*v)*(6* sin'v + c*" cos'^i;)^* 

and accordingly, the area dA of the elementary annulus 
between two consecutive ellipses is 

^^2 J. ±_ ( ^^^ ) ^^^ 

dv \ (a* sin'* v -\- <? cos' v)i (6^ sin* v ->r & cos' v)^) 

The corresponding elementary ellipsoidal zone dS is 
represented by 

TTfl^' d_ ( " sinS^ I ^^ 

cos V c^i; ( (a' sin' 1/ + c' cos' v) 4 (^' sin' v + c* cos' v)i j 
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Now, if 8 denote the superfioial area* between two 
curves corresponding to v » a and v = a', after one or two 
reductions, it is easily seen that 



where / 



S = irfl* 6' c* (/+/')> (9> 

_ r*' sin V dv 

~ ]a (6' sin* v + c* cos' vY («' sin^ v + (? cos' v)*' 

, _ r* sinv^fy 

"* J « (a' sin' V + c' cos' v)* (6' sin' v + c'oos'i/)^* 

It is easily shown that the former of these integrals is 
represented by an arc of an ellipse, and the latter by an are 
of a hyperbola ; it being assumed that a> b> c. 

For, assuming a' - c* = a'e', and b^ - c" = i'e'', and 
making cos v « a?, we get 



w rcos a 



aft' J 

T foosa 



£^ 



eo.a(l-^'V)i(l-(?V)i' 

dx 



(I - e'aj')i(i -e''iP')i* 

Again, let ^^ = sin in the former integral, and e'x-mi9 
in the latter, and we get 



/ = — 



J (e'-/' sin' 0)3' 

fl'^ftj («"-«' sin' 6)'* 

Now, since e > e\ the former integral represents an 
arc of an ellipse, and the latter an arc of a hyperbola. (See 
Ex. 19, p. 249). 



* This form for the quadrature of an ellipsoid is given hy Mr. Jellett in 
the memoir already referred to. He has also shown that the ellipse and the 
hyperbola in question are the focal conies of the reciprocal ellipsoid ; a result 
which can be easily arrived at from the forms of / and /' given above. 

For application to the hyperboloid, and further development of these results, 
the student is referred to Mr. Jellett's memoir. 
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192. Integration over a Closed Snrfaee. — ^We shall 
conolude this Chapter with the consideration of some general 
f ommlsB in double integration relative to any closed surface. 
We commence by adopting the same notation as in Art. 189, 
where X, /tx, v are taken as the angles which the exterior 
normal at the element dS makes with the positive directions 
of the axes of a?, y, «, respectively. 

Again^ let each element of the surface be projected on 
the plane of xp^ and suppose* for simplicity that each z ordi- 
nate meets the surface in but two points : then, if the indefi- 
nitely small cylinder standing on any element dA in the 
plane of xi/ intersects the surface in the two elementary por- 
tions dSi and d82 (where dSi is the upper, and dSz the lower 
element), and if vi and V2 be the corresponding values of v, it 
is plain that vi is an acute, and V2 an obtuse angle, and we 
have 

dA = ooBvidSi = - oosvidS2> 

Hence, if we take into account all the elements of the surface, 
attending to the sign of cos v, we shall have 

jj GOB vdS = o. 

In like manner we get 

jjcosXdS = o, B,nd jj COB jidS = o; 

the integrals extending in each case over the whole of the 
closed curve 

These f ormulse are comprised in the equation 

jj (a cos A + /3 cos/i + 7 cos v)d8 = o. (10) 

Again, if Zi and Z2 be the values of z corresponding to the 
element dA^ then, denoting by dVihe element of volume 
standing on dA and intercepted by the surface, we plainly 
have 

dV = (Si - Z2) dA = ZidSi cos Vi + Za^Sa cos V2, 

* It it easily seen that this and the following demonstrations are perfectly 
general, inasmuch as each ordinate must meet a closed surface in an even number 
of points, which may be considered in pairs. 
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and the sum of all suoh elements, that is, the whole yolume, 
is evidently represented by 

Hence, denoting the whole volume by F, we have 

F = J Jaj cos Xrf/8 = J/y cos ndS = jj z cos vdS ; 

the integrals, as before, being extended over the entire 
surface. 

Again, it is easily seen that we have 

jj X COB vd8 = Oy Sj 1/ coBvdS = o, jjxooBfid8 = Oy 

JS y cosXdS = o, 11% ooBXdS = o, /J 2 cos fidS = o. 

For, as in the first case, it readily appears that the elements 
are equal and opposite in pairs in each of these integrals. 
These results are comprised in the equation 

JS{ax + /3y + yz) {a COS X + /3' cos /i + 7' cos v) dS 

= (aa' + /3i3' + 77') f^- (") 
For a like reason, we have 

Sjxi/ cos vdS = 0, jjzx cos fidS = o, jjt/z oosXdS = o. 

Also JJa^ cos vrfS = o, j j a^ COB fidS = 0, &o. 

Next, let us consider the integral 

jjxz cos vd8. 

This integral is equivalent to jf xdV; consequently, if 
Xf y, z, be the co-ordinates of the centre of gravity of the 
enclosed volume F, we get jj xz ooBvdS = SJxdV = xV; in 
like manner jj xz ooBX'dS = i F. 

Again, the integral 

jj z^ COB vdS 
consists of elements of the form (zi* - 22*) dA ; but 

(«i' - Z2^) dA = (zi + 22) (zi - Z2) dA 

= («! + Z2)dV. 
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But the z ordinate of the centre of gravity oi dV is 
plainly - — -^ and consequently 

[fs*ooBve?/8=2[[52^'e?r= 2SF. 

In like manner it can be shown that 

jjx^oo&\dS = 2XV9 J! y^ 008 fidS - 2^V. 
Accordingly we have 
Vx = iSJix^ cosXdS '^ jjxy 00& fidS = jjxz 00s vdSj 

Vy = jjyx QO&XdS = iJjt/^oosjidS^^jjt/zooBvdS, 
Vz = jj zx cos XdS = jjzy oosjidS = ^SS^^ ^^ •'^^• 

193. Sixpresslon for ITolume of a Closed Surface. 

— ^Next, if we suppose a cone described with its vertex 
at the origin 0, and standing on the elementary base dS, 
its volume is represented (Art. 169) by ^pdS, where J5 is the 
length of the perpendicular drawn from to the tangent 
plane at the point. 

Also, if r be the distance of from the point, and 7 the 
angle which r makes with the internal normal, we have 
p = r cos y. 

Hence the elementary volume is equal to -J-r cosydS^ and 
it is easily seen that if we integrate over the entire surface, 
the enclosed volume is represented by 

Ijjr coQydS. 

1 94. Again, if we suppose a sphere of imit radius described 
with as centre, and if dw represent the superficial portion 
of this sphere intercepted by the elementary cone standing on 
dS, then it is easily seen that cos ydS = ^'^dw; 

_ COB yds 

.'. a w = — . 

r 

Now if be inside the closed surface, and the integral 
be extended over the entire surface, it is plain that jjd(o = 47r, 
being the surface of the sphere of radius unity ; 

cosydS 
r 



■■■ w 



^ 4T- 
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Again, if be outside the surface, the cone will out the 
surface in an even number of elements, for which the values 
of cos 7 will be alternately positive and negative, and, the 
correq)onding elements of the integral being equal but with 
opposite signs, their sum is equal to zero, and we shall have 

003 7^5 

If be situated on the surface, it follows in like manner 
that 



n 



C0S7 ^ 

— ~ dS = 27r. 



r* 



Hence, we conclude that 

— ^ rfS = 47r, 27r, or o, (12) 



\\ 



according as the origin is inside, on, or* outside the surface. 

The multiple integrals introduced into this and the two 
preceding Articles are principally due to Gauss. 

The student will find some important applications of 
this method in Bertrand's Calc. Int.y §§ 437, 455, 456, 
476, &c. 
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I. A sphere of 15 feet radius is cut by two parallel planes at distances of 
3 and 7 feet from its centre ; find the supedftcial area of the portion of the sur- 
face included between the planes approximately. Ana. 376.9908 sq. feet. 

1. Being given the slant height of a right cone, find the cosine of half its 

vertical angle when its volume is a maximum. . i 

A.n8. — — n. 

V3 

3. Prove that the volume of a truncated cone of height h is represented by 

3 
where R and r are the radii of its two bases. 

4. A cone is circumscribed to a sphere of radius J?, the vertex of the cone 

being at Uie distance D from the centre ; find the ratio of the superficial area of 

the cone to that of the sphere. i>« — ^ 

Ans, — =r-r— • 

5. Two spheres, A and B, have for radii 9 feet and 40 feet ; the superficial 
area of a third sphere C is equal to the sum of the areas of A and B ; calculate 
tiie excess, in ciibic feet, of the volume of C over the sum of the volumes of A 
andJ9. Ana, 17558. 

6. If any arc of a plane curvie revolve successively round two parallel axes, 
show that the difference of the surfaces generated is equal to the product of the 
length of the arc into the circumference of the circle described by any point on 
either axis turning round the other. 

If the axes of revolution lie at opposite sides of the curve, the sum of the 
surfaces must be taken instead of the difference. 

7. Find, in teims of the sides, the volume of the solid generated by the 
complete revolution of a triangle round its side e. 

'3 « 

8. Apply Guldin's theorem to determine the distance, from the centre, of the 
centre of gravity, ( i ) of a semicircular area ; (2) of a semicircular arc. 

4.0 2a 

3«^ » 

9. If a triangle revolve round any external axis, lying in its plane, find an 
expression for the area of the surface generated in a complete revolution. 

10. Prove that the volume cut from the sui&ce 

«» = Ax' + By' 

by any plane parallel to that of x^y is th part of the cylinder standing on 

ft + I 

the plane section, and terminated by the plane of xi/. 
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11. A 00D.6 18 circiunBcribed to a sphere of 33 feet radius, the yertez of the 
cone being 265 feet distant from the centre of the sphere ; find the ratio of the 
superficial area of the cone to that of the sphere. 

12. The axis of a right cireular cylinder passes through the centre of a 
sphere ; find the volume A the solid induded between the concave surface of the 
sphere and the convex surface of the cylinder. 

Ana, —, where <; is the length of the portion of any edge of the cylinder 

intercepted by the sphere. 

This question is the same as that of finding the volume of the solid generated 
b^ the segment of a cirele cut off by any chord, in a revolution round the 
diameter parallel to the chord. 

13. Find the volume of the solid generated by the revolution of an arc of a 
circle round its chord. Ant. tira | — — ec\y 

where a = radius, e = distance of chord from centre, and cos a « -. 

a 

In this we suppose the are less than a semicircle : the modification when it 
is greater is easily seen. 

14. If the ellipsoid of revolution. 



and the hyperboloid 






«^ + ^-^y' = «', 



be cut by two planes perpendicular to the axis of revolution, prove that the 
zones intercepted on the two surfaces are of equal area. 

15. Find the entire volume bounded by the positive sides of the three co- 
ordinate planes, and 



©'* (I)'* e)'- 



.. ahe 
Ana* — . 
90 



i6. Find the volume of the surface generated by the revolution of an are of 

a parabola roimd its chord ; the chord being perpendicular to the axis of the 

curve. 

g 

Ana. — irl^ey where e is the length of the chord, and b the intercept made 

by it on the diameter of the parabola passing through the middle point of the 
chord. 

1 7. A sphere of radius r is cut by a plane at distance d from the centre ; find 
the difference of the volumes of the two cones having as a common base the 
drole in which the plane cuts the sphere, and whose vertices are the opposite 
ends of the diameter perpendicular to the cutting plane. 

Ana. fir«?(r2-rf2). 

[10] 
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1 8. Find the area of a spheriral triangle ; and prove that if a curve traced 
on a sphere have for its equation sin A. = /(/), X denoting latitude, and / longi- 
tude, ihe area hetween the curve and the equator «= jf{l)dl, 

19. Show that the volume contained hetween the surface of a hyperboloid 
of one sheet, its asymptotic cone, and two planes parallel to that of the real 
axes, is proportional to the distance hetween those planes. 



20. Find the entire volume of the surface 



©'-ar^er- 



Airabe 

Ans. . 

5. 7 



21. The vertex of a cone of the second degree is in the surface of a sphere, 
and its internal axis is the diameter passing through its vertex ; find the volume 
of the portion of the sphere intercepted within the cone. 

22. Prove that the volume of the portion of a cylinder intercepted hetween 
any two planes is equal to the product of the area of a perpendicular section 
into the cUstance hetween the centres of gravity of the areas of the hounding 
sections. 

23. If ^ he the area of the section of any surface made hy the plane of ^y, 
prove, as in Art. 192, that 

A= SJcoapdS, 

the integral heing extended through the portion of the surface which lies ahove 
the plane of xy. 

24. If a right cone stand on an ellipse, prove that its volume is represented 
hy 

MM 

- {OA . OA*)^ sin' a cos a ; 

where is the vertex of the cone, A and A' the extremities of the major axis 
of the ellipse, and a is the semi-angle of the cone. 

25. In the same case prove that the superficial area of the cone is 

- {OA + OA') {OA . OAy sin a. 
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CHAPTEE X. 

INTEGRALS OF INERTIA. 

195. Integrals of Inertia. — The following integrals axe 
of such frequent ocourrenee in mechanical investigations, 
that it is proposed to give a brief discussion of them in this 
Chapter. 

If each element of the mass of any solid body be supposed 
to be multiplied by the square of its distance from any fixed 
right line, and the sum extended throughout every element 
of the body, the quantity thus obtained is called the moment 
of inertia of the body with respect to the fixed line or axis. 

Hence, denoting the element of mass by dm, its distance 
from the^axis by ^, and the moment of inertia by J, we have 

I^'S.p^dm. (i) 

In like manner, if each element of mass of a body be 
multiplied by the square of its distance from a plane, the 
sum of such products is called the moment of inertia of the 
body relative to the plane. 

If the system be referred to rectangular axes of co- 
ordinates, then the expression for the moment of inertia 
relative to the axis of z is obviously represented by 

S {a?. + y'')dm. 

Similarly, the moments of inertia relative to the axes of 
X and y are represented by S {y^ + «') dm and S (a?* + s') rfm, 
respectively. 

Again, the quantities ^x^dm^ ^y^dm, ^z^dm^ are the 
moments of inertia of the body with respect to the planes 
of ys, xzy and ocy, respectively. Also the quantities ^xydm, 
^zxdnty ^yzdm^ are called the products of inertia relative to 
the same system of co-ordinate axes. 

In like manner the moment of inertia of the body with 
reference to a point is Sr*fl?w, where r denotes the distance of 
the element dm from the point. Thus the moment of inertia 
relative to the origin is S (aj* + y* + z^)dm. 

[10 a] 
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196. Monieiits of Inertia relative to Parallel 
Axes, or Planes. — ^The following result is of fundamentfJ 
importanoe : — The moment of inertia of a body with respect to 
any axis exceeds its moment of inertia mth respect to a parallel 
axis draum through its centre of gravity , by the product of the 
mass of the body into the square of the distance between the 
parallel axes. 

For, let I be the moment of inertia relative to the axis 
through the centre of gravity, i' that for the parallel axis, 
M the mass of the body, and a the distance between the axes. 

Then, taking the centre of gravity as origin, the fixed 
axis through it as the axis of s, and the plane through the 
parallel axes for that of zx^ we shall have 

/=S(aj* + 2^)rfw, /'= ^{{x + ay + y^}dm. 

Hence T - I^ la^dm + a' Srfw = a*-Jf, 

since ^dm = o as the centre of gravity is at the origin ; 

.-. r«J+a'Jf. * (2) 

Consequently, the moment of inertia of a body relative to 
any axis can be found when that for the parallel axis through 
its centre of gravity is known. 

Also, the moments of inertia of a body are the same for 
all parallel axes situated at the same distcuioe from its centre 
of gravity. 

Again, it may be observed that of all parallel axes that 
which passes through the centre of gravity of a body has the 
least moment of inertia. 

It is also apparent that the same theorem holds if the 
moments of inertia be taken with respect to parallel planes, 
instead of parallel axes. 

A similar property also connects the moment of inertia 
relative to any point with that relative to the centre of 
gravity of the body. 

In finding the moment o^ inertia of a body relative to 
any axis, we usually suppose the body divided into a system 
of indefinitely thin plates, or lamincBy by a system of planes 
perpendicular to the axis ; then, when the moment of inertia 
is determined for a lamina, we seek by integration to find 
that of the entire body. 
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197. Radios of li^yration. — If k denote the distance 
from an axis at which the entire mass of a body should be 
concentrated that its moment of inertia relative to the axis 
may remain unaltered, we shall have 

-»*• = /= 2j»Vw. (3) 

The length k is called the radius of gyration of the body 
with respect to the fixed axis. 

In homogeneous bodief^, which shall be here treated of 
principally, since the mass of any part varies directly as its 
volume, the preceding equation may be written in the form 

where c^F denotes the element of volume, and Fthe entire 
volume of the body. 

Hence, in homogeneous bodies, the value of k is indepen- 
dent of the density of the body, and depends only on its form. 

We shall in our investigations represent the moment of 
inertia in the form j ^ ^, , . 

and, it is plain that in its determination for homogeneous 
bodies we may take the element of volume for the element of mass, 
and the total volume of the body instead of its mass. 

Also, in finding the moment of inertia of a lamina, since its 
radius of gyration is independent of the thickness of the lamina, 
we may take the element of area instead of the element of 
mass, and the total area of the lamina instead of its mass. 

198. If A and B be the moments of inertia of an infi- 
nitely thin plate, or lamina, with respect to two rectangular 
axes OX, OT, lying in its plane, and if C be the moment of 
inertia relative to OZ drawn perpendicular to the plane, we 

^*^^® C^A + B. (4) 

For, we have in this case A = ^y^dm, B = ^o^dm, and 
0= '^(p? -^ y'') dm. 

Again, for every two rectangular axes in the plane of the 
lamina, at any point, we have 

^x^dm + ^ifdm = const. 

Hence, if one be a maximum, the other is a minimum, and 
ince verad. 

We shall, in all investigations concerning laminse, take C 
for the moment of inertia relative to a line perpendicular to 
the lamina. 
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199. Vnlfbrm Rod, Rectangular Iiamlna. — ^We 

commence with the simple case of a rod, the axis being perpen- 
dioolar to its length, and passing through either ex^mity. 

Let X be the distance of any element dm of the rod from 
the extremity ; then, since the rod is uniform, dm is propor- 
tional to dxy and we may assume dm = /Lcc£r: hence, the 
moment of inertia J is represented by fi^x^dx, or by 



Jo 



dx, 



where / is the length of the rod. 

Hence / = — = Jf - . 

3 3 

If the axis be drawn through the middle point of the rod, 

perpendicular to its length, the moment of inertia is plainly 

the same for each half of the rod, and we shall have in this case 

12 

Next, let us take a rectangular lamina, and suppose the 
axis drawn through its centre, parallel to one of its sideSr 

Here, it is evident that the lamina may be regarded as 
made up of an infinite number of parallel rods of equal 
length, perpendicular to the axis, each having the same 
radiufl of gyration, and consequently the radius of gyration 
of the lamina is the same as that of one of the rods. 

Accordingly, we have, denoting the lengths of the sides 
of the rectangle by 2a and 26, and the moments of inertia 
round axes through the centre psurallel to the sides, by A and 
B, respectively, 

A=^~Mb\ B = ^Ma\ (5) 

3 3 

Hence also, by (4], the moment of inertia round an axis 
through the centre of gravity and perpendicular to the plane 
of the lamina, is 

- Mia" + b'). (6) 



By applying the principle of Art. 196 we can now find 

its moments of inertia with respect to any right line either 

lying in, or perpendicular to, the plane of the lamina. 
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200. Rectanffiilar ParaUoleplped. — Since a parallel- 
epiped may be oonoeived as consisting of an infinite number 
of * laminse, each of which has the same radius of gyration 
relative to an axis drawn perpendicular to their planes, it 
follows that the radius of gyration of the parallelepiped is 
the same as that of one of the laminsB. 

Hence, if the length of the sides of the parallelepiped be 
2a, 26, and 2c, respectively; and, if -4, B, O be respectively 
the moments of inertia relative to three axes drawn through 
the centre of gravity, parallel to the edges of the parallel- 
epiped, we have, by the last, 

A = ^M{b'-\-c% B^^M{c^^a% C = -M{a'+b'). (7) 

<D O <J 

201. ClrenUur Plate, Cylinder. — If the axis be 

drawn through its centre, perpendicular to the plane of a 
circular ring of infinitely small breadth, since each point of 
the ring may be regarded as at the same distance r from the 
axis, its moment of inertia is r^dmy where dm represents its 
mass. 

Hence, considering each ring as an element of a circular 
plate, and observing that dm = fji2Trrdr, we get for C, the 
moment of inertia of the circular plate of radius a. 



C= 27r/4 r^dr = 



— i— - = if — . 



Consequently, the moment of inertia of a ring whose 
outer and inner radii are a and 6, respectively, with respect to 
the same axis, is 

J» ^2 2 

Again, by (4), the moment of inertia of a circular plate 

a* . 
about any diameter is Jf — , since the moments of inertia are 

obviously the same respecting all diameters. 

In li^e manner, the moment of inertia of a ring relative 
to any diameter is 
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Also, the moment of inertia of a right ojlinder about its 
axis of figuie is 

-?. 

a being the radius of the section of the cylinder. 

Again, the moment of inertia relative to any edge of the 

cylinder is - Ma\ ' 

.202, Right Cone. — To find the moment of inertia of a 
right cone relative to its axis, we conceive it divided into an 
infinite number of circidar plates, whose centres lie along the 
axis ; and, denoting by x the distance of the centre of any 
section from the vertex of the cone, and by a the semi-aDgle 
of the cone, we have 






2 Jo 10 

where h is the height of the cone, and b the radius of its base. 
Hence, since by Art. 169 the volume of the cone is - b^h^ 
we have 



10 



(8) 




203. Elliptic Plate. — Next let us suppose the lamina 
an ellipse, of semi-axes a and b ; and 
let A and B be the moments of inertia 
relative to these axes, respectively. 

Describe a circle with the axis 
minor for diameter, and suppose the 
lamina divided into rods by sections 
perpendicular to this axis. Let jB' be 
the moment of inertia for the circle 
round its diameter. 

Then, denoting by dB and dB^ the moments of inertia of 
corresponding rods, we have 

dB'.dBT = {npY : (npy = (oa)» : {oby = a^:b*; 



Fig. 47. 



But B', by Art. 201, is 
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.*. -B = — -=- = — a*. 

46 4 

Similarly, ^ = — 6*. 

Henoe the moment C roimd a line through the centre of 
the ellipse, perpendicular to its plane, is 

' f («* + *'). (9) 

It is plain, as before, that the expression for the moment 
of inertia of an elliptical cylinder relative to its axis is of the 
same form. 

204. Sphere. — If we suppose a sphere divided into an 
infinite number of concentric spherical shells, the moment of 
inertia of each shell is plainly the same for all diameters ; 
and accordingly, representing the mass of any element of a 
shell by dm^ and by a?, y, z any point on it, we have 

'2x^dm = ^y^dm = ^z^dm. 

But 2 (a;' + y* + 2*) dm = ^r^dm ; 

2 

o 
Hence, (a) the moment of inertia of a shell whose radius 

. . 2 

is r with respect to any diameter is - mr*, where tn repre- 

sents the mass of the shell. 

Again, {b) for a solid sphere of radius i?, since the volume 
of an indefinitely thin shell of radius r is 47r r'^rfr, we get 

Sr'^rft? = 47r f r'dr = ^ttJ^' = ^ VE\ 

JO 5 5 

When this is substituted, the moment of inertia of a solid 
homogeneous sphere relative to any diameter is found to be 

^ME\ (10) 

5 ' 
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205. Ellipsoid. — ^Let the equation of an ellipsoid be 

a? V* s* 
a 0* c 

and suppose -4, -B, C to be the moments of inertia relative to 
the axes a, 6, c, respectively ; then 

Now, let - = a?', ? = «/', - = /, 

a 6 c 

and we get 



C = fiabc 






where the integrals are extended to all points within the 
sphere 

x^ + /' + s'* = I. 
But, by the last example we have 

/. C = ^ TTfiabc {a^ + 6') = — {a' + J*). (i 1) 

In like manner, 

A = ^{b' + c'), B^—(j?^a% 
5 ^ 5 

It should be remarked that the moments of inertia of tho 
ellipsoid with respect to its three prirwipui planes are 

— a', — 6', — c*, respectively. 
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206. Momeiits of Inertia of a Ijainlna. — Suppose 
that any plane lamina is referred to two rectangular axes 
drawn through any origin 0, and that a is the angle which 
any right line through 0, lying in the plane, makes with the 
axis of X ; then, if / be the moment of inertia of the lamina 
relative to this line, we have 

I = ^p^dm = 2 (y cos a - ;i? sin aYdm 

= eos'a ^y^dm + sin'aSa?'(/w - 2 &maQO%a^xydm 

= « cos*a + Jsin'a - ih sin a eosa; (12) 

where a and h represent the moments of inertia relative to 
the axes of x and y, respectively ; and h is the product of 
inertia relative to the same axes. 

Again, supposing X and F to be the co-ordinates of a point 
taken on the same line at a distance R from the origin, we 

X . Y 

get cos a = ^, sin a = -p- ; and, consequently. 

Accordingly, if an ellipse be constructed whose equation is 

aX^ + 6F' - 2AXF= const., (13) 

we have 

IB? - const. ; 

and, consequently, the moment of inertia relative to any line 
drawn through the origin varies inversely as the square of 
the corresponding radius vector of this ellipse. 

The form and position of this ellipse are evidently inde- 
pendent of the particular axes assumed ; but its equation is 
more simple if the axes, major and minor, of the ellipse had 
been assumed as the axes of co-ordinates. Again, since in 
this case the coefficient of XF disappears from the equa- 
tion of the curve, we see that there exists at every point in 
a body one pair of rectangiilar axes for which the quantity 
h or ^xj/dm = o. 

This pnir of axes is called the principal axes at the 
point ; and the corresponding moments of inertia are called the 
principal moments of inertia of the lamina relative to the point. 
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Again, if A and B represent the principal moments of 
inertia, equation (12) becomes 

J=^ oos'a + JBfiin'a, (14) 

Hence, for a lamina, the moment of inertia relative to 
any axis through a point can be found when the principal 
moments relative to the point axe determined. 

The equation of the ellipse (13) becomes, when referred 
to the principal axes, 

AX^ + 5F» = const. 

207. Momeiital Ellipse. — Since the moments of inertia 
for all axes are determined when those relative to the centre 
of gravity are known, it is su£5oient to consider the case 
where the oripn is at the centre of gravity. With reference 
to this case, the ellipse 

AX"" + 5r« = const. (15) 

is called the momental ellipse of the lamina. 

Again, if two different distributions of matter in the 
6ame plane have a common centre of gravity, and have the 
same principal axes and principal moments of inertia, at 
that point, they have the same moments of inertia relative to 
all axes. 

This is an immediate consequence of (14). Hence it is 
easily seen that the moments of inertia for any lamina are 

the same as for the system of four equal masses, each, — > 

4 
placed on the two central principal axes, at the four dis- 
tances ± a and ± 6, from the centre of gravity, where a and b 
are determined by the equations 

A = -Mb% B^-Ma\ 
2 2 

Again, if two systems of the same total mass, in a plane, 
have a common centre of gravity, and have equal moments 
of inertia relative to any three axes, through their common 
centre of gravity, they have the same moments of inertia for 
all axes. 
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This follows immediately sinoe an ellipse is determined 
when its centre and three points on its circumference ar& 
given. 

Again, it may be observed that the boundary of an 
elliptical lamina may be regarded as the momental ellipse of 
the lamina. 

For, if I be the moment of inertia relative to any^ 
diameter making the angle a with the axis major, we have 

/ = -4 cos^a + B sin'a. 
But, by Art. 203, 

-4 = — 6% -B = — a' ; 

4 4 

M 

•'. /= — (6* cos*o + a' sin' a) 

4 ' 



4 ^ 


'oos'a 


+ 


sin' a 


M<fb'> 









4 r* 

Hence the moment of inertia varies inversely as the square^ 
of the semi-diameter r ; and, consequently, the ellipse may be^ 
regarded as its own momental ellipse. 

208. Products of Inertia of Ijainlna. — Suppose the 
lamina referred to its principal axes at a point ; and let p 
and q be the distances of any element dm from two axes,^ 
which make the angles a and j(3 with the axis of x ; then we 
have 

"S^pqdm = S(y cos a -a?sina)(y cos/3 -a?sinj3)^m 

= cosa cos j3 ^t/'dm + sin a sin )3 ^a^dm 

' - sin (a + /3) ^xydm 

= -4 cos a cos j3 + -B sin a sin j3, 

since A = ^fdm^ B = ^x^dm^ and 'S.xi/dm = o. 

Hence, if Sj^g'rfw = o, we have 

A cos a cos j3 + JB sin a sin|3 = o, 
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and aooordingly the axes are a pair of conjugate diameters 
of the momental ellipse 

AX^ + BY^== const. 

Hence, if two laminae in the same plane have for any point 
two pairs of axes for which ^pqdm = o and ^p'^dm^ = o, 
they have the same principal axes at the point. This follows 
from the easily established property, that if two ellipses have 
two pairs of conjugate diameters in common, they must be 
similar and coaxal. 

209. Triangular IJainlna and Prism. — Suppose a 
triangular lamina, whose sides are a, 5, c, to be divided into 
a system of rods parallel to a side a ; 
and let A represent the moment of 
inertia relative to a line parallel to 
the side a, and drawn through the 
opposite vertex; also let p be the 
perpendicidar of the triangle on 
the side a, and x the distance of an 
elementary rod from the vertex; then 
we have, since the mass dm of the 

€iX 

elementary rod may be represented by ju — cfe, 

(IX 

A = ^a^dm = u'2a^ — dx 




Fig. 48. 



P 



= /Li- x^dx = iuL— = —p^. 



In like manner, let B and C be the moments of inertia 
relative to lines drawn through the other vertices parallel to 
b and c ; and let g, r be the corresponding perpendicidars of 
the triangle, and we have 



B = — 0'% C = — r . 
2 ^ 2 



2 ^ 2 

Again, if Ao^ Bo^ C09 represent the moments of inertia 
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relative to three parallels to the sides, drawn through the 
centre of gravity of the lamina, we have, by (2), 

Ao--^^Mp\ B^^^Mf, Co = ^Mf^. (16) 

Also, if Ai, Biy Ci, be the moments of inertia relative 
to the sides a, 6, c, respectively, it follows, in like manner, 
from (2), that J 

A^^'-Mp\ B,^\Mq\ C,^\Mr\ (17) 

o o o 

Again, it is readily seen that the values of Ay Ao, -4i, &c., 
are the ^ame as if the whole mass M were divided into three 
equal masses, placed respectively at the middle points of the 
sides of the lamina. 

Consequently, by Art. 207, the moments of inertia of the 
triangular lamina relative to all axes are the same as for 

M 

three masses, each — , placed at the middle points of the 

aides of the triangle. 

Hence, if / be the ^moment of inertia of a triangular 
lamina with respect to the perpendicidar to its plane drawn 
through its centre of gravity, we have 

J=^Jf(«' + 6' + c'). (18) 

This expression also holds for the moment of inertia of a 
right triangular prism with respect to its axis* 

In like manner the moments of inertia of the triangular 
lamina relative to the three perpendiculars to its plane, 
drawn through its vertices, are 



H 



y + c^-.^\ LMf(^ + a'^-\ -Mfa'-^b'-^]; 



and the same expressions hold for a triangular prism relative 
to its edges. 

* By the axis of a prism is understood the right line diawn through its 
centre of gravity paraUel to its edges. 
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210. MomeMtal BlUpse of a Triangle. — ^It can be 

shown without difiScnltj that the ellipse which touches at the 
middle points of the sides 
may be taken for the mo- 
mental eUipse of the triangle. 
For, let ar, y, « be the 
middle points of the sides, 
and it is easily seen that 
is the centre of this ellipse ; 
also, if Ji, /„ Iz be the 
moments of inertia of the '^•49- 

lamina relative to the lines ax^ by^ ds, respectively, it can be 
readily shown from (17), that we have 



jL\ I JLi I ±z — 




{axy • {byf • {czY 



ifixY • {oyY ' {ozy 

Accordingly, by Art. 207, the ellipse xyz may be taken for 
the momental ellipse of the lamina. 

211. Tetrahedron. — If a solid tetrahedron be supposed 
divided into thin laminae parallel to one of its faces, and if 
Af Bf Cf D represent its moments of inertia with regard 
to the four planes drawn respectively through its vertices 
pcurallel to its faces ; then, denoting the areas of the corre- 
sponding faces by a, 6, Cy dy and the corresponding perpen- 
diculars of the tetraJiedron by />, q^ r, «, respectively, it is 
easily seen, as in Art. 209, that we shall have 

5 5 
In like manner we have 

B^^Mq\ C^^Mf*, D^^Ms". 
5 ^ 5 5 
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Again, if -4o, J5o, Co, -Do be the corresponding moments of 
inertia relative to the parallel planes drawn through the 
centre of gravity of the tetrahedron, we have, by (2), 

Ao-l^Mp\ Bo^l^Mq% C.^lMr-, Do^i^Ms\ (19) 



80 



80 



Also, if -4i, Biy Ci, 2>i be the moments of inertia relative 
to the four faces of the tetrahedron, we have 

A,^—Mp\ B,^^Mq\ C,^-^Mr\ D,^ — Mh\ [20) 
10 10 10 10 ^ ^ 

212. Solid Ring.* — If a plane closed curve, which is 
symmetrical with respect to an axis ABy be made to revolve 
roimd a parallel axis, lying in 
its plane, but not intersecting the 
curve, to prove that the moment 
of inertia I of the generated solid, 
taken with respect to the axis of 
revolution, is represented by 




where M is the mass of the solid, 
h the distance between the parallel 
axes, and k the radius of gyration 
of the generating area relative to its axis. 

For, if the axis of revolution be taken as the axis of x^ 
and, if y^ Y be the distances of any point P within the 
generating area from ABy and from OX^ respectively ; and, 
u dA be the corresponding element of the area, then the 
volume of the elementary ring generated by dA is iir YdAj 
and its mass 27r/u TdA ; hence the moment of inertia of this 
elementary ring, relative to the axis of X, is zvpiT^dA. 
Accordingly, we have 

i = 27r/ii S F'rf-4 = 2irpL S (A + yfdA 

= 2ir/iiS(A5 + zh^y + 3Ay» + y^)dA. 



* The theorems of this Article were given by Professor Townsend in the 
Quarterly Journal of Mathematiet^ 1869. 

[80] 
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Moreover, since the curve is symmetrical with respect to 
the axis AB^ it is easily seen that we have 

'2ydA = o, "Siff^dA = o. 

Also, by definition, ^^^dA = AK^. 

Hence / = ivfihA (A* + 3A;*). 

Again, by Art. 177, -5f = iiriihA ; 

.-. /=Jf(A* + 3F). (21) 

This leads immediately to some important cases. 

Thus, for example, the moment of inertia of a circular 
ring, of radius a, round its axis is 

Again, if a square of side a revolve round any line in its 
plane, situated at the distance h from its centre, we have 

J=Jf(A» + a«). 

There is no diflBoulty in adding other examples. 

213. C^eneral Expression for Products of Inertia. 

— ^We shall conclude this Chapter with a short discussion of 
the general case of the moments and products of inertia, for 
any body, or system. 

Let us suppose the system referred to three rectangular 
planes, and let j9, ^, r represent the respective distances of 
any element dm from the three planes 

ar cos a + y cos j3 + s cos 7 = o, 

X cos a' + y COS /3' + s COS 7' = o, 

X COS a' + y COS j3" + s cos 7" = o. 
Then 

Sj»g'rfm=S (iTCOSa+y COSJ3+SCOS7) (aJcoso'+ycos/3'+scos7') rfm 

« cosacosa'2ar*rfw + cos)3cos/3'Sy'rf/» + cos7COS7'Ss^rfw 

+ (cos a COS j3' + cos j3 cos a) ^xydm 

+ (cos 7 cos a + cos a cos 7') ^zxdm 

+ (cos /3 cos 7' + cos 7 cos)3') ^yzdm ; 

and we get similar expressions for ^prdm and ^qrdm. 



\ 
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Now, suppose that we take 

^yzdm =/, Sarstfw = g^ ^xydm = /^ ; 
then the preceding equation may be written 

'2pqdm = cos a {a cos a + h cos (i' + g cos 7') 

+ cos/3 (A cos a' + S cos )3' +/COS 7') 

+ cos 7 {g cos a' + /cos /3' + c cos 7') ; (22) 

along with similar expressions for ^rpdm and ^qrdm, 

214. Principal Axes. — Next, let us suppose that the 
planes are so assumed as to satisfy the equations 

^pqdm = o, ^rpdm = o, ^qrdm = o ; 

then it is easily seen* that these planes are a system of con- 
jugate diametral planes in the ellipsoid represented by the 
equation 

aX^ + bY^ -h cZ^ -¥ 2fYZ + igZX + ihXY = const. (23) 

Hence it follows that at any point there exists one system of 
rectangular planes for which the corresponding products of 
inertia^ for any body^ mnish : viz., the principal planes of the 
preceding ellipsoid^f 

These three planes are called the principal planes of the 
body relative to the point, and the right lines in which they 
intersect are called the principal axes for the point. 

Again, every two soMs have for eveiy point at least one 
common system of planes for which ^pqdm = Oy ^rpdm = o^ 
^qrdm = o, S^?'^ dm = o, ^r'p'drd = o, ^q'/dm' = o; 
where the unaccented letters refer to the elements of one 
solid, and the accented to those of the other. 

This is obvious from the property that eveiy two con- 
centric ellipsoids have one common system of diametral planes. 



*. Salmon's Geometry of Three DimetuionSj Art. 72. 
t The exceptional cases when the ellipsoid is of revolution, or is a sphere, 
will be considered subsequently. 

[20 a] 
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Again, if two solids have for any point more than one 
system of planes for which the foregoing six products of 
inertia vanish, they must have the same principal planes at 
the point. This follows since the two ellipsoids in that case 
must be similar and coaxal. 

215. Principal Moments of Inertia. — Let us now 
suppose the co-ordinate planes to be the principal planes of 
the body for the origin, then the moment of inertia relative 
to the plane 

a? cos a + y cos )3 + s cos 7 = o 
is 

^p'dm = S (a? cos o + y cos /3 + s cos ^ydm 

= co&^a^x'clm + cos'j3 ^y^dm + cos'y ^z^dm^ (24) 

since in this case we have 

^xydm = o, ^zxdm = o, ^yzdm = o. 

Again, let / be the moment of inertia of the body relative 
to the line through the origin whose direction angles are 
«> i3, 7 ; then we have 

/ + SSp'rfm = ^r'dm = 2(a?' + y* + z^)dm ; 

.-. / = cos'a 2 (jr + s*) dm + cos*j3 S(s^ + a^) dm 

+ cos' 72(0!* + y*) dm ; 
or I = A cos'a + B cos'j3 + C oos'y, (25) 

where A^ B^ C are the moments of inertia of the body 
relative to its three principal axes. 

Ay By Care called the three principal moments 0/ inertia 
of the body relative to the origin. 

If the centre of gravity be taken as the origin, the 
corresponding values of Ay By C are called the principal 
moments 0/ inertia of the body. 

We suppose, in general, that A is the greatest, and C the 
least of the three principal moments. 

It follows from (25) that the moment of inertia of a body 
relative to any line passing through a given point is known^ 
whenever the angles which the line makes with the principal 
axes are known, as also the moments of inertia relative to 
these axes. 
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216. Ellipsoid of C^yration. — Suppose, as before, the 
solid referred to its three principal axes at any point, and let 
«, by c be the corresponding radii of gyration, i.e. let 

A = Ma\ B^Mb\ C=Mc\ 

and / = Mls^ ; then equation (25) becomes 

k^ = a^ cos* a + 6* cos-jS + c^cos'y. (26) 

Now, if we suppose an ellipsoid described having the 
principal axes for the directions, and a, 6, c for the lengths 
of its corresponding semi-axes ; then (26) shows that the 
radius of gyration of the body, relative to the perpendicidar 
from the origin on any tangent plane to this ellipsoid, is 
equal in length to this perpendicidar. (Salmon's Geometry 
of Three Dimensions, Art. 89.) 

The foregoing ellipsoid is called the ellipsoid of gyration 
relative to the point. It should, however, be observed that 
by the ellipsoid of gyration of a body is meant the ellipsoid 
in the particular case where the origin is at the centee of 
gravity of the body. 

217. Momental Ellipsoid.— If X, F, Z be the co- 
ordinates of a point R taken on the right line through the 
origin 0, whose direction angles are a, /3, 7, we have 

X=OiJcosa, F=OiJ cos/3, Z^ORooay. 

Substituting the values of cos a, cos /3, cos y, deduced 
from these equations, in (25), it becomes 

J. OJS* = AX' + BY' + CZ". 

Suppose, now, that the point R lies on the ellipsoid 

AX' + BY'+CZ'^ const., (27) 

and we get I . OR' = X, denoting the constant by X ; 

Hence the moment of inertia relative to any axis, drawn 
through the origin, varies inversely as the square of the cor- 
responding diameter of the ellipsoid {z^j). 



310 Integrah of Inertia, 

From this property the ellipsoid is called the momental 
ellipsoid at the point. 

When the origin is taken at the centre of gravity of the 
body, thia ellipsoid is called the central ellipsoid of the body. 

If two of the principal moments of inertia relative to any 
point be equal, the momental ellipsoid becomes one of re- 
volution, and in this case all diameters perpendicular to its 
axis of revolution are principal axes relative to the point. 

If the three principal moments at any point be equal, the 
ellipsoid becomes a sphere, and the moments of inertia for all 
axes drawn through the point are equal. Every such axis is 
a principal axis at the point. 

For example, it is plain that the three principal moments 
for the centre of a cube are equal, and, consequently, its 
moments of inertia for all axes, through its centre, are equal. 

218. Kquimomental Cone. — ^Again, since 

cos*a 4- cos'^jS + C0S*7 = I, 

equation (25) may be written in the form 

{A - /) cos^a + (i? -/) cos'|3 + (C- /) cos^y = o ; 

hence the equation 

M-/)iM(5-/) F^+ ((7- J)Z^ = o (29) 

represents a cone such that the moment of inertia is the same 
for each of its edges. Such a cone is called an equimomental 
eone of the body. 

Again, the three axes of any equimomental cone, for any 
solid, are the principal axes of the solid relative to the vertex 
of the cone. 

When /= -B, the cone breaks up into two planes ; viz.> 
the cyclic sections of the momental ellipsoid. 

For a more complete discussion of the general theory of 
moments of inertia and principal axes, the student is referred 
to Routh's Eigid Dj/namicSy chapters i. and 11. ; as also to 
Professor Townsend's papers in the Camb. and Dub, Math, 
Journal^ 1846, 1847. 
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Examples. 

^ Find the expressions for the moments of inertia in the following, the bodies 
being supposed homogeneous in all cases : — 

I. A parallelogram, of sides a, h^ and angle 0, with respect to its sides. 

Ans, — br sin- 0. — a* sin* B. 
3 3 

3. A rod, of length a, with respect to an axis perpendicular to the rod and 
at a distance d from its middle point. 

Ans. 



..if ("-+..). 



3. An equilateral triangle, of side a, relative to a line in its plane at the 
distance d from its centre of gravity. 

Am. m(- -^d^Y 

4. A right-angled triangle, of hypothenuse Cy relative to a perpendicular to 
its plane passing through the right angle. 



Ans. M—» 
o 



5. A hollow circular cylinder, relative to its axis. 



r» + /* . . • 

Ans, M , where r and r' are the radii of the boimding circles. 

6. A truncated cone with reference to its axis. 

Ans, - — -z — rr;. where b and b' are the radii of its bases. 
10 0^ - b^ 

7. A right cone with respect to an axis drawn through its vertex perpen- 
dicular to its axis. 

Ans, - — I h^'\ — ) , where h denotes the altitude of the cone, 
S \ 4/ 
and b the radius of its base. 

8. An ellipsoid with respect to a diameter making angles a, /S, 7 with its 



axes. 



Ans. —lifi sin'a + b^ sin'/3 + c* sin^y j . 



9. Area bounded by two rectangles having a common centre, and whoso 
sides are respectively parallel, with respect to an axis through their centre 
perpendicular to the plane. 



Ans, 



12 ab - a'b' 
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10. A square, of side a, relatiye to any line in its plane, passing through its 
centre. 

Ana. M — . 
la 

1 1. A regular polygon, or prism, with respect to its axis. 

Ana, ~ [2?+ 2r* J , where R and r are the radii of the 

circles circumscribed, and inscribed to the polygon. 

13. Proye that a parallelogram and its mftTiTmim inscribed ellipse have the 
same principal axes at their conmion centre of figure. 

13. Proye that the moments and products of inertia of any triangular 
lamina, of mass JT, are the same as for three masses, each — , placed at the 
three yertices of the triangle, combined with a mass -if placed at its centre of 
grayity. 

14. Proye that the moments and products of inertia of any tetrabedron arc 

M 

the same as for four masses, each — , placed at the yertices of the tetrabedron, 

4 *° 

combined with a mass - M placed at its centre of grayity. 

15. If a system of equimomental axes, for any solid, all lie in a principal 
plane passing through its centre of gravity, proye that they enyelop a conic, 
haying that point for centre, and the principal axes in the plane for axes. 

1 6. Proye ^so that the ellipses obtained by varying the magnitude of the 
moment of inertia form a confocal system. 

17. Prove that the sum of the moments of inertia of a body relative to any 
three rectangular axes drawn through the same point is constant. 

18. Proye that a principal axis belonging to the centre of gravity of a body 
is also a principal axis with respect to every point on its length. 

19. Prove that the envelope of a plane for which the moment of inertia of 
a body is constant is an ellipsoid, confocal with the ellipsoid of gyration of the 
body. 

so. If a system of equimomental planes pass through a point, prove that 
they envelop a cone of tne second degree. 

2 1 . For different values of the constant moment the several enveloped cones 
are confocal ? 

22. The common axes of this system of cones are the three principal axes of 
the body for the point P 

23. The three principal axes at any point are the normals to the three sur- 
faces confocal to the ellipsoid of gyration, which pass through the point. 
(M. Binet, Jour, de VEe, Foly. 1813.) 
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CHAPTER XI. 

ON MEAN VALUE AND PROBABILITY. 

2 1 9. One of the most remarkable applications of the Integral 
Calculus is to the solution of questions on Mean or Average 
Values and Probability. In this Chapter we will consider a 
few of the less diflBioult questions on these subjects, which 
will serve to give at least some idea of the methods to be 
employed. We will suppose the student to be already 
acquainted with the general fundamental principles of the 
theory of Probability. 

Mean Values, 

220. By the Mean Value of n quantities is meant their 
arithmetical mean, i.e. the «^* part of their sum. 

To estimate the Mean Value of a continuously varying 
magnitude, we take a series of n of its values, at very close 
intervals, n being ^ large number, and find the mean of these 
values. The larger n is taken, and consequently the smaller 
the intervals, the nearer is this to the true value. 

This mean value, however, depends on the law accord- 
ing to which we suppose the n representative values to be 
selected, and will be different for diflferent suppositions. 
Thus, for instance, if a body fall from rest till it attains the 
velocity t?, and if it be asked — What is its mean velocity 
during the fall P If we take the mean of the velocities at 
successive equal infinitesimal intervals of timef the answer 
will be ^v ; but if we consider the velocities at equal intervals 
of space, it vsrill be ^v. The former is the most natural sup- 
position in this case, because it is the answer to the question 
— What is the velocity with which the body would move, 
uniformly, over the same space in the same time ? — a question 
which implies the former supposition. We might frame a 
similar question, of a less simple kind, to which the second 
value above would be the answer. 
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Again, if we wish to determine the tnean value of the 
ordinate of a semicircle, we might take the mean of a series 
of ordinates equidistant from each other ; or through, equi- 
distant points of the circumference ; or such that the areas 
between each pair shall be equal; in each case the mean 
value will be different. 

Thus we see that the Mean Value of any continuously 
varying magnitude is not a definite term, as might be sup- 
posed at first sight, but depends on the law assumed as to its 
successive values. 

221. Case of One Independent ITariable. — ^We 
will therefore suppose any variable magnitude y to be ex- 
pressed as a function <p{x) of some quantity x on which it 
depends, and its mean value taken as x proceeds by equal 
infinitesimal increments h from the value a to the value 6. 
Let n be the number of values, then nh = b - a. The mean 
value is 

- J0(a) + ^(a + h) + 0(a + 2A) + . . . . . 

But (Art. 90), 

h U(fl) + 0(a + A) + ^{a + 2A) + . . . .| = 1 <^{x)dx. 
Hence the mean value is 

ip{x)dx. (1) 



jif= ' 



b - a 



Examples. 



I. To find the mean value of the ordinate of a semicircle, suppoeiiig the 
series taken equidistant. 






yiz., the length of an arc of 45**. 

2. In the same case, let us suppose the ordioates drawn through equidistant 
points on the circumference. 

if"" 2 

Jf = - I r sin 0d0 = -r ; the ordinate of the centre of gravity of th6 arc. 
irj IF 
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3. Determine the mean horizontal range of a projectile in vacuo for dif- 
ferent angles of elevation finom 45° - 6 to 45° + d ; given the initial velocity T. 

If a be the angle of elevation, the range is 

It = — sin 2o. 

Hence Jf = — - I — sin lada, between the Umits 45" ± ^ ; 

20} ff 

,^ F2 sin 70 

The mean value for all elevations, from 0° to 00°, is . 

4. A number n is divided at random into two parts ; to find the mean value- 
of their product. 



I f» I 

M=-\ xln - x)dx = -rn^. 



5. To find the mean distance of two points taken at random on the circum* 
f erence of a circle. 

Here we may evidently take one of the points A as fixed, and the other B 
to range over the whole circumference ; since by altering the position of A, we 
should only have the same series of values repeated ; let be the angle between 
AB and the diameter through -4 ; as we need only consider one of the two- 
semicircles, 

«■ 

I f^ 4** 

Jf = — I 2r cosdrfO = 

J* Jo ^ 

6. To find the mean values of the reciprocals of all numbers from n to 2w> 
when n is large : 

That is, to find the mean value of the quantities 

I I I I I II 



n* « , 1' n 2' n , n' 

I +- I + - i + - 

n n n 

thai ia, the mean value of the function — , as a; goes by equal increments from 

nx 
I to 2 ; 

.*. if = I — =-log2. 

2 -- I Jinx n 

7. To find the mean values of the two roots of the quadratic 

««-«« + i = o, 

the roots being known to be real, but b being unknown, except that it is 
positive : 
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a2 



That ig, ^ ia equally likely to have any value from o to.— ; hence for the 

4 
greater root| a, 



c^ 



J a'* Jo 

4 f* 
= — I aita- a)da\ 



6 

The mean value of the smaller root is ~ a. 



17 I 

The mean squares of the two roots are — «*, — a'. These might be deduced 

24 24 

from the former results, since 

M{3fi) - aM\x) ■\- M{b) = o. 

8. Find the mean (positive) abscissa of all points included between the axis 
of X and the curve 

y - ae ''^ . Ans, 



The mean square of the abscissa is Jc*. 

222, If Jf be the mean of m quantities, and Jf'the mean 
of mf others of the same kind, and if /u be the mean of the 
whole m + m' quantities, we have evidently 

mM + mfM' , . 

f^ = r-- (2) 

Thus if we have to find the mean distance of one ex- 
tremity of the diameter of a semicircle from a point taken at 
random anywhere on the whole periphery of the semicircle ; 
since the mean value when it falls on the diameter is r, and 

the mean value when it falls on the arc is — , we havQ 



IT 



2r.r + 7rr— ^ 



2r + 7rr 2 + tt 
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223. Case of Two or More Independent Yariables* 

— If s = 0(a?, y) be any function of two independent 
variables, and a?, y be taken to vary by constant infinitesimal 
increments A, ky between given limits of any kind, the mean 
value of the fimction 2 will be 

iidxdy ' ^^' 

both integrals being taken between the given limits. 

The easiest way of seeing this is to suppose Xy y, 2 the 
co-ordinates of a point ; and to conceive the boundary repre* 
senting the limits traced on the plane of xy^ and then ruled 
by lines parallel to a?, y at intervals ky h apart. We have 
thus a reticulation of infinitesimal rectangles hk ; and if at 
each angle an ordinate z be drawn to the surface z = ^{xy y)^ 
as the number of ordinates will be the same as that of rect- 
angles, we shall have 

volume jjzdxdy = sum of ordinates x hk ; 

also the plane area jjdxdy = number of ordinates x hk ; 

so that dividing the sum of the ordinates by their number^ 
the above expression results. 

It may be shown, in like manner, that for three or more 
independent variables a similar expression holds. 

It is evident that the above expression, viewed geometri- 
cally, gives the mean value of any function of the co-ordinates 
of a series of points uniformly distributed over a given plane 
area. 

Examples. 

f . Suppose a straight line a divided at random at two points, to find the- 
average value of the product of the three segments. 

Let the distances of the two points X, J, from one end A of the line, he 
caUed Xy y. Consider first the cases when x> y\ the sum of products for these 
is half the whole sum ; hence 

3. A numher a is divided into three parts ; to find the mean value of one 
il. 



318 



On Mean Value and Prohability. 



Let iP, y, fl - « - y, be the parts; 

I xdxdy 

Jo 



M 



dxdy 

Jo 



I 

-a. 

3 



This value might be deduced, without performing the integrations, by consider- 
ing that the expression is the abscissa of the centre of gravity of tne triangle 
OAB ; OAf OB being lengths taken on two rectangular axes, each = a. 

Of course the result in this case requires no calculation ; as the sum of the 
mean values of the three parts must be = a ; and the three means must be equal. 

a* 
The mean square of a part is -^ . 

6 

3. A number a is divided at random into three parts : to find the mean 
value of the lettst of the three parts : also those of the greatest, and of the mean. 

Let ^, y, - - y, be the greatest, mean, and least parts. The mean value 

f f xdxdy 
of the greatest is if= -77-; — r^: the limits of both -d 

SSdxdy ^ 

integrations being given by 

x>y> a- X -y> o. 

If Xf y be the co-ordinates of a point, referred 
to the axes OA, OB, taking OA = OB =: a, the 
above limits restrict the point to the triangle AVS 
(AM being drawn to bisect OB) ; and Uie above 
value of ^ is the abscissa of the centre of gravity of 

this triangle ; i. e. ~ of the sum of the abscissas of its 

3 
angles ; hence 

3 \ 2 3 / iS 
The ordinate of the same centre of gravity, viz., 

3 \2 Z I i^ 

is the mean value of the mean part ; hence the mean values of the three parts 
required are respectively 



O 




Fig. Si- 



ll 
18 



a. 



18 * 



a. 



4. To find the mean square of the distance of a point within a given square 
(side a 2a}, from the centre of the square. 



M 



4a* J -ff J . 



(x^ + y^)dxdy^-a\ 

3 
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It is obvious that the mean square of the distance of all points on any plane 
area from any fixed point in the plane is the square of the radius of gyration of 
the area roimd that point. 

5. To find the mean distance of a point on the circumference of a circle from 
all points inside the circle. 

Taking the origin on the circumference, and the diameter for the axis, if dS 
be any element of the area, we have 

«■ 

M = ^-^-^^~A \ r'^dedr^^-, 

2 

224. Many problems on Mean Values, as well. as on 
Probability, may be solved by particular artifices, which, if 
attempted by direct calculation, lead to difficult multiple 
integrals which could hardly be dealt with. 

Examples. 

I. To find the mean distance between two points within a given circle. 

If Jf be the required mean, the sum of the whole number of cases is repre- 
sented by 

(iir8)«jlf; 

now let us consider what is the differential of tliis, that is the sum of the new 
<;ases introduced by giving r the increment dr. If Mo be the mean distance 
of a point on the eircumferenee from a point within the circle, the new cases 
introduced by taking one of the two points A on the infinitesimal annulus 
zirrdry are 

irr-J/o . 2irrdr; 
doubling this, for the cases whe.e the point J5 is taken in the annidus, we get 

d . { .7rr2)2 if } = 4ir» Jfor^rfr. 



'I2r 
Xovv Mo = ^— (Ex. 5, Art. 223) ; 
9ir 



9 

.'. M= r, 

45ir 



Jo 



2. To find the mean square of the distance between two points taken on any 
plane area fi. 

Let dS, dS' be any two elements of the area, A their mutual distance, and 
we have 
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Now, fixing the element dSy the integral of ^^dS' \b the moment of inertia 
of the area fi round dS ; so that if if = radius of gyration of the area round dS, 

M=-llK^dS'. 

let r = distance of dS from the centre of gravity G of the area, k the radius of 
ffyration round G, then 

X« = r2 + *»; 

thus the mean square is twice the square of the radius of gyration of the area 
round its centre of gravity. 

225. The mean distance of a point P within a given 
area from a fixed straight line (which does not meet the 
area] is evidently the distance of the centre of gravity O 
of the area from the line. Thus, if -4, -B are two fixed 
points on a line outside the area, the mean value of the area 
of the triangle APB = the triangle A OB. 

From this it will follow, that if X, F, Z are three points 
taken at random in three given spaces on a plane (sucn that 
they cannot all be cut by any one straight line), the mean 
value of the area of the tnangle XTZ is the triangle 00'0'\ 
determined by the three centres of gravity of the spaces. 

Example. 

I. A point P is tal^en at random within 
a triangle ABC^ and joined with the three 
angles. To find the mean value of the 
greatest of the three triangles into which 
the whole is divided. 

Let G be the centre of gravity ; then if 
the greatest triangle stands on AB^ F is 
restricted to the figure CHGK^ and the 
mean value of AFB is the same as if P 
were restricted to the triangle GCK\ henco 
we have to find the area of the triangle 
whose vertex is the centre of gravity of 
GCKy and base AB ; Fig. 52. 

.-. M=-{ACB + AKB^AGB) - i ^i+-+ -)^^C; 

hence the mean value is -- of the whole triangle. 

1 5 

The mean values of the least and mean triangles are respectively - and -^ 

9 '^ 
of the whole. 

This question might be shown to be reducible to Question 3, Art. 223. 
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226. If Jf be the mean value of any quantity depending 
on the positions of two points (e.g. their distance) which are 
taken, one in a space Ay the other in a space £ (external to 
A) ; and if M^ be the same mean when both points are taken 
indiscriminately in the whole space A ■\- B; Ma^ Mb the 
same mean when both points are taken in ^ and both in B^ 
respectively; then 

{A + BYM'^zABM+A'Ma-^B'Mb. (4) 

If the space A == B^ 

^'^2M-^Ma + Mb\ 

if 9 also, Ma = Mb9 

2W^M-^Ma; 

thus if Jf be the mean distance of a point within a semi- 
circle from one in the opposite semicircle, My that of two 
points in one semicircle, we have (Art. 224) 

M+M^^^r. 

To determine M ox Mi is rather difficult, though their 
9um is thus found. The value of jM" is — —^ r. 



i35ir' 



Examples. 



I. Two pomts Z, Y are taken at random within a triangle. What is the 
mean area M of the triangle XYCy formed hy joining tiiem with one of the 
angles of the triangle P 

Bisect the triangle by the line CD ; let M\ be the mean value when both 
]>oints fall in the triangle A CD; Mi the value when one falls in A CD and the 
ottsrmJBCD; then 

But M1--M; and M2 = OG'C, where G, O' are the centres of gravity 

2 
of ACD, BCDy this being a case of the theorem in (225) ; hence M2 = -ABC, 

A ' 9 ' 

and 

M^-^ABC. 

3. To find the mean area of the triangle formed by joining an angle of a 
square with two points anywhere within it. 

[21] 
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By a similar method this is found to be 

— '- of the whole square. 
108 ^ 

^ 3. What is the mean area of the triangle fonned by joining the same two 
points with the centre of the square P 

We may take one of the points X always in the square OA ; take the whole 
square as unity ; then if Jf be the mean, the sum 
of all the cases is 



D 



4 4* 4' 4* 

M\f M%, Jfs being the mean areas when the second 
point T is taken respectively in OA, OBy and OC, 
But ifs = ^\i for to any point TinOC there cor- 
responds one Y' in OA, which giyes the area 
OXY' = OXY\ 

.-. if=-iri + -ij!f2. 
2 2 . 





« 

/ 








Fig. 53. 



B 



But Ml = — 4r • -f Jtfi ■» -7 ; hence M = -=- of the whole square.* 
108 4 16 108 

227. If two spaces -4 + C, J5 + (7 have a oommon part C, 
and M be any mean value relating to two points, one in -4 + (7, 
the other in J? + (7 ; and if the wnole space -4 + -B + (7 « TF, 
and Mw he the same mean when both points are taken indis- 
criminately in W; Mji when taken in A, &c., then 

2{A + C){B+C)M^ JTMw+C'Mc-A'M^-B'MBy (5) 

as is easily seen by dividing the whole number W^ of oases 
into the different classes of cases which compose it. 



* In such questions as the aboTe, relating to areas determined by points 
taken at random in a triangle or parallelogram, we may consider the triangle as 
equilateral, and the paralldogram as a square. This will appear iix>m orthogomd 

C'ection; or by deforming the triangle into a second triangle on the same 
and between the same parallels, when it is easy to see that to one or more 
random points in the former there correspond a like set in the latter, determining 
the same areas. This second triangle may be made to have a side equal to a 
fide of an equilateral triangle of the same area ; and then be deformed in like 
vanner into the equilateral triangle itself. Likewise a parallelogram may be 
Moxmed into a square. 
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Example. 



Two segments, AB^ Ci), of a straight line liaye. a common part CB ; to 
find the mean distance of two points taken, one in ABy the other in CL, 

2AB, CL.M^AJDI^ .-AD+CB^. - CB^A(P .-AC-BD^ . -BD, 

3 3 3 3 

cince the mean distance of two points in any line is - of the line ; 

AB^ -\-Cm^ A(P - BB^ 

•'• "^^ ZabTcb • 

22^, The oonsideration of probability often may be made 
to assist in determining mean values. Thus, if a given 
space 8 is included within a given space Aj the chance of a 
point Py taken at random on Ay falling on Sy is 

S 
But if the space 8 be variable, and M{S) be its mean value. 

For, if we suppose S to have n equally probable values 
£^1, Sij 8z . . . .<, the chance of any one 8i being taken, and of 
P falling on 8iy is 

i8i 
^^^nA' 

now the whole probability jp ^pi +pi +pz + . . . ; which leads 
at once to the above expression. 

The chance of two points falling on iS is 

P = ~^' . (7) 

In Buoli a case, if the probability be known, the mean value 
follows, and vice verad. Thus, we might find the mean value 
of the distance of two points X, Y taken at random in a line, 

[81a] 
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by the consideration that if a third point Zhe taken at random 

in the line, the chance of it falling between X and F is - ; a& 

one of the three miist be the middle one. Hence the mean 

distance is - of the whole line. 
3 

Again, the mean n^ power of the distance is 



{n+ i)(w + 2)' 

where a = whole line. For if jo is the probability that n more 
points taken at random shall fall between X and Yy 

Now the chance that out of the whole n + 2 points, X 

shall be one of the extreme points is : and if it is so, the 

^ n + 2 

chance that F shall be the other extreme point, is . 

^ n+ 1 



Examples. 

I. From a point X, taken anywhere C 

in a triangle, pfuuUels are drawn to two >^ 

of the sideB. Find the mean value of / \ 

the triangle UXV. y^ \ 

If a second point "X.* be taken at y^ \ y^\ 

random within ABC^ the chance of y^^.. \^... A 

its falling in XVV is the same as the y/ ,1'-5^Xvn \ 

chance oi X falling in the corresponding y"^ •''''y^ \ * *^v \ 

triangle X' V V ; that is, of X' felling yC""^' y^ \ \ \ 

on the parallelogram Xd Hence the yi^'''' ^ _\ v\ 

mean value of TJX V= mean value of XC. V u v B 

But the mean value of (C7Xr+ XC) is Fig. 54. 

~-4^C; as the whole triangle can be divided into three such parts by drawing 
through X a parallel to A3,* Thus 



JfiUXV) a.\ABC. 



6 



The mean value of ZTT is ^ AB, For UV is the same fraction 6i AB that the 

3 
altitude of X is of that of C?; see Art 215. 



♦ The triangle may be considered equilateral ; see note, p. 322. 






I 
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Gob. Hence, if jd = perpendicular from X on AB, h = altitude of triangle 
ABC, 

If we take the area ABC as unity, we have, since UXV: AXB = AXB : ABC, 

{AXB)^ = UXV. 

Thus the mean square of the triangle AXB is •=. If two other points T, Z are 

taken at random in the triangle, the chance of both &lling on AXB is thus the 

same as that of a single point falling on TTXV', i. e. g. Hence we may easily 

infer the following theorem : — 

If three points X, Y, Z are taken at random in a triangle, it is an even 
chance that ¥, Z both f aU on one of the triangles ^ 
AXB, AXC, BXC. ^ 

2. In a parallelogram ABCB a point X is taken at 
random in the triangle ABC, and another Y in ADC, 
Find the chance that X is higher than Y. 

Draw XB. horizontal : the chance is 

mean area of ASK -7- ABC 

But ^JTjrsJJTT, and the mean area of XI7T=|^CB H 

I 6 

(Ex. i) ; hence the chance is 7. 

. A 

3. If be a point taken at random on a triangle, and 

lines be drawn through it from the angles, to find the 
mean yalue of the trismgle DEF, (Mr, Miller,) 

It will be sufficient to find the mean area of the triangle^^JSF, and subtract 
three times its vjJue from ABC, If we put a, fi, y for the triangles 
BOC, AOC, AOB, it is easy to prove 




ABF= 



fiy 



(a + fi)(a + 7) 



,ABC, 



If we now put the whole area ABC^ i, and 
if ^^ be the element of the area at 0, 

the integration extending over the whole triangle. 

Now if ^, y axe the perpendiculars from on the sides b, e, it may be easily 
4shown that the element of the area is ^ 1 j j 




Fig. 56. 



dS 



dpdq 4 
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Thus the mean yalue of ^^^ becomes 
Again, by Art. 95, the definite integral 



! 



> Slott/3 «* 

' — p o 

ir< 



•••■»f=- '-»('-?) = 



7-^- 



Hence the mean value of the triangle BEF is 

10 - ir«, 
that of ABC being unity. 

It is curious that the same yalue, 10 ~ i-^, has been found by Col. Clarke to 
be the mean area of a triangle formed by the intersections of tliree lines, drawn, 
from Ay Bj (7 to points taken at random in 0, &, c respectiyely. 

4. To find the ayerage area of all triangles having a given perimeter (2«). 
By this is meant tibat the given perimeter is divided at random in every possible 
-way into three parts, a, b^ c, and only those cases are taken in which a, S, e can 
form a triangle ; then ike mean value of 



^ = V^«(«- a) (#-*)(»-<?) A i Y B 

Fig. 57. 
has to be foimd. 

Take^^=2», let Z, The the two points of division, AX = Xy AT=yi 
these are subject to the conditions 

• x<8y y>8y y-x <9. 

A 

Now ;^ = -/(,- a;) (y- «)(« -y + ^) ; 



I 



I I *s/(8 - ic) (y - #) (» - y + a?) . dydx 



V^' dydx 

AgaiQ, by Art. 132, we have 

The result is therefore : — ^Mean area = — (2»)'. 

los 

In the same case we should easily find 



»* 



Mean square of area = — . 
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5. Three points are taken at random within a given triangle ; prove that the 
mean area of the triangle formed by them is — of the given triangle. 

Call the area of the given triangle A, the required mean M: we will first 
prove that if Mq be the mean area when one of the three points is restricted to 
a side of the given triangle, 



Jfw —Mu. 

4 



Let A receive an increment of area d^, by adding to it an infinitesimal band 
included between the base a, and a line pandlel to it ; the increase produced in 
the sum of all the cases is found by considering one of the random points 
X taken in this band ; the additional cases introduced will be 

A^e^A . Jfo. 

The wkole increase is treble this, for we must consider also the cases when 
Y, Z fall in this band (the cases when two of the three fall on it may be 
neglected, their number being proportional to d^). Now the sum of the whole 
original cases is A^if ; hence 



d(L^M) = 3A«iforfA; 



M , 




Now — is constant for all triangles (see note, 
A 

p- 322) ; 

A 4 



Again, to find Jfo, consider the random point X fixed at a particular point 
D of the base a, the other two points F, Zy ranging all over the triangle. Let 
2£* be the mean value of DTZ\ the sum of all the cases, viz., A'^Jf', may be 
decomposed into three groups : (i) when F, Z are in ABD ; (2) both mACD\ 
(3) one in each triangle : 



ABC 



.-. {ABC)^M' = {ABDf . ^ ABD + (ACBf . ^ACD + lABD , ACD . 

by Ex. (i), p. 32 r, and because in case (3) the mean value is the area of the 
triangle formed by joining D with the centres of gravity of ABD^ ACD (Art. 
225). Put BD = Xy altitude of triangle = p^ and we get 



Now when the point X falls in the element dx, the sum of all the cases is 
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A^M'dx; and hence, when X ranges from StoC, the whole sum of cases is 
Jo Jo (27 27 9 ) 

^^ ' 9 9 

I 31 

Hence Jfo = - A ; and therefore M^ar jf^^ — ^. 
9 4 « 

Cos. Hence, if four points, Ay B, C, Dy Bse taken at random within a 

triangle, the chance that they determine a re-entrant quadrilateral is -. For 

the chance that 2) falls in ABC is the mean value of ABC divided hy the 

whole triangle, that is — ; and we have to add to this the chances that C7 falls 

2 
in ABJ)f &c. The chance that ABCD is convex is -. 

3 

6. The mean distance of the vertex of a triangle from all points in the area is 
eaual to its distance from the centre of gravity, measured along a parabolU path, 
which leaves the vertex in the direction of one of the sides, and reaches the 
centre of gravity in a direction parallel to the other — the axis of the parabola 
being parallel to the base. 

Let an indefinite line AP be con- ^ 

ceived to revolve round A, from the >/Vv 

direction AC to AB ; and as it revolves, // V\ 

suppose that all the mass of the triangle / [ ^ v/\. 

ABC which lies to the riffht of it is m / W ^ ^v 

transferred continuously to tie vertex-^. / j^ yv \^ 

The centre of gravity of the whole mass / \ Vy n. 

will thus describe a curve starting from / G \\ \. 

Oy and ending at A, When the line is / \\ Nv 

at AF let the centre of gravity be at ^ ; g ; ^r^ -^ 

and when it is in the consecutive position v r 

AF^y let the centre be at /- As the ^^' 59- 

mass of the triangle AFF has been transferred to Ay gg' is parallel to AF; also 

, AFF' 2 ^^ 
^^ ABC s ' 

2 

since - AF is the distance traversed by the centre of gravity of the transferred 

portion of the whole mass.* 

2 
But as -AF is the mean distance of all points in AFF' from Ay the sum of 

2 

e very element in AFF* into its distance from A = AFF' x - AF. Hence the 

3 
sum of all the elements gg', i.e. the whole arc OA = sum of every element of 

ABC into its distance from Ay divided by the area ABCy i. e. the mean distance 
required. 



* See Eankine, Applied MechanicSy p. 54. 
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It is easy to show that if ^T is drawn parallel to BCy 

A. 1^ 

so that the curve is the parabola mentioned above. For A andg are in directum 
with the centre of gravity of ABF; and hence, as ^ is the centre of gravity of 
^J?Pa#uf a mass at A cz AFC, 

ATJBP BP e 
2 ~ a '"^ iffT"^ AT' 

FBOBABILITIES. 

229. The oalculation of Probabilities, when the number 
of favourable cases, as well as the whole number of oases, is 
finite, is not a subject for the Infiniteeamal Calculus. It is 
when the number of cases depends on continuously varying 
magnitudes, and is therefore infinite, that recourse has to be 
made to the methods of the Integral Calculus. 

The same remark applies here which we had occasion to 
make as to mean values (Art. 220). The value of the pro- 
bability will depend on the law according to which we select 
the series of cases which we take as representing the total 
number — that is, it wiU depend on which variable (or varia- 
bles) we suppose to be taken at ralidomy that is, to proceed by 
constant infinitesimal increments ;* in other words, to be the 
independent variable (or variables). Thus, if we have to find 
the chance of the line, drawn from a fixed point to a given 
finite straight line, exceeding a given length, the results will 
be. different if, first, we suppose a series of lines drawn to 
points taken at random on the given line, or, secondly, a 
series of lines drawn in random directions from the fixed 
point. Tn many oases, however, the problem has an obvious 
sense which precludes any such uncertainty. 

230. Let us consider a simple question on chances. Two 
integers are chosen at random from o to 6 inclusive ; to find 



* Of course a large number of values taken at random for a variable do not 
really form an equi-^erent series : but, as they must give a number of points 
(when measured along a straight line) of imiform density , they may be taken, 
for the purposes of calculation, as equi-different. 
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the ohanoe that the greater of the two exceeds a given value^ 
suppose 3. Here the whole number of oases, all equally 
probable, is easily seen to be 

1+2 + 3 + 4 + 5 + 6, 
and the number of favourable cases is 

4 + 5 + 61 

so that the required chance is -. 

If, however, the question is not confined to integers, but 
the two numbers chosen may have any arbitrary values from 
o to 6 ; or as we may state the question : — Two quantities 
are taken at random from o to a ; find the chance that the 
greater of the two is less than a given value b : — 

Let X be the greater ; then for any assigned value of x 
the number of cases is measured by x (since the lesser may have 
any value from o to a;) ; hence the number of cases when the 
greater falls between x and x-\- dxv& measured hy xdx; the 

whole number of cases is therefore xdx; and the favourable 



Jo 



oases are 



f* . . b^ 

xdx. The required chance is therefore p = — g. 

Jo ^ 



This instance will serve to show how the Integral Calculus 
may enter into the estimation of chances. It is true that it 
might easily be solved otherwise ; for if the two numbers are 
considered as the distances of two points taken at random in 
a line of length a^ from one end of the line, and if we 
measure a distance b from that end, the problem is really to 
find the chance that both points fall within b : which chance 

is evidently -;. 

231. We proceed to give a few easy questions on proba- 
bilities : general rules can hardly be given for their solution, 
the nimiber and diversity of the questions which may be 
proposed being so great that no attempt seems to have been 
made to classify or connect them into a regular theory. We 
will give, in particular, several on Loccd or Geometrical 
Probability. 
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EZAIDPLES. 

I. If an event B is known to haye occurred in a certain century, the chance 
that it was not distant more than n years from the middle of the century is of 

course — ; but if three events, A, B. C, are known to have occurred in the 

lOO 

century, and that A preceded B, and B preceded (7, let it be proposed to find 
how far this amount of knowledge alters the value of the chance for B. 

Let a; be the time from the beginning of the century to the event B ; for 
any assigned value of x, fhe nimiber of triple cases is jr(ioo —x): hence the 
number of favourable cases divided by the whole number is 



P = 



a?(ioo -x)dx 

fiO.M 



T lOO \ioo/ 



JIUU 
a:(ioo -x)dx 


a. Two numbers, x, y, are chosen at random between o and a : find thfr 



a* 



chance that the product xy shall he less than — (its mean value). 



Here 



ijdxdy 



the integral being limited by a > a? > o, a > y > o, and a;y < - . We have 

4 

accordingly to integrate for y from a to o, when x is between o and - ; andfroia 

2 4 

a* a 

— to o, when x is between - and a ; thus 
4x 4 

adx+\ — rfir=— +~log^ 
J«4* 4 4 



Hence 



J, = + log 2. 

4 2 



3. Two points are taken at random in a given line a ; to find the chance- 
that their distance asunder shall exceed a given value c* 

It is easy to see that the distances of two such points from one end of the 
line are the co-ordinates of a point taken at random 
in a square whose side is a. Thus to every case 
of partition of the line corresponds a point in the 
square — such points being imiformly distributed 
over its surface. 

Thus, if in the above question x, y stand for the 
distances of the two points from one end of the line, 
y being greater than x^ we have to find the chance u 
oi y - X exceeding e. The point p whose co- 
ordmates are x, y, in the square OD (side = a), 
may take all possible positions in the triangle OBI), 
if no condition is imposed on it. But \iy — x> c, 
then if we measure OH = c, the favourable Fig. 60. 
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cases occur only when P is in the triangle BEI; hence the prohahility required 

BEI 



P- 



OBD 



■ C-i-')" 



In fact this is only performing the integrations in the expression 



!a py-e 
J. "^'^ 

I dydx 

JoJo 



4. Two points heing taken at random in a line a, to find the chance that no 
one of the three segments shall exceed a given ^ 
lengths. 

The segments heing as hef ore Xy y — x, a-y, 
TK- ar, FK = a-y, FI = y - x. There will ^ 
he two eases : — 

I H 

(I). Ifo-a; ts:keOU=BV=DZ=BN=e; 

then it is easy to see that the only favourahle y 
■cases are when P falls in the hexagon UZNMJV; 



P\^ 



OBD - 3 . VBZ 



=-{'-i^)* 




OBD \ a I Pig.6r. 

(2). If c < -a ; take OTI = BV ^ e, as hefore ; then the only favourahle 



cases are when P falls in the triangle R8T\ 



B 



K 



Pi = 



OBD 



- (^•) . 



/ 


v 


/"J 


Ir 



I V 

since B8T^ -RT^, and RT^ VT+RS - FB" 
a 

= 2<j — (a - e). U 

Such cases of discontinuity in the functions 
expressing prohahilities frequently present them- 
selves. The functions, are connected hy very 
remarkable laws. Thus in the present question, o 
^Pi =/W» Pi - -^Wi we have Fig. 62. 

f{c)-f{a-e)=:F{e)^F(a^c). 

5. A floor is ruled with equidistant parallel lines ; a rod, shorter than the 
distance between each pair, being thrown at random on the floor, to find the 
chance of its falling on one of the lines {Bufon^s problem). 

Let * be the distance of the centre of the rod from the nearest line, the 
inclination of the rod to a perpendicular to the parallels, la the common distance 
of the parallels, 2 c the length of rod ; then as all values of x and 6 between their 
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extreme limits are equally probable, the whole number of cases will be repre- 
sented by 



w 
a ei 

dxdd ^ va. 

IT 
% 



CJ 



Now if the rod crosses one of the lines we must have e > ; so that the- 

costf 

favourable cases wiU be measured by 






'CCOB0 

dx = 20. 
n JO 
2 



Thus the probability required lap^ — . 

va 

This question is remarkable as having been the first proposed on the subject 
now called Local Probability. It has been proposed, as a matter of curiosity, 
to determine the value of ir nx)m this result, by making a large number of trials 
with a rod of length la : the difficulty, however, here consists in ensuring that 
the rod shall fall really at random. The circumstances imder which it is £rown 
may be more &vourable to certain positions of the rod than others. Though we 
may be imable to take accoimt d priori of the causes of such a tendency, it will 
be foimd to reveal itself through the medium of repeated trials. 

232. Sometimes a result depends upon a variable (or 
variables) all the values of which are not equally probable, 
but the probability of a certain value for a variable depend- 
ing, according to some law, on the magnitude of that value 
itself (and also, perhaps, on the values of other variables). 
Thus a point may be^ taken in a straight line so that all 
positions are not equally probable, but the probability of the 
distance from one end having the value a?, being proportional 
to X itself. This would be in fact supposing the series of 
points in question as ranged along the line with a densitt/^ 
proportional to a? ; as e.g. if they were the projections on the 
line of points taken at random in the space between the line 
and another line through one of its extremities. To give an 
example : — 

Two points are taken in a line a, with probabilities 
varying as the distance from one end A ; to find the chance 
of their distance exceeding a length c. 

Let a?, y, be the distances from Ay y > x. Here the 
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probability of a point falling between x and x -^ dx \& not 
proportional to dxy but to xdx; and the result will be 

The mean values of the three divisions of the line, in the 
same oase, will be found to be 

8 4 I 

— a, — a, —a. 

15 15 5 

The above value oip is also the value of the chance, that 
the difference of the altitudes of ttvo paints within a triangle 

^hall exceed a given fraction - of the altitude of the triangle. 



EXAXPLES. 

I. Two points being taken on the sides OA, OB, of a square a\ the chance 
•of their distance being less than a given value b is easily seen without calcula- 

tion to be — ^, provided 6 < a, as it is the chance of a point taken at random in 

the square falling within a quadrant of a given circle. Suppose now that two 
points are taken on OA. and two on OB, and that we take X, Y, the two points 
Jitrthest from on each side, to find the chance that tiieir distance XJTis less 
than a given length b; (b<a). 

Here the probability of X falling between x and x-¥ dx is proportional to 
•xdx ; likewise for y ; hence 



P = 



I I xydxdy 
I I xydxdy 



the upper integral being limited by a;^ + ys < ^' ; hence j? s --.• 

Thus it is an even chance that the point determined by the- co-ordinates x, y 
shall &11 within the quadrant - rra^. 



Probabilities. 335 

2. There is a circular target of area A ; the area of the hull's eye is 0. If 
a shot is heard to strike the target, the chance of its having hit the hull's eye is 

a 
of course — .* If, however, two shots have heen fired, to find the chance that 

the best of the two has hit the hull's eye. 

This is easily solved hy elementary considerations ; as the chance of hoth 
missinff the hull's eye is 

' - m- 

Hence the required chance of the hest shot having hit it is 

3. Let it be proposed, however, to find the chance of the hest of the two 
fihots (i. e. that nearest the centre) having hit any given area a, traced out on 
the target. 

The number of cases in which the worst shot falls on any element dS, at a 
distance r from the centre, is irr^ dS ; hence the chance of the worst shot striking 
the area a is 

_ ff ygrfiS (over g) m 

^~]]f^dS{0YerA)" M' 

where Jf , m are the moments of inertia^ of A, a round the centre of the target. 
Now, the probability of both shots mismng a is 

hence that of a being hit (by one or both) is 

and the chance of both hitting it is -j,. But the chance of a being hit is 

chance of best + chance of worst — chance of both ; 
hence, Upi be the required chance, viz., of the best shot striking a, 

where m, if are the moments of inertia above. 

Or, we might have considered the number of cases in which the best shot 
falls on the element dS. viz., 

»(52 - f^)d8, 

where JR = radius of target. This would have given the required probability 

_ JPa - m 

^^'' Jt^A-M' 

which is easily shown to be identical with the above value. 



* That is, disregarding the effect of the aim directing it with greater proba- 
bility to the centre of the target. This would be practically correct in the case 
of a very bad marksman, who frequently misses the target altogetiier. 
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Fig. 63. 



233. Carre of Frequency. — In questions relating to 
a variable, the probability of any value of which is a function 
of that value itself, it is often 
useful to consider what is called 
a curve of frequency. Thus, if 
the probability of a given value 
of X is proportional to ^ (^), and 
we draw a curve y = C^(x)y 
then when a great numoer 
of values for x are taken, the 
number in any element dx is 
proportional to the area of the curve standing on that 
element ; the ordinate at any point P representing the 
density or frequency of the points at P : the abscissas of all 
points taken at random in the area of the curve are equally 
probable. 

Thus, if two points Z; Fare taken at random in a straight 

line ABy and X means always that nearest to -4, the curve 

of frequency for Y will be a straight line through A ; that 

for X a straight line through B. This will often simplify 

questions : e. g. suppose we have to find what is sometimes 

Galled the most probable value for A F, i. e. such a value 

AP that ^ F is equally likely to exceed or to fall short of it. 

Since the curve of frequency for 

F is a line ACy we have only to 

find P, so that PD bisects the 

AB 
triangle ABC; i.e. AP = —^; 

because as many values of AY 
exceed -^P as fall short of it. 
The most probable value is not 




Fig. 64. 



2 
the mean value, viz., - ABy heing the horizontal distance of 

the centre of gravity of ABCy from A. 

A point F is taken at random in a line AB = a, and 
then a point X is taken at random in -4 F (or a rod may be 
supposed broken in two at random, and one of the pieces 
then broken in two), to find the chance of the length oi AX 
falling within given limits. 

Let Xy y, be the distances from A ; for any assigned value 



Curve of li-equency. 



337 




of y, the ohanoe of X falling between x and a? + efo is — 
hence the chance of X falling between ^ 

X and X ■{■ dxy and T falling between y 
and y + dt/yia measured by 

dxdy ^ 
ay ' 

hence the whole chance of X falling 
between x and a? + cte is 

dx[^ dy dx ^ a , . 

— _^ = — log- = - aa? loga?, 

if for simplicity we put a = i . 

Thus the curve of frequency for X is a logarithmic curve 
£B, whose ordinate is 

2 = - log X ; 

the frequency at A being infinitely great. 
The area of this curve from o to a? is 

xlogp 

and this is the probability of AX being between o and x ; 
the whole area, when a? = i, being i, as it ought to be, as 
it is certain that X falls in AB. The chance of X falling 
between given limits /, a?" is of course 



a^logJ>-a?"log^,. 

To find the most probable value of x we should have to 
solve the equation 

a:(i-loga?)=i. 



This gives x about - of the line AB. 

[28] 
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The mean value of x is 






xzdx 



i: 



zdx 



4 



This last result might have been foreseen : because if we 
take a point at random in each of the segments AYj YBy 
the line AB is divided into four. parts, the mean values of 
which must be the same, as each of them goes through the 
same series of values as the others; the sum of the mean 
values being AB. 

Examples. 

1. A line is divided at random, and one of the parts again divided at random, 
as above, to find the chance that no one of the three parts shall exceed the sum 
of tiie other two (i.e. that a triangle might be formed by them). (Cambridge 
Math, Tripos, 1854.) 

The probability that Z, T shall be taken in two assigned elements dx^ dy 
is (taking a = i), 

dxdy 



This differential being integrated throughout any limits, gives the sum of the 
probabilities of X, T being found in each pair of values for dx and dy which 
enter into the summation : — ^that is, the cases being mutually exclusive, the 
probability that X, F will be found in some one of those pairs. 
In the present case the limits are equivalent to 



I I 

«<-<y<i, «>y--. 



Hence 



-n 



I dydx . r 

-^ = log 2 - -. 

y-k y 2 



2. An urn contains a large number of black and white balls, the proportion 
of each being unknown : u on drawing m + » balls, m are found white and 
n black, to find the probability that the ratio of the numbers of each colour lies 
between given limits. 

The question will not be altered if 
we suppose all the balls ranged in a line 
AB, the white ones on the left, the 
black on the right, the i>oint X where 
they meet being unknown, and all posi- 
tions for it in AB being d priori equally 
probable. Then, t» + « points being taken _. .^ 

at random in AB. m are found to fall on ■■^^fi>- ""• 

AX^ n on XS. That is, all we know of X is, that it is the (m + i)^ in order. 




X 
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beginimig from At of m + ft + I points falling at random in AB. If AX = x, 
AB = I, the niimb^ of cases for X between x and z-^ dxls measured by 

[« + *• 

===== «« (I - xYdx* 

Hence the probability that the ratio of the white balls in the um to the 
whole number lies between any two given limits a, /3 — ^that is, that the distance 
from A of the point X lies between a and fi, is 



•/J 



I a:"»{i — xy^dx 



Jo 
The curve offrequmcy for the point X will be one whose ordinate is 

y = a;«(i - x)*. 

The Tnn-riTnmn ordinate KV occurs at a point K, dividing AB in the ratio 
m : ft. This is of course what we should expect : the ratio of the numbers of 
black and white balls is more likely to be that of the numbers drawn of each 
than any other. The value for p above is simply the area of the above curve 
between the values a, fit of x, divided by the whole area. 

Let us suppose, for instance, that 3 white and a black balls have been 

drawn ; to find the chance that the proportion of white balls is between - and - 

13 S S 

of the whole— that is, that it differs by less than + - from -, its most natural 

S S 

valu^ 

« J| 2256 i8„^ ,^ 

3^(1" xfdx ^ ^ 

J o 







The above results will apply to any event, which must turn out in one of 
two ways which are mutually exclusive, this being the whole of our d priori 
knowledge with regard to it — the ratio of the black, or white, balls to the 
whole number, meaiyng the real probabil ity of either event, as would be 
manifested by an infinite number of trials. We will give one more example of 
the same kind. 

3. An event has happened m times and failed n times in m + fi trials. To 
find the probability that, onp-^- q further trials, it shall happen p times and 
fail q times. 



* For a specified set of m points, out of the m + m, falling in AX^ the 
niunber h xf^(i - x^dx', the number of such sets is 



[22 a] 
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That is, that p-\-q mora points heing taken at random in AB, p shall &11 in 
AXf and q in BX, The whole number of cases is as before 



{ 



"====■ (AB)P^9\ «-(i-a:)-^ 
[^L2 Jo 



f w + ft fl 



«*»(i -~x)*dx. 



When any particular set of >> points, out of the j? + ^ additikmal trials, falls in 
AX, the number of f ayourable cases is 






I . 2 . 3 . . . . (p + ^) 



I . 



a. 3 



Bat the number of different sets of points is — 

^^ 1 ,2 , 2' "P 

Hence the probability is, putting as before f /> for i . a . 3 . . 

[pj_q |^«-'(l -«)"*«<& 

L_ L_ I jr***(i — «)"ajr 
Jo 

By means of the known values of these definite integrals (p. 1 17), we find 

[p-^9 [tn + prn + q [m + n + i 



l>i- 



[^P[q ' [***[** ["w-fit-fjp-fy+i 



For instance, the chance that in one further trial the eyent shall happen is 

m "f I 

This is easily verified, as the line AB has been divided into m + » + a 



w + fi + a 

sections by the m + n + i points in it, including X. Now, if one more trial is 
made, i.e. one more point taken at random, it is equally likely to fall in any 
section; and m+ 1 sections are favourable. 



a 



4. Trace the curve of frequency of the ratio -r ; a and b being nuAbera taken 

o 

at random within the limits ± i. 
If we measure the values of 
the ratio as abscissas along an 
axis OX, and make OA 3= i, 
OA' = - I, ^^ = A'B' = I ; 
then the line whose ordinates 
are proportional to the fre- 
quency will be, for values of 
n 

-r comprised between the limits 


± I, and the straight line BB' ; but for values beyond these limits, will consist of 

me arcs BC^ B'C ciihe curve x*if = i . 

It is thus an even chance that the ratio j lies itself between the limits ± 1 : 

o 

this would also appear by a construction such as that given in the next Article. 
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234. Errors of Observatloii. — One of the most im- 
portant, praotioallj, as well as the most difficult, departments 
of the theory of Probability is the subject of Errors of 
Observation. We will give here an example of the simplest 
possible description. 

Two magnitudes A and JB are measured ; each measure- 
ment being subject to an error, of excess or defect, which 
may amount to ± a, all values between these limits being 
supposed equally probable.* To determine the probability 
that the error in the sum, A + B, of the two magnitudes, 
shall lie within given limits ; al<o its mean value. 

Thus the horizontal angular distance of two objects 
Ay C is sometimes found by measuring the angle between 
A and B, an intermediate object ; and afterwards that 
between B and C, and adding the two angles. If each 
measurement is liable to an error ± 5', all values being 
equally probable, to find the probability of the error of the 
result falling within assigned limits : its extreme limits 
being of course ± 10'. 

The question is more easily comprehended by means of 
a geometrical construction than by 
integration. 

Take AB = 2ay then all the values 
of the first error are the distances 
from of points P taken at random 
in AB ; positive when in OBy 
negative when in OA, Make also 
A'B" = 2a ; the values of the second 
error are given by points in A'B\ 
Take any values, OP = x for the 
first, OP^ = of for the second; these 
values taken as co-ordinates determine a point V correspond- 
ing to one case of the compound error x + a! ] and such points 
V will be uniformly distributed over the square HK. The 
value of the compound error e corresponding to the point Fis 

€ = a: + ic' = 08y 



B' 



p' 


V 





I 



B 



H 



Fig. 68. 



* This suppoflitioii mufit not be taken to be practically correct. The theory 
of Errors shows that the probability of an error of magnitude » is proportional 
tor««". 
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if FS be drawn at 45° to the axes. Now all values of the 
errors a?, af which give x + of the same, give the same valiie 
for € ; hence all points on the line JI correspond to com- 
pound errors of amount 08. Take Ss = d€; the number of 
oompound errors between £ and e + (/e is the number of 
points between JI and a parallel to it through 8. Now the 
area of this infinitesimal strip is evidently 

(20 - i)d€. 

Hence the probability of the error being between £ and 
6 + ef 6 is 

(2a-c)rf£ 

This holds for negative values of c, provided we only consider 
iheir arithmetical magnitude. 

Thus the frequency of an error of magnitude c >= 08 is 
proportional to e//, the intercept of a line throus^h 8 sloping 
at 45°. The probability of the error c falling between any 
two given limits 08y 08' is found by measuring these 
len^hs (with their proper signs) from 0, along AB^ and 
dividing the area intercepted on the square by parallels 
through S, 8' sloping at 45°, by 4a', the area of the whole 
square. 

Thus the chance of the error falling between the limits 

± a (those of the two component errors) is -. 

The mean value of the error, strictly speaking, is o ; but it 
is evident that for this purpose we ought to consider negative 
errors as positive; and consequently take the mean of the 
arithmetical values of all the errors, which is the same as the 
mean of the positive errors only; hence the mean error 
required is 

MU) = ± - a. 
3 

The most probable value, such that it is an even chance that 
the error exceeds it (since the triangle JKI must be - of the 
whole square, for that value of 08) is 

± a{2 - v/2) = ± .586 a. 
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Let it be propoBed now to find the probability of a given 
error in the sum of A and B^ assuming, according to the 
modem theory of errors,- that the probability of an error be- 
tween X and X + dxin either is 

the coefficient — — being determined by the necessary con- 

dition that the differential, being integrated from oo to - oo, 
must give unity ; as the error must lie between these limits.* 
Referring to the above construction, the number of values 
of the first error between x and x -v da^ being proportional to 

e"^" dx, 

and the number of values of the second between x' and 9! + doi 
proportional to 

e'^ dx\ 

the corresponding number of values of the compound error is 
proportional to 

e~'^ dxdx. 

Hence the number of points, corresponding each to a case 
of the compound error, in any element d8 of the plane at a 
distance r from the origin, is measured by 

which shows that the points have the same density along any 



* It 18 of course absurd to consider infinite values for an error : but the 

curve y - e** tends so rapidly to coincide with its asymptote, the axis of Xy that 
the cases where x has any lai^ values are so trifling in number, that it is indif- 
ferent whether we include them or not. 
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circle whose centre is 0. Now the probability of this com- 
pound error being between c and e + e/c is proportional to the 
number of points between JI and the consecutive line, as 
before, making 0S= c, Sa = dt. But this number is the same 
as when the strip JI is turned round through an angle of 
45°, because the points lie in concentric circles of equal den- 
sity. Hence the number is proportional to 



»■ 






as the perpendicular from on JJis --^. 

Thus the probability of a compound error between 6 and 
€ + efc is proportional to 

and as this, when integrated between the limits ± 00, most 
give the probability i, the value of jt) is 



I 



p = — ■j=eic* dB. 

It thus follows the same law as the two component errors, 
c^l. taking the place of c. 

235. Various artifices have been employed for the solution 
of diiferent interesting questions on Probability, which would 
be foimd extremely tedious, or impracticable, if attempted 
by direct integration. For example : — 

Two points are taken at random within a sphere of radius 
r; to find the chance that their distance 
is less than a given value c, 

Liet F = number of favourable cases, 
TF= whole number ; then 

Let us consider the differential dF^ or Fig- ^9- 

the additional favourable cases introduced by giving r the 
increment dry c remaining unchanged. 




Probabilities, 346 

If one of the points A is taken anywhere (at P) in the 
infinitesimal shell between the two spheres, then drawing a 
sphere with centre P, radius c, all positions of the second 
point, j5, in the lens JED common to the two spheres, are 
favourable ; let i = volume £D, then the number of favour- 
able cases when ^ is in the shell is 

^irr^dr.L: 

doubling this, for the cases when jS is in the same shell, 

dF= Sirt^Ldr. 

Now it may be easily proved, from the value for the volume 
of a segment of a sphere, that 

_ 27r - TTC* 
i = — c" ; 

3 4^ 

hence P^ Sir^f^c't^ -| cV + C^ ; 

C being an unknown constant ; i.e. involving c, but not r ; 

F ^ _ 9. £* 9O 
r^ 1 6 * r* 2r^ 



^ 16 



7rV« 



Now the probability = i, if r = -c; 

.-. I = 8 - o + - X 64 -r ; .-. - C^T-c^ ; 

2 C* 2 64 



«3 



_ 9 c* I C* 

r' 16 r* 32 r** 



If the two points be taken within a eirelej instead of a 
sphere, it may be proved by a similar process, that 

jt) = -, + - I - 3 Sin-* --2+ 3 j4"-i. 

It is a very remarkable fact, pointed out by Mr. S. 



346 On Mean Value and Probability. 

Boberts, that if we draw the chord ED, the probability is, in 
the case of the circle, 

2 . segment EQD + segment EPD ^ 
area of circle EHD ' 

and also, in the case of the sphere, 

2 . volume EQD + volume EPD 
volume of sphere ESD * 

These results evidently suggest that there must be some 
manner of viewing the question which would conduct to 
them in a direct way. 



Examples. 

I. Three points being taken at random within a sphere, to find the chance 
that the triangle which they determine shall he acute-angled. 

As the probability is independent of the radius of the sphere, it is easy to 
see that we may take the farthest from the centre of the three points as fixed on 
the surface of tiie sphere. For if p be the probability of an acute-angled triangle 
in this case, p will also be the probability of an acute-angled triangle for each 
position of the farthest point, as it travels over the whole volume of the sphere. 
Hence p will be the probability when no restriction is put on any of the 
points. 

^ Take then A, one of the points on the surface of the sphere ; two others, B, G 
being taken at random within it, and let us find the 
chance of ABC being obtuae-angUd : to do this, we 
will find separately the chance of the angles A^ B, C 
being obtuse: the events being mutually exclusive, 
the probability required will be the sum of these 
three. 

(i). To find the chance that A is obtuse, let us fix 
B ; then, drawing the pUme A V perpendicular to AB^ 
the chance required is 

volume of segment AHV 

volume of sphere ' Fig. 70. 

Let r = OAy the radius of sphere, p = AB, 9= L OAB ; then the volume of 
the segment AHV is 

i nr' ( I - cos tf)* (2 + cos tf ) ; 

therefore when B is fixed the chance is 

J(i - cosfl)*(a + co8(>). 
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Now let B move over the whole volume of the sphere, and we have for the 
probability P^, that A is obtuse, 

a/. (a-3ooB« + co?>fl)f»?8mfl<Wrff>. 

or* Jo Jo 

Hence Pi = — . 

(2). To find the chance, P^, that B is obtuse. Fix ^ as before; then the 
chance that B is acut$ is 

segment MHN 
sphere 

Now, volumeifJ5riV=iiir3f^+ I -cofldj (a + cosfl-^J; so that the 
chancels 

- j2-3cose + cofl'fl + 3 -(I - C0B'fl) + 3^C0S«-^|. 
Hence the whole probability (i - Fb)^ that B is acute, is 

1 P2flrco»$( Q pZ p3\ 

i^J 1 {2-3oo8e+coe9e+3^(i-coe»fl) + 3^cos«-^jp28in«<Wrff>. 

Performing the integrations, we find Pa = — . 

70 

The probability for Cia, ci course, the same as f or P ; hence the whole pro- 
bability o2 an obtuse-angled triangle is 

70 70 70 70 

Hence, the chance of an aeute'angled triangle is — . 

70 

For three points within a eircU the chance of an acute-angled triangle i» 
4 I 

ir«"8' 

3. Two points, Aj B are taken at random in a triangle. If two other points, 
Gy J) are also taken at random in the triangle, to find ^e chance that they shall 
lie on opposite sides of the line AB» 
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The sides of the triangle ABC produced divide the whole triangle into seyen 
spaces. Of these, the mean value of 
those marked ^i) is the same, viz., the 
mean value ox ABC; or, tV of the 
whole triangle, as we have shown in 
page 327 ; the mean value of those 
marked {$) heing } of the triangle. 

This is easily seen : for instance, 
if the whole area = i, the mean value 
of the space FBQ gives the chance 
that if the fourth point D he taken 
at random, B shall faU within the 
triangle ADC: now the mean value 
of ABC gives the chance that D shall 
fall within ABC; hut these two 
chances are equal. Fig. 7 1 . 

Hence we see that it A, B^ C he 
taken at random, the mean value of that portion of the whole triangle which 
lies on the same side of AB as C does is li of the whole ; that of the opposite 
portion is ■^. 

Hence the chance of C and D falling on opposite sides of AB is -fg, 

236. Random Straight I*ines. — If an infinite number 
of straight lines be drawn at random in a plane, there will 
be as many parallel to any given direction as to any other, 
all directions being equally probable ; also those having any 
given direction will be disposed with equal frequency all 
over the plane. Hence, it a line be determined by the co- 
ordinates /?, w, the perpendicular on it from a fixed origin 0, 
and the inclination of that perpendicular to a fixed axis ; then 
if /?, w be made to vary by equal infinitesimal increments, 
the series of lines so given will represent the entire series of 
random straight lines. Thus the number of lines for which 
p falls between p and p + dp^ and u) between o> and o> + du), 
will be measured by dpdw, and the integral 

// dpdfOf 

between any limits, measures the number of lines within those 
limits. 

It is easy to show from this that the number of random 
lines which meet any closed convex contour of length L is 
measured by L. 

For, taking inside the contour, and integrating first 
for p, from o to jt), the perpendicular on the tangent to the 
contour, we have \pdiai : taking this through four right angles 
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for o>, we have by Legendre's theorem (p. 232), iV being the 
measure of the number of lines. 



^■r 



pdw » L. 

Thus if a random line meet a given contour, of length Z, 
the chance of its meeting another convex contour, of length 
/, internal to the former, is 

If the given contour be not convex, or not closed, N will 
evidently be the length of an endless string, drawn tight 
around the contour. 



Examples. 

I. If a random line meet a closed convex contour, of length X, tlie chance 
of it meeting another such contour, external to the former, is 



X-Y 



P = 



where X is the length of an endless band 
enyeloping both contours, and crossing 
between ti&em, and Fthat of a band also 
enyeloping both, but not crossing. 

This ma^ be shown by means of 
Legendre's integral above ; or as fol- 
lows : — 

Call, for shortness, N'{A) the number 
of lines meeting an area A ; N{A^ A') 
the number which meet both A and A' ; then 




Fig. 72. 



N(SIiOQjPE) + NiS'Q'OSfrS') = NiSBOQFS + S'Q'ORJP'S') 

+ N{SBOQFH, S^Q'OKF'E'), 

since in the first member each line meeting both areas is counted twice. But 
the number of lines meeting the non-convex figure consisting of 0QPH3R and 
oofs' S'FK is equal to the band F, and the number meeting both these areas 
is identical with that of those meeting the given areas A, A'; hence 

x=r+iv(n, n'). • 

Thus the number meeting both the given areas is measured by X -> F* Hence 
the theorem follows. 
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2. Two random chords cross a given convex boundary, of length X, and area 
XI ; to find the chance that their intersection falls inside the boundary. ^ 

* Consider the first chord in any position : let C be its length ; considering it 
as a closed area, the chance of the second chord meeting it is 

20 

X' 

and the whole chance, of its co-ordinates falling in dp, dw, and of the second 
•chord meeting it in that position, is 

Z SSdpdm Z* ^ 
But the whole chance is the sum of these chances for all its positions ; 

.«. prob. = t: 1 1 Cdpdti. 

Now, for a given value of », the value of J Cdp is evidently the area fi ; then 
taking « from ir to o, 

required probability = -jj. . 
The mean value of a chord drawn at random across the boundary is 

Jj dpda L 

3. A straight band of breadth e being traced on a floor, and a circle of radius 
r thrown on it at random, to find the mean area of the band which is covered by 
the circle. (The cases are omitted where the circle falls outside the band.)* 

If 5 be the space covered, the chance of a random point on the circle falling 
on the band is 

This is the same as if the circle were fixed, and the band thrown on it at 

random. Now let -4 be a position of the 

random point : the favourable cases are when .^-''"^ ^Z^^ K 

MKy the buiector of the band^ meets a circle, / ^^^ ^-'^^^^N'*'^"!' 

centre A^ radius \e\ and the whole number / /0^'^'^-''^^^\^^ 

are when JffJST meets a circle, centre 0, radius Z-'A^^"''''*L^'''^'^\ \ 

r + jc; hence (Art 236) the probability is ^Wj""'*!^--"^^ | « 

^ 2x(r + }c) 2r-\-e \\. *^^-^/ 

This is constant for all positions of A ; ****-.^ •-''* 

hence, equating Aese two values of p, the Fig. 73. 



* Or the floor may be supposed painted with parallel bands, at a distance 
asunder equal to the diameter ; so that the circle must faU on one. 
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mean area required is 

M(S) = — ^ irr«. 

The mean value of the part of the eireumforenee which falls on the band is 

the same fraction of the whole circumference. 

2r + e 

If anff e<mvex arta A, of perimeter X, be thrown on the band, instead of a 

circle, the mean area covered is 

^ X +»<? 

237. The consideration of probability sometimes may be 
applied to determine the values of Definite Integrals. For 
instance, if n + i points are taken at random in a line, /, and 
we consider the chance that one of them, X, shall be the last, 
beginning from the end A of the line, the number of favour- 
able cases, when X is in the element (/or, is, calling AXy x^ 

m^dx. 
Hence 



P = 



r 

Jo 



Q^dx 



I 



n-t-1 



but the chance must be : we thus have an independent 

w + I "^ ' 

proof that 

x^dx = 



i 



n+ I 



when n is an integer. 

Again, if m + n + i points are taken, to find the chance 
that X shall be the (m + i)** in order ; the number of favour- 
able cases, when X falls in dxy and a particular set of m points 
falls to the left of X, is 

«~(i - x)'^dx; taking 1= i] 
hence the whole number of favourable cases is 



L L«^ (i - xydx ; 
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this is the required probability, since ^»+'»+^ = i. But the 

value is , as every point is equally likely to fall in 

the (w + i)'* place : we thus deduce the definite integral 

ic*"(i - xYdx = L- L-. 

I m + w + I 

when m, n are integers. (See Art. 92.) 

238. To investigate the probability that the inclination 
of the line joining any two points in a 
given convex area £i shall lie within 
given limits. 

We give here a method of reducing 
this question to calculation, for the sake 
of an integral to which it leads, and QJ 
which is not easy to deduce otherwise. 

First, let one of the points A be 
fixed ; draw through it a chord FQ= Cy ^Big^T^ 

at an inclination to some fixed line ; 
put AP ^r^ AQ= r' \ then the number of cases for which 
the direction of the line joining A and B lies between and 
9 + af0, is mecusured by 

^(r» + /*)(/(?. 

Now, let A range over the space between PQ, and a 
parallel chord distant dp from it, the number of cases for 
which A lies in this space, and the direction of AB 
from to + (^761, is (first considering ^ to lie in the 
element drdp) 

idpdO [ (r' + r^)dr ^^C^dpdO. 

Let jt> be the perpendicular on C from a given origin O, 
and let w be the inclination of p (we may put dw for ^0), G 
will be a given function otp^ w; and integrating first for (o 
constant, the whole number of cases for which <■> falls between 
given limits w\ u/\ is 

the integral jC^dp being taken for all positions of C between 
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two tangents to the boundary parallel to PQ. The question 
is thus reduced to the evaluation of this integral ; which, 
of course, is generally difficult enough ; we may, however, 
deduce from it a remarkable result ; lor if the integral 

^llC'dpd^ 

be extended to all possible positions of C7, it gives the whole 
number of pairs of positions of the points Ay B which lie 
inside the area ; but this number is Ct' ; hence 

l\C^dpdio = ^a\ 

the integration extending to all possible positions of the 
chord C\ its length being a given function of its co-ordinates 

Cor. Hence if Z, Ct, be the perimeter and area of any 
closed convex contour, the mean value of the cube of a chord 

drawn across it at random is -=-. 

It follows that if a line cross such a contour at random, 
the chance that three other linesy also drawn at random, shall 

meet the first inside the contour y is 24—. 

Jj 

Some other cases of definite integrals deduced from the 
theory of Probability are given in a paper in the Philo- 
sophical Transactions for 1868, pp. 1 81-199. See also Pro- 
ceedings London Math. 8oc,y vol. viii. 

Several Examples on Mean Values and Probability are 
annexed ; some of them, as also some of the questions which 
have been explained in this Chapter, are taken from the 
papers on the subject in the Educational TimeSy by the Editor, 
Mr. Miller, as also by Professor Sylvester, Mr. Woolhouse, 
Col. Clarke, Messrs. Watson, Savage, and others. Some few 
are rather difficult ; but want of space has prevented us giving 
the solutions in the text. 

We may refer to Mr. Todhunter's valuable History of 
ProhaUlity for an account of the more profound and diffi- 
cult questions treated by the great writers on the theory of 
Probability. 

[88] 
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EZAHPLES. 



I. A chord is diawn jomiiig two points taken at random on a circle : find the 
mean area of the lesser <rf the two segments into which it divides the circle. 

Ana, . 

4 » 

2« Find the mean latitude of all places north of the Equator. 

Ana, 32* . 704. 

3. Find the mean square of the velocity of a projectile m vaeuoy taken at all 
instants of its flight till it regains the velocity of projection. 

Am. V^ cos'a + \V^ sin'a : where V= initial velocity, and a = angle 
of projection. 

4. If ^ and y are two variahles, each of which may take independently any 
value between two given limits (different for each), wow that the mean value 
of the product xy is equal to the product of the mean values of x and y, 

5. If X, F are points taken at random in a triangle ABC, what is the 
chance that the quadrilateral ABXY is convex ? 

Ana, -. 
3 

For, it is easy to see that of the three quadrilaterals ABXT, ACXY, BCXT, 
one must be convex, and two re-entrant. 

6. Find the mean area of the quadrilateral formed by four points taken at 
random on the circumference of a circle. 

Ans. ^ (area of circle). 

7. A class list at an examination is drawn up in alphabetical order ; the num- 
ber of names being ft. If a name be selected at random, find the chance that the 
candidate shall not be more than m places from his place in the order of merit. 

2I» +1 tn (tn + l) __ -rt rm * * 

Ana, 5 — -'. («.B. — This is not, of course, the value of the 

chance afUr the selection has been made : this may easily be found.) 

8. A traveller starts from a point on a straight river and travels a certain 
distance in a random direction. Having quite lost his way, he starts again at 
random the next morning, and travels the same distance as before. Fmd the 
chance of his reaching the river again in the second day's journey. 

Ana, -. 
4 

9. Two lengths, ^, ^, are laid down at random in a line a, greater than 
either : find the chance that they shall not have a common part greater than e. 
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10. A person in firing lo shots at a mark has hit 5 times, and missed 5. Find 
the chance that in the next 10 shots he shall hit 5 times, and miss 5. 

Ana, — - — = . If the first 10 shots had not heen fired, so that 

19.17. 13 4199 J 

nothing was known as to his skill, the chance would he — : if he 

II 

had heen found to hit the mark half the numher of times out of a 

61 
large numher, the chance would he — ^. 

11. If a line I he diyided at random into 4 parts, the mean square of one 
of the parts is — ^ : hut if the line he diyided at random into 2 parts, and 
each part again diyided into 2 parts, then the mean square of one of the 4 parts 

9 

12. Three points are taken at random in a line /. Find the mean distance 
of the intermediate point from the middle of the line. 

Arts, -^ /. 
16 

13. A certain city is situated on a river. The prohahility that a specified 
inhahitant A lives on the right hank of the river is, of course, ^, in the ahsence 
of an^ further information. But if we have found that an inhahitant £ lives on 
the right hank, find the prohahility that A does so also. 

Ant. -. (N.B. — It is here assumed that every possible partition of the 

numher of inhabitants into 2 parts, by the river, is equally prohahle 
a priori.) 

14. If Af Bf C, D, are four given points in directum^ and 2 points are taken 
at random in AD, and one is taken in BCi find the chance that it shall fall be- 
tween the former two. 



Ana. -^ |i J?C» + BC(AB + CD) + 2AB . Cd\. 



15. If « = flf + y, where x may have any value from o to a, and y any value 
from o to 6 : find the probability that « is less than an assigned value c ; (suppose 

Am, {i)Ue< h, pi = — . 

{2) Ua>e>b, P2=^ ^ 



(3)Iftf>tf, Pi= I - 



a 

(a + * - «)* 



2ad 



If we denote the functions expressing the prohahility in the three 
cases by /i(a, 6, <?), /a (a, b, «), /a (a, *, e), we shall find the re- 
lation 

[23 a] 



^ns, ~^3. 
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1 6. In the cubic equation 

*?+/?« + ^ = 0, 

p and q may hay e any y alues between the limits + i . Find the chance that the 
three roots are real. 

2 

45' 

17. Two obseryations are taken of the same magnitude, and the mean of the 
results is taken as the true yalue. ^ If the error of each obseryatLon is assumed to 
lie within tibe limits + a, and all its yalues to be equally probable, show that it 
is an eyen chance that the error in the result lies between the limits ± 0.293 a< 

18. A point is taken at random in each of two giyen plane areas. Show 
that the mean square of the distance between the two points is 

F + A:'* + A« ; 

where A is the distance between the centres of grayity of the areas ; and hy k* 
are the radii of gyration of each area round its centre of grayity. 

19. The mean square of the area of the triangle formed by joining any three 
points taken in any giyen plane area is 

2 

where A, ik are the radii of gyration of the area round the two principal axes of 
rotation in its plane. 

If one of tiie points is fixed at the centre of grayity, the yalue is \l^l^. 
(2£r. JToolhouse.) 

20. A line is diyided at random into 3 parts. Find the chance (i) that they 
will form a triangle : (2) an acute -angled triangle. 

Ans, (i).jPi = J. 

(2).j»3 = 3log* -2. 

21. A line is diyided into n parts. Find the chance that they cannot form a 
polygon. 

Ans. 



2»-l 



22. If two stars are taken at random in the northern hemisphere, find the 
chance that their distance exceeds 90°. 

Ans. -. 

23. The yertices of a spherical triangle are points taken at random on a 
sphere. Find the chance (1) that all its angles are acute ; (2) that all are obtuse. 

Afu, (i). ^. 

^ ' 2ir 8 
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24. Show that the mean yalue of -, where p is the distance of two points 

P 

taken at random within a circle, is — . 

3irr 

25. Two equal lines of length a include an angle B : to find the chance that 
if two points P, Q are taken at random, one on each line, their distance FQ shall 
be less than a. 

Ant. (i). When ->«>-; i?i = ^ 7*^ + 2 cos 0. 

X ir — 

(a). When d > - ; jP2 = — r-r. 
^ ' a '^ 2 sm a 

Here the functions are connected by the relation F{e) + -F(ir - d) =f{6) +f{ir - $). 

26. The density of a city population Taiies inyersely as the distance from a 
central point. Find the chance that two ii^bitants chosen at random within a 
radius r from the centre shall not lire further than a distance r from each other. 

Ant.p = log3 + -(i — =^ +— -^— ;; + — -^-^J whence 

34»\ 2/ 2irJosma 2irjj sma 

p ss 0.7771. This result is easily obtained by employing the values] giyen in 
Ques 25. 

a7. Four points ar^ taken at random within a circle or an eUipse. Show 
that the chance that they form a re-«ntrant quadrilateral is 



lam 

36 

28. Find the mean distance of two points within a sphere. Ans. -- r. 

29. Three points A,BfCaie taken within a circle, whose centre is 0. Find 
the chance that the quadrilateral ABCO is re-entrant. 



Am. - + 



I . 4 



.2' 



4 3* 

30. Find the chance that the distance of two points within a square shall not 
exceed a side of the square. 

An8. p = IT — "2-. 
o 

31. In the same case, to find the chance that the distance shall not exceed an 
assigned value e ; the square being 0'. 



V2 / ff T \ 

Ana. (i). Whenc<a: » = -i(ira« — ae-\--t^\. 

«*\ 3 * / 



e^ c* 



r 



(2). When<?>«;i» = 4— sin-1 — »-?+- — r~v <^-«*-2-5 t + -. 

fl* <; a* 3 a* a* aa* 3 
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32. Three points ore taken at random on a sphere; the chance that in 
the spherical triangle some one angle shall exceed the sum of the other two 

is -. Also the chance that its area shall exceed that of a great circle is -. 
2 6 

33. If a line be divided at random into 4 parts, it is an even chance that one 
of Ihe parts is greater than half the line. 



34. The mean distance of a point within a triangle from the yertez (7 is 
I { a-\-h (g-^)(g«-^g) h^ g + ^-g ) 

where A is the altitude of the triangle. (See Ex. 6, p. 327]. 



35. The mean yalue of the distance between any two points in an equilateral 
triangle is 



^=Hr->^)- 



This question may be solved by proving that M = - Ifo, where Mo is the 

mean distance of an angle of the triangle from any point within it. For, let 
Mo s= iiA^, where fi is constant, and A = area of the triangle. Take now any 
element dS of the triangle, draw from it parallels to the sides to meet the base ; 
let 8 be the area of the equilateral triangle so formed : the sum of the whol^ 
number of cases will be equial to 

if dS is made to range over the whole triangle : if we call the whole triangle 
unity, and put dS ==^ idadfi as m (Ex. 3, p. 324), 8 = o*, and the inte^ 

becomes —fi = M. The result then follows from (34). 

36. From a tower of heigtt h, particles are projected in all directions in 
space, with a velocity due to a fall through a height h. Show that the mean 
value of the range is 

Jf = iAI \/i -«*.«&?. {Frof.WolsUnholme.) 

Jo 

37. If there be n quantities a, h, e, d . . . . each of which takes indepen- 
denUv a given series of values 01, 03, 03, .... , ^1, 1%J% . . . . &c., (the number 
of values is different for each), if we put 

and for shortness denote ''the mean value of jb'' by Mx, prove that 

-ftr 2a = Jfa + if* + Jf<J + . . . . =2 Ma, 
M(:iaf = [2 May - 2(Jfff)» + :&M{a^. 
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38. Two points are taken at random in a triangle. Find the mean area of 
the triangular portion which the line joining them cuts off from the whole 
triangle. 

Ans. - of the whole. 
9 

39. A ship at A observes another at B, whose course is unknown. Sup- 
posing their speed the same, prove that the chance of their coming within 6 

3 . d 
given distance d of each other is always - sin~^-, whatever the course taken 

. «• « d . 

by A ; provided its inclination \o AB \a not greater than cos~^ -: putting 

AB = a. {Camb. Math. Tripos, 187 1. Fro/. Miller.) 

40. A random straight line crosses a circle. Find the chance that two 
points taken at random in the circle shall lie on opposite sides of the line. 

128 
Ans. ;: : this is deduced at once from the value of M, the mean dis- 

tance of the two points ; as the chance = — . If two random lines 

2irf* 

are drawn, ihe chance that both lines shall pass between the points 
. I 

IS -5. 



41. A point is taken at random in a triangle. What is the probability 
that if three other points are taken at random, one shall lie in each of the 
triangles AOB, BOC, COA P 

Ant. — . This may easily be found to depend on the integral //a/37 . tdadfif 
where a, /3, 7 are the three triangles above. 

42. A line crosses a circle at random ; to find the chance that a point taken 
at random in the circle shall be distant from the line by less than the radius of 
the circle. 

Ant. I — — . 

43. Two points are taken on the circiunference of a semicircle. Find the 
chance that their ordinates fall on either side of a point taken at random on the 
diameter. 

Ans. — r. 

44. In any convex area which hat a eentrt 0, let an indefinite straight line 
revolve rotmd 0, and trace the locus of the centre of gravity of either half into 
which it divides the area. Show that the mean distance of £rom idl points in 

the area is equal to - the perimeter of this locus. 
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Also, - of the area enclosed by this locus = mean area of the triangle OXY'y 
4 
where Z, F are points taken at random in the given area. (See Froeeedings 

of th$ London Mathematical Society, vol. yiii.) 

45. The probability that the distance of two points taken at random in a 
given oonyex area A shall exceed a given limit (a) is 



P = T^ j|(^-3«*C'+3a8)4p&», 



where C is a chord of the area, whose co-ordinates axe p, »; the integration 
extending to all values of ^^^ «», which give a chord C>a. 
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I. If be the sagitta of a sircular segment whose base is h^ prove that the 
area of the segment is, approximately, 



2 a' 
= -ab + — . 

3 36 



2. Find the area of the inverse of a hyperbola, the centre being the pole of 
inversion ; and show that the area of the inverse of an ellipse, under the same 
circumstances, is an arithmetic mean between the areas of the circles described 
on its axes as diameters. 



3. Find the integral 






4. Prove that 

where | lies between X and xq. 

5. In a spiral of Archimedes, if P, Q, and P', Q be the points of section with 
any two branches of the curve made by a line passing through its pole ; prove 
that the area bounded by the right line and by the two branches is half the area 
of the ellipse whose semi-axes aro PP' and i^Q. 



6. Find the value of 



)dx \x'\-a 
X + eylx + b' 



7. If an ellipse roll upon a right line, show that the differential equation of 
the locus of its focus is 



dy 



8. A cirole rolls from one end to the other of a curved line equal in length 
to the cironmf erence of <he circle, and then rolls back again on the other side of 
the curve ; prove that, if the curvaturo of the curve be throughout less than 
that of the cirole, the aroa contained within the closed curve traced out by^ the 
point of the cirole which was first in contact with the fixed curve is six times 
the area of the cirole. {Cdmb. Math. Tripos^ 1^71-) 

9. In the same case show that the entire length of the path described is 
eight times the diameter of the cirole. 



362 Miscellaneous Examples. 

10. Prove that the area between two focal radii of a parabola and the curve 
is half the area between the curve, the corresponding perpendiculars on the 
directrix, and the directrix. 

1 1 . Evaluate the following integrals : 

12. If 5 = (j;» + aa;)2 + to, and ti = log ^=» ^^ ^® relation 

between the integrals 



Idx r «<2a; 

7^' J 71" 



-dnt, — —= = - I , + -• 

a/JB sJv^iJ 3 



V/JB 3Jv^ 

'13. If a curve be such that the area between any portion and a fixed right 
line is proportional to the corresponding length of the curve, show that it is a 
catenary. 

14. Prove that the volume of a rectangular parallelepiped is to that of its 
circumscribed ellipsoid as 2 : irVJ . 

15. Prove that 



f* de rt 

Jo a/ i — ^^mn^a Jc 



'0 \/i-K^gm^$ Jo v^ic«-sin«a' 
where sin^S = jcsina. 

16. If any number of triangles be inscribed in one ellipse, and circumscribed 
to another eUipse, concentric and similar, prove that these triangles have all the 
same area. 

17. Show that the value of the integral 

rh dy 



\ 



may be exhibited by the following geometrical construction. Let the curve 

whose equation is r^^^^ cos « s i roll on the axis of x^ take the points 

(^9 yi) (^) ^2) on the roulette described by the pole, such that y\ es «, ^2 = h^ 
then • 

/^ = Xi-xi, {Mr. JeUett.) 



£ 
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1 8. If < be tbe length of the arc of a spherical cunre measured to any point 
P, and t be the intercept on the great circle touching at P, between the point of 
contact and the foot of the perpendicular from the pole, prove that 

s — t ts j ojOipdu, 

The proof is similar to that of the corresponding theorem in piano. See Art. 158. 

19. Frore that the yolmne of a polyhedron, having for bases any two 
polygons situated in parallel planes, and for lateral faces trapeziums, is ex- 
pressed by the f oimula 

~(P + P' + 4P"); 

where H is the distance between the parallel planes, B and ^ the areas of the 
polygonal bases, and B" the area of the section equidistant from the two bases. 

20. If 6^ be the length of a loop of the curve r** = a" cos n0, and A the area 
of a loop of the curve ^ = a'» cos an<>, prove that 

2n 

21. Find approximately the area, and also the length, of a loop of the 
curve r* = a*cos — ; (see i>»/. Cole., Art. 368.) 

Ant. area = a* x 0.56616, 
length = a X 2.72638. 

22. Show from Art. 134, that if a parabola roll on a right line, the locus of 
its focus is a catenary. 




24. The arc of a curve is connected with the abscissa by the equation s^ = kx; 
find IJxe curve. 



25. If the co-ordinates of a point on a curve be given by the equations, 
X c: c sin 20 (i + cos 2$), 1/ = ccoB2${i ~ cos 29), 
prove that the length of its aic, measured from its origin, is 

4 - 

3 ^ 
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26. Show how to find the sum of every element of the periphery of an ellipse 
diyided hy any odd power (ir + i) of the semi-diameter conjugate to that which 
passes through the element, and give the result in the case of the fifth power. 

(Mr. W. EoberU.) 






This giyes ,„ — - when r = 2. 

27. A sphere intersects a right cylinder ; prove that the entiro surface of the 
cylinder included within the sphere is equal to the product of the diameter of 
the cylinder into the perimeter of an ellipse, whose axes are equal to the greatest 
and least intercepts made by the sphero on the edges of the cylinder. 

28. Show that the equations of the involute of a circle are of the form 

rr = cos + 00 sin ^, y = a sin — a0 cos 0, 

and prove that the length of the arc of this involute, measured from ^ = o, is 
onai-half of the arc of a circle which would be described by a radius equal to the 
aro of its evolute moving through the angle 0. 

29. Show that the aroa of the cassinoid 

r* - 2a'r^ cos 2d + a* = A* 

is expressed by aid of an elliptic aro when b > a; and by a h3rperbolic aro 
when a> b. 

^ 30. A string ABj of given length, lies in contact with a plane convex curve 
with its end A fixed ; the string is imwound, and B is made to move about A 
till the string is again woimd on the curve, the final position of B being B^ ; 
prove that for variations of the position of A, tiie arc traced out by B will be a 
maximum or a minimum, when the tangents at B and B^ aro equally inclined 
to the tangent at A ; and will be the former or the latter, according as the 
curvaturo at u^ is greater or less than half the sum of the curvatures at B and B^. 
— (Canib, Math. Tripot^ ^871.) 



31. Find the value of 










^ 32. Find the length and also the area of the pedal of a cissoid, the vertex 
being origin. 

80 y— x0* 

Ans. — ^log(2 + v^3)-4«; — • 
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33. ]Rroye that the length of an arc of the lemniscate r^ = a^ cosie is 
represented by the integral 

a 



— { ^ 

'2 J \/ I - ^sii 



\/ 2 J \/ I - J sin* 

34. Integrate the equation 

cos $ (cos — sin a sin 0) <f0 + cos (cos - sin a sin 0) <70 = o. 

If the arbitrary constant be determined by the condition that the equation must 
be satisfied by the values (o, a) of {0, 0), show that the equation is satisfied by 
putting + <t> = a. 

35. Each element of the surface of an ellipsoid is divided by the area of 
the parallel central section of the surface ; find the sum of all the elementary 
quotients extended through the entire ellipsoid. ^nt. 4. 

36. Hence, show that 



f! 



This depends on the expression for an element of the surface of an ellipsoid in 
terms of the elliptic co-ordinates of a point. See Salmon's Oeometry of Three 
Dimensions^ Art. 426. This proof is due to M. Chasles {Liotmlle, tome in., p. 10). 

37. Hence prove the relation 

F{m) E{n) + F{n) JE{m) - F{n) F{m) = -, 
where 

12 d9 f2 

-7 TTT - -^W = yi-m*^sin«flrftf, 
o-^/i -m^sin^d Jo 

and »|2 + «3 -- 1^ 

Let V = A sin a, and yu = ^ Ji? sin* 4> + A?* cos* 0, in the preceding, and it 
becomes 

IT ir 

f* P A»sin«<ft + h^ cos*» - A*sin*e 

Jo Jo -v/A^sin^^j + Aj^cos'^) \/Ar* - A* sin* « 

Jo Jo ^/A2-A*sin*a JoJo\/A«sin*4> + A*cos*^ 

•n It 

k^dddi^ 



Jo Jo 



\/A* sin*<^ + A;* cos* 4) y^ A* - A* sin* 
This furoishes the required result on making A = mJc, 
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The preceding formtila, which is due to Legendre, gives a general relation 
between complete elliptic functions of the first and second species, with com- 
plementary moduli. 

38. If three curves be described on the surface of an ellipsoid, along the first 
of which the perpendicular to the tangent plane makes the constant angle y with 
the axis of c, along the second fi with the axis of y, and along the third a with the 

axis of X. and if the angles be connected by the relations = — -— s ; 

a b e 

then, if ^si -dt^ Au be the included portions of the ellipsoidal surface, prove that 

5 — + — T| — + — ^ — = o. (Jfr. Jelleti,) 

39. Show that the results in Arts. 161 and 162 hold for spherical conies 
where the tangents are arcs of great circles on the sphere. 

40. Prove that 

]b{{a-x){b-x){c-x)]*^L {{a-x)(b^x)(e-x)]i' 

where a, ^, « are in the order of magnitude. 

41. If «» be an imaginary cube root of unity, show that, if 

(«^c'> + c.«^ then ^ i^-^^)dx 



I - «« (« - ^^)xV (I - y2)j (I ^ „y2)4 (I _ -ra)i(, + a^a?.)*' 

(Frofessor CayUff.) 
4a. Prove that the value of 



1; 



cos 6:r sin o^ , . x x 

dx IS o, -, or -, 

]{i X 42 

according as d is >, =, or < a. 
43. Prove that 



r* sin 6a; sin ad? , «- 



multiplied by the lesser of the numbers a and b, 

44. If e be the eccentricity of an ellipse whose semiazis major is unity, and 
J? the length of its quadrant, prove that 

f* Eed$ irh 

y. . (Jfr. W. Roberts.) 

45. If S represent the length of a quadrant of the curve r^ = a«> cos m$, and 
Si the quadrant of its first pedal, prove that 

2m 
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Here (Ex. 3, Art. 156), we have 

/- ^(-) 

a yir \2m/ 
\ 2m ) 



S^ 



2m 
T 



Also, the first pedal (JDif, Cole. Art. 268), is deriyed by substituting 

instead of m, hence m + i 

(m + i) « V IT \ im / 



2m J, 



\2m) 



_ (m+ l)ira^ \2m/ _ (w + i)xa'^ 
4m2 r/tj.^\'' 2»t 



46. In general, if /S^ be the quadrant of the n^ pedal of the curve in thelast^ 
prove that 

tnn + 1 - 
Here it is readily seen that the m<* pedal is got by substituting in- 

tlM + I 

stead of m in the equation of the proposed ; .*. &c. {Mr, W, Boberts, Zumville, 
1845, p. 177.) 

47. If an- endless string, longer than the circumference of an ellipse, be passed 
round the ellipse and kept stretched by a moving pencil : prove that the pencil 
will trace out a confocal ellipse. 

48. If two confocal ellipses be such that a polygon can be inscribed in one 
and circumscribed to the other, prove that an indefinite number of such polygons 
can be described, and that they all have the same perimeter. (Chaslea, Ownp. 
B»nd. 1843.) 

49. To two arcs of an hyperbola whose difference is rectifiable correspond 
equal arcs of the lemniscate which is the pedal of the hyperbola. {^Ihxd^ 

50. Prove that the tangents drawn at the extremities of two arcs of a conic, 
whose difference is rectifiable, form a quadrilateral whose sides all touch the 
same circle. (JM.) 

51. In the curve 

prove that any tangent divides that portion of the curve between two cusps into 
two arcs which are to each other as the segments of the tangent cut off by the 
axes. 
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$2, If two tangents to a cycloid cut at] a constant angle, proye that their 
foim bears a constant ratio to the arc of the cmre between them, 

53. If ABf ahy be quadrants of two concentric circles, their radii coinciding, 
show that if an arc Ah of an inyolute of a circle be drawn to touch the circles at 
A, b, the arc ^6 is an arithmetical mean between the arcs A£ and ab, 

54. If ds represent an infinitely small superficial element of area at a point 

outade any closed plane curre, and t, f the lengths of the tangents from the 

point to the curye, and $ the angle of intersection of these tangents : proye that 

sin Bds 
the sum of the elements represented by — — ->- taken for all points exterior to 

the curve is 2»2. {Prof. Crofton, Fhil. Trans. 1868.) 

55. Show that, for all systems of rectangular axes drawn through a given 
point in a given plane area, in its plane, 

taken over the whole of the area, is constant ; and that for a triangle, the point 
being its centre of gravity, this constant value is 

(Aa)2 (a* + *< + c* - iV - «?2«2 . ^2^1). 

{Mr. J, J. Walker.) 



56. If ab = a'h\ prove that 

^{axArby) ' ^ (a'x + b*y) 



Jo Jo 



Jo *y 



dxdy 



= log(^)log(^,)|^W-^(o)j, 



provided the limits ^(o) and 4> (00) are both definite. 

{Mr. EUioU, Zand. Math. Soe., 1876.) 

57. If jS' denote the surface, and V the volume, of the cone standing on the 
focal ellipse of an ellipsoid, and having its vertex at an umbilic ; proveuiat 

S=ira (i« - e^)l, V = Jxc {b^ - e^), 

where a, b, e axe the principal semiaxes of the ellipsoid. 

58. Frove that, if j? be positive and < i. 



f 



''^ , s n t xdX IT I .. 

(^ + ,-i»)log(i + a:)- = — j— --- I), 

!o X p smjMr p*' 

and 

(a^ + a;-i')log(i-a;)-- = %otpT-^ (2), 

Fo X p p^ 

of which (i) may be deduced from (2) by putting a?* for x. 

{Prof. WbUtenhohM.) 



^ 
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59. Show that, for a homogeneous solid parallelepiped of an^r form and 
dimensions, the three principal axes at the centre of gravity coincide in direction 
with those of the sohd inscribed ellipsoid which touches at the six centres of 
gravity of its six faces ; and that, for each of the three coincident axes, and 
Qieref ore for every axis passing through their common centre of pavity, the 
moment of inertia of the parallelepiped is to that of the ellipsoid in the same 
constant ratio, viz., that of 10 to ». — (iVo/. Townaend) 

60. Show that the volumes of any tetrahedron, and of the inscribed ellipsoid 
which touches at the centres of gravity of its four faces, have the same principal 
axes at their common centre of gravity ; and that their moments of inertia for all 
planes passing through that point have the same constant ratio (viz., iS V3 : ir) 
to each other. — (Ibid.) 

61. A quantity M of matter is distributed over the surface of a sphere of 
radius 0, so that the surface density varies inversely as the cube of the distance 
from a given internal point S, distant b from the centre ; prove that the sum of 
the principal moments of inertia of JIf at /5 is equal to 2M\a^ - b"^). 

(Camb, Math, Tripos, 1876.) 

63. If (i-2ax + a*) -i = I + aXi + 0^X2 . . . + a»X» + . . . , prove that 

f+i f+i 2 
XnXfndx = 0, Xn^dx = . 

-1 J-1 a»+i 

63. A closed central curve revolves round an arbitrary external axis in its 
plane. Prove that the moments of inertia / and /, with respect to the axis of 
revolution and to the perpendicular plane passing through the centre of inertia, 
of the solid generated by the revolving area, are given respectively by the 
formulas 

I « m{a^+zh^, J * mU^-^^) ; 

where m represents the mass of the solid, a the distance of the centre of the 
generating area from the axis of revolution, h and k the radii of gyration of the 
area with respect to the parallel and perpendicular axes through its centre, 
and I the arm length of ita product of inertia with 'respect to the same axes. 

{Frof. Townsmdj Quarterly Journal of Mathematics, 1S79.) 

)« d*^u 

[x - zy^''^f{z) dz, find the value of — . An$. f{z), 

65 . Find the mean distance of two points on opposite sides of a square, whose 
side is unity. 



2 — \X 2 /— 

Am, + bg (i + V *)• 



66. A cube being cut at random by a plane, what is the chance that the 
section is a hexagon ? — {(M, Clarke,) 

J v/scot-^A/s - V^acot-^V^i ^^ 

Ans. -^—^ —^ ' = .04646, 

■••IP 

[84] 
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67. Three points are taken at random, one on each of three faces of a tetra- 
hedron: what 18 the chance that the plane passing through them cuts the fourth 
face.— (Cb/. Clarke,) 

Arts, -. 



68. Two stars are taken at random from a catalogue : what is the chance 
that one or botib shall always be visible to an observer in a given latitude, A ? 

Ans. -versmA. + -sinX. 
» 4 

69. Find the chance that the centre of gravity of a triangle lies inside the 
triangle formed by three points taken at random within the trifuigle. 



^'"' ^(^"^T^*^^) 



70. Two points are taken at random in a triangle, the line joining them 
dividing the triangle into two portions : find the mean value of that portion 
which contains the centre of gravity. 

Ant, — f 470 + — log 4 J = .6967, the triangle 
3 \ 3 / being unity. 

The mean value of the greater of the two portions is 

^ + ^log2 = .6987. 



7 1 . Show that the mean distance if of a point in a rectangle from one angle 
is given by 

3Jf = rf+--log--- + -log-— , 

20 2 a 

a and b being the sides, d the diagonal. 

72. Show that the mean distance M of two points within a rectangle is 
given by 

This result may be deduced from the preceding : f or if /i = mean distance of a 
point within the rectangle whose sides are x^ y^ from one of its angles, it is easy 
to see that 



a^H^M^^K xyfidxdy; .-. &c. 
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73. Show that if if he the mean distance of two points within any conyez 
area G, we have 



'■-k 



[[-Ztdpdoi, 



where % 2' are the segments into which the area is divided hy a straight line 
crossing it; the eo-ordinaUa of the line beiQg p, w; and the integration ex- 
tending to all positions of the line. 

This may be seen by considering that if a random line crosses the area, the 

chance of its passing between the two points is -=-, L heing the length of boun- 

dary : again, for any position of the line, the chance of the points lying on 

3535' a 

opposite sides of it is : therefore the whole chance is —; Jf (235')> where 

M^XSi") is the mean value of the product 22' for aU positions of the line. 

74. In the same case we shall also have 

C being the length of the intercepted chord. Hence we have the remarkable 
identity 

J/ C^dpditt = 6iS 22'dpda>, 
(See Froceedinga of the London Mathematical Society, vol. 8.) 

75. Show that if /> be the distance of two points taken at random in the 



same area. 



0-i-.l! 



if (-) = -=5 C^dpdw. 



This may be applied to the circle : see Ex. 24, p. 354. 

76. Show that the mean area of the triangle determined by three points 
chosen at nindom within any convex area is ^ 



M^a-^^{[c^2^dpdia, 



where 2 = either segment cut off by the chord C\ but throughout the integrations, 
as the direction of &e chord inters, 2 means always the segment on the same side 
of the chord as at first. 
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relative to parallel axes, 292. 

uniform rod, 294. 

parallelepiped, cylinder, 295. 

cone, 296. 

sphere, 297. 

ellipsoid, 298. 

prism, 302. 

tetrahedron, 304. 

solid ring, 305. 
M^Cullagh, on rectification of ellipse 
and hyperbola, 236. 

Neil, on semi-cubical parabola, 224, 

249. 
Newton, method of finding areas, 177. 
by approximation, 213. 
On tractrix, 219. 

Observation, errors of, 341. 

Fanton, on rectification of Cartesian 

oval, 240. 
Paraboloid, of revolution, 256. 

elliptic, 266, 268. 
Partial fractions, 42. 
Pedal, area of, 199. 

of ellipse, 190. 

Steiner's theorem on area of, 201 . 

Raabe, on, 202. 

Hirst, on, 202. 

Roberts, on, 367. 



Index, 
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Planimeter, Ainsler*s, 214. 

PopofP, on remainder in Lagrange's 

series, 159. 
Probability, used to find mean values 

323. 
Probabilities, 329. 
Products of inertia, 301, 306. 

Quadrature, plane, 176. 
of sphere, 276. 
of surfaces, 279. 
paraboloid, 280. 
ellipsoid, 282. 

Eaabe, theorem on pedal areas, 202. 
Kadius of gyration, 293. 
Kandom straight lines, 348. 
Eectification of, plane curves, 222. 

parabola, 223. 

catenary, 233. 

semi-cubical parabola, 224. 

of evolutes, 224. 

arc of ellipse, 226. 

epitrochoid, 237. 

roulettes, 238. 

Cartesian oval, 239. 

twisted curves, 243. 
Becurring biquadratic under radical 

sign, 101. 
Beduction, intonation by, 63. 

by differentiation, 71, 80. 
Roberts, "W., on Cartesian oval, 240. 
Boulette, quadrature of, 206. 
rectification of, 238. 

Simpson's rules for areas, 213. 
Sphere, surface and volume of, 252. 
quadrature on, 276 « 



Spheroid, surface of, 257, 258. 
Spiral, hyperbolic, 191. 

of Archimedes, 194, 227, 361. 

logarithmic, 227. 
Steiner, theorem on pedal areas, 201. 

on areas of roulettes, 203. 

on rectification of roulettes, 234. 
Surface of, solids, 250. 

cone, 251. 

sphere, 252. 

revolution, 264. 

spheroid, prolate, 257. 
oblate; 258. 

Annular solid, 261. 

Taylor's theorem, obtained by integra- 
tion by parts, 126. 
remainder as a definite integral, 
127. 
Townsend, on moments of inertia of a 
ring, 305, 369. 

on moments of inertia iu 
general, 310. 
Tractrix, area of, 219. 
length of, 226. 

Van Huraet, on rectification, 249. 
Viviani, Florentine enigma, 278. 
Volumes, of solids, 260, 264, 286. 

Wallis, value for ir, 122. 

Weddle, on areas by approximation, 

213. 
Woolhouse, on Holditch's theorem, 

206. 

Zolotareff, on remainder in Lagrange's 
series, 158. 



THE END. 



